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Diagrammatics for real supergroups

Saima Samchuck-Schnarch and Alistair Savage ∗

Abstract. We introduce two families of diagrammatic monoidal supercategories. The first family,
depending on an associative superalgebra, generalizes the oriented Brauer category. The second,
depending on an involutive superalgebra, generalizes the unoriented Brauer category. These two
families of supercategories admit natural superfunctors to supercategories of supermodules over gen-
eral linear supergroups and supergroups preserving superhermitian forms, respectively. We show
that these superfunctors are full when the superalgebra is a central real division superalgebra. As a
consequence, we obtain first fundamental theorems of invariant theory for all real forms of the general
linear, orthosymplectic, periplectic, and isomeric supergroups. We also deduce equivalences between
monoidal supercategories of tensor supermodules over the real forms of a complex supergroup.
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1. Introduction

Many recent developments in representation theory involve one or more of the following
interrelated concepts:

(1) Dual pairs. The classic examples are Schur–Weyl duality, which yields a precise
relationship between the symmetric group and the general linear group, and the
analogue for the orthogonal and symplectic groups, where the symmetric groups
are replaced by Brauer algebras.

(2) Invariant theory. This amounts to giving explicit descriptions of invariants in
tensor products of certain modules, such as the natural modules for classical Lie
groups.

(3) Interpolating categories. Here one aims to give uniform descriptions of represen-
tations of families of groups, such as symmetric groups, general linear groups,
orthogonal groups, and symplectic groups. Highly influential in this approach
are the interpolating categories introduced by Deligne [11]. Such interpolating
categories can often be given nice diagrammatic descriptions, leading to intuitive
topological arguments.

In the case of the general linear group, the connection between the above concepts is as
follows. The oriented Brauer category OB(d) is the free rigid symmetric C-linear monoidal
category on a generating object of categorical dimension d. Since the category of modules
over the general linear group GL(m,C), m ∈ N, is rigid symmetric monoidal, there exists
a functor

G : OB(m) → GL(m,C)-mod
sending the generating object ↑ of OB(m) to the natural GL(m,C)-module V . The addi-
tive Karoubi envelope of OB(d) is Deligne’s interpolating category for the general linear
groups. The endomorphism algebra EndOB(d)(↑⊗r) is isomorphic to the group algebra of
the symmetric group Sr, and so the functor G yields an algebra homomorphism

kSr
∼= EndOB(m)

(
↑⊗r) → EndGL(m,C)

(
V ⊗r) . (1.1)

One half of Schur–Weyl duality is that the homomorphism (1.1) is surjective. From this,
one is able to deduce that the functor G is full. The connection to invariant theory comes
from the fact that G also induces a surjective homomorphism

HomOB(m)
(
1, ↑⊗r ⊗ ↓⊗s) → HomGL(m,C)

(
C, V ⊗r ⊗ (V ∗)⊗s) , (1.2)

where V ∗ is the GL(m,C)-module dual to V , and ↓ is the object of OB(m) dual to ↑. Thus,
all GL(m,C)-invariant elements of V ⊗r ⊗ (V ∗)⊗s lie in the image under G of morphisms
in OB(m). The fullness of G, or of (1.2), is sometimes referred to as the first fundamental
theorem of invariant theory. (Describing the kernel is the second fundamental theorem.)

An analogous picture exists for the orthogonal and symplectic groups. In these cases,
the natural module is self-dual. Thus, the oriented Brauer category is replaced by the
unoriented Brauer category B(d) of [23], which is the free rigid symmetric k-linear monoidal
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category on a symmetrically self-dual object of categorical dimension d. Then, for m ∈ N,
one has a full functors

B(m) → O(m,C)-mod and B(−2m) → Sp(2m,C)-mod.

Here the endomorphism algebras are Brauer algebras, which surject onto the endomor-
phism algebras of tensor powers of the natural module.

In fact, it turns out that the most natural setting for the above picture is that of
categories of supermodules over supergroups. There are full functors

OB(m − n) → GL(m|n,C)-smod and B(m − 2n) → OSp(m|2n,C)-smod,

where GL(m|n,C) and OSp(m|2n,C) are the general linear and orthosymplectic super-
groups, respectively [6, 9, 22, 22, 24]. The move to the super world also leads to additional
free categories. First, one observes that an isomorphism of a module with its dual can be
even or odd. The even case corresponds to the Brauer category. The odd case leads to the
periplectic Brauer supercategory B1, which is the free rigid symmetric k-linear monoidal su-
percategory on an odd-self-dual object (which necessarily has categorical dimension zero).
Then there is a full superfunctor

B1 → P(m)-smod,

where P(m) is the periplectic supergroup [10, 12, 21, 28]. Another free supercategory
arises from the super version of Schur’s lemma. Since we work over the complex numbers,
Schur’s lemma implies that the endomorphism algebra of a simple module is a complex
division superalgebra. In the non-super setting, the only possibility is C. However, in
the super setting, there is one additional possibility, which is the two-dimensional com-
plex Clifford superalgebra Cl(C). This observation leads to the definition of the oriented
Brauer-Clifford category OBC of [2], which is the free rigid symmetric monoidal supercate-
gory on a generating object whose endomorphism algebra is Cl(C). (As in the periplectic
case, the categorical dimension must be zero.) There is a full superfunctor

OBC → Q(m)-smod,

where Q(m)-smod is the isomeric supergroup (also known as the queer supergroup).
Despite the great success of the above-mentioned approaches to the representation the-

ory of some of the most important groups and supergroups appearing in mathematics
and physics, surprisingly little is known when we work with real supergroups instead of
complex ones. The goal of the current paper is to initiate this line of research. Let us now
describe our main results.

To any associative superalgebra A over a field k, we define a diagrammatic supercategory
OBk(A), which is the free rigid symmetric monoidal supercategory on an object with
endomorphism superalgebra A. Imposing a condition on the categorical dimension yields a
quotient category OBk(A; d), for d ∈ k. This category has essentially appeared in [5, 27, 32],
although our definition is slightly more general. When A = k, OBk(k; d) is the oriented
Brauer category (over a general field k) mentioned above. The universal property of
OBk(A) implies that, if g is any Lie superalgebra, and V is a (g, A)-superbimodule, then
there is an oriented incarnation superfunctor

OBk(Aop) → g-smod,

sending the generating object of OBk(Aop) to V , where Aop denotes the superalgebra
opposite to A. When we work over the ground field k = R, Schur’s lemma implies that
the endomorphism algebra of a simple supermodule must be one of the ten real division

Ann. Repr. Th. 1 (2024), 2, p. 125–191 https://doi.org/10.5802/art.7

https://doi.org/10.5802/art.7


128 Saima Samchuck-Schnarch & Alistair Savage

superalgebras. Our first main result (Theorem 6.10) is that, when A is a central real
division superalgebra and V = Am|n, the functor

OBR(Aop; m − n) → gl(m|n, A)-smod
is full. (Note that, since the general linear groups are connected, we can freely replace the
general linear supergroups by the general linear Lie superalgebras.) The method of proof
is to pass to complexifications and use known results over the complex numbers.

We then turn our attention to the unoriented (i.e. self-dual) cases. Here the situation
is a bit more involved, since we must carefully analyze which types of self-duality can
arise. The natural setting for such self-dualities is over superalgebras equipped with an
anti-involution a 7→ a⋄. As mentioned above in the complex setting, the self-duality also
has a parity σ ∈ Z2. To any k-superalgebra A with anti-involution ⋄, and σ ∈ Z2, we
assign a supercategory Bσ

k (A, ⋄) and quotient supercategories Bσ
k (A, ⋄; d) for d ∈ k. When

A = k and the anti-involution is trivial, B0
k(k, id; d) is the usual Brauer category, while

B1
k(k, id; 0) is the periplectic Brauer category. We deduce a basis theorem (Theorem 9.5)

for the morphism spaces of Bσ
k (A, ⋄; d) by embedding it into the superadditive envelope of

OBk(A).
Self-duality of a supermodule is realized by a superhermitian or skew-superhermitian

form Φ. To such a form, we can associate the supergroup G(Φ) preserving the form. We
then define an unoriented incarnation superfunctor

FΦ : Bσ
k (A, ⋄) → G(Φ)-smod.

It turns out that only four of the ten real division superalgebras admit anti-involutions: the
real numbers, the complex numbers, the quaternions, and the two-dimensional complex
Clifford superalgebra. Our second main result (Theorem 10.5) is that, in these cases, the
functor FΦ is full. The proof, which occupies Sections 11 to 13, is much more involved
than in the oriented case. We must treat each of the involutive division superalgebras
separately, since each one behaves quite differently.

Taking the oriented and unoriented cases together, our results handle real supergroups
corresponding to all real forms of the general linear, orthosymplectic, periplectic, and iso-
meric Lie superalgebras. (We give a classification of these real forms in Proposition B.3.)
Looking at endomorphism algebras, as explained above, one immediately obtains ana-
logues of Schur–Weyl duality, or first fundamental theorems, for these real supergroups.
Such results seem to be rare in the literature. (See [7] for some partial results for certain
real groups.) Even in the non-super setting, we obtain new results, corresponding, for ex-
ample, to the indefinite orthogonal, unitary, and symplectic groups; see Theorem 10.7. In
fact, in these cases where the module categories are semisimple, we show that these module
categories are isomorphic to quotients of the additive Karoubi envelopes of our diagram-
matic categories by tensor ideals of negligible morphisms; see Theorems 6.11 and 10.7.
These are real analogues of the some of the main results concerning Deligne’s interpo-
lating categories in the complex case. As another application, we deduce equivalences
between supercategories of tensor supermodules over the different real forms of a complex
supergroup; see Corollary 10.9, Propositions 11.5, 12.5 and 13.5.

Further directions. We conclude this introduction with a brief discussion of some of
the future research directions that stem from the current work. Many of these are real
analogues of promising work that has been done in the complex case.

While our results show that the oriented and unoriented incarnation functors are full, we
leave a description of the kernels of these functors, also known as the second fundamental
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theorem, for future work. When the target module supercategory is semisimple, the kernel
is the tensor ideal of negligible morphisms; see Theorems 6.11 and 10.7. However, this is
not the case in general. For the usual oriented and unoriented Brauer categories, kernels
have been described explicitly in [9, 25].

Since the target module supercategories of incarnation functors are idempotent com-
plete, one has induced functors

Kar (OBk(Aop; m − n)) → gl(m|n; A)-smod and Kar (Bσ
k (A, ⋄)) → G(Φ)-smod,

where Kar(C) denotes the additive Karoubi envelope of C. The supermodules that appear
in the image of these functors are the summands of the tensor powers of the natural
module (and, in the oriented case, its dual). It would be interesting to give a more
precise description of these supermodules. For the usual oriented and unoriented Brauer
categories, results in this direction have been obtained in [6, 8, 9, 17].

The supercategories introduced here have affine analogues [27, 31], generalizing the
affine oriented Brauer category of [3] and the affine Brauer category of [30]. These affine
supercategories act naturally on categories of supermodules over supergroups. We plan to
investigate these actions in future work.

There exist quantum analogues of the oriented and unoriented Brauer categories. These
are the framed HOMFLYPT skein and Kauffman skein categories, respectively. One has
analogues of the results mentioned above, but with supergroups replaced by quantized
enveloping superalgebras. We expect that one can also define quantum analogues of the
more general supercategories introduced in the current paper. When the ground field is
R, these should be related to the representation theory of real quantum groups.

2. Monoidal supercategories

In this paper, we will work with strict monoidal supercategories in the sense of [4]. In
this section, we review a few of the more important ideas that are crucial for our exposition
and somewhat less well known. Throughout this section we work over an arbitrary ground
field k.

A supercategory is a category enriched in the monoidal category of superspaces and
parity preserving linear maps. Thus, its morphism spaces are vector superspaces and
composition is parity-preserving; that is, f ◦ g = f̄ + ḡ, where f̄ denotes the parity of f .
A superfunctor between supercategories induces a parity-preserving linear map between
morphism superspaces. For superfunctors F, G : C → D, a supernatural transformation
α : F ⇒ G of parity r ∈ Z2 is a family of morphisms αX ∈ HomD(FX, GX)r, X ∈ C,
such that Gf ◦ αX = (−1)rf̄ αY ◦ Ff for each homogeneous f ∈ HomC(X, Y ). Note when
r is odd that α is not a natural transformation in the usual sense due to the sign. A
supernatural transformation α : F ⇒ G is a sum α = α0 + α1, where αr is a supernatural
transformation of parity r.

In a strict monoidal supercategory, the super interchange law, which follows from the
fact that ⊗ is a superbifunctor, is

(f ′ ⊗ g) ◦ (f ⊗ g′) = (−1)f̄ ḡ(f ′ ◦ f) ⊗ (g ◦ g′). (2.1)

We denote the unit object by 1 and the identity morphism of an object X by 1X . We
will use the usual calculus of string diagrams, representing the tensor product f ⊗ g of
morphisms f and g diagrammatically by drawing f to the left of g, and the composition
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f ◦ g by drawing f above g. Care is needed with horizontal levels in such diagrams due to
the signs arising from the super interchange law:

f
g = f g = (−1)f̄ ḡ

f
g

. (2.2)

Definition 2.1. For a supercategory C, its Π-envelope Cπ is the supercategory with objects
given by formal symbols {ΠrX : X ∈ C, r ∈ Z2} and morphisms defined by

HomCπ (ΠrX, ΠsY ) := Πs−r HomC(X, Y ), (2.3)
where, on the right-hand side, Π denotes the parity shift operator determined by (ΠV )r :=
Vr−1 for a vector superspace V . The composition law in Cπ is induced in the obvious way
from the one in C: writing fs

r for the morphism in HomCπ (ΠrX, ΠsY ) of parity f̄ + r − s
defined by f ∈ HomC(X, Y ), we have that fu

s ◦ gs
r = (f ◦ g)u

r .

A Π-supercategory (D, Π, ζ) is a supercategory D, together with the extra data of a
superfunctor Π: D → D, called the parity shift, and an odd supernatural isomorphism
ζ from Π to the identity superfunctor; see [4, Definition 1.7]. The Π-envelope Cπ from
Definition 2.1 is a Π-supercategory with parity shift superfunctor Π: Cπ → Cπ sending
object ΠrX to Πr+1X and morphism fs

r to fs+1
r+1 . Viewing C as a full subcategory of its

Π-envelope Cπ via the canonical embedding
C → Cπ, X 7→ Π0X, f 7→ f0

0 , (2.4)
the Π-envelope satisfies a universal property: any superfunctor F : C → D to a Π-
supercategory D extends in a canonical way to a superfunctor F̃ : Cπ → D such that
F̃ ◦Π = Π◦ F̃ . In turn, any supernatural transformation θ : F ⇒ G between superfunctors
F, G : C → D extends in a unique way to a supernatural transformation θ̃ : F̃ ⇒ G̃; see [4,
Lemma 4.2].

Given superalgebras A and B, the supercategory of (A, B)-superbimodules is a Π-
supercategory, as explained in [4, Example 1.8]. If V is an (A, B)-supermodule, we will
denote its parity shift by

ΠV := {πv : v ∈ V } with πv = v + 1. (2.5)
Here π is a formal symbol to remind us that πf is an element of ΠV . In order to unify
some expressions where the parity shift may or may not be present, we define πσv, for
σ ∈ Z2, by

πσv =
{

πv if σ = 1,

v if σ = 0.

For a morphism f : V → W , we have

Πf : ΠV → ΠW, (Πf)(πv) = (−1)f̄ πf(v).
The isomorphism

Π2V
∼=−→ V, ππv 7→ −v (2.6)

is denoted ξV in the notation of [4, Definition 1.7].
If C is a supercategory, we let Add(C) denote its additive envelope. This is the supercat-

egory whose objects are formal finite direct sums of objects in C, and whose morphisms are
identified with matrices of morphisms in C in the usual way. The supercategory Add(Cπ),
which is the additive envelope of the Π-envelope of C, is sometimes referred to as the super-
additive envelope of C. The Karoubi envelope Kar(C) of C is the completion of its additive
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envelope Add(C) at all homogeneous idempotents. Thus, objects of Kar(C) are pairs (X, e)
consisting of a finite direct sum X of objects of C together with a homogeneous idempotent
e ∈ EndAdd(C)(X). Morphisms (X, e) → (Y, f) are elements of f HomAdd(C)(X, Y )e. If C is
a Π-supercategory, the parity shift superfunctors extend by the usual universal property
of Karoubi envelopes to make Kar(C) into a Π-supercategory too.

Now we consider the monoidal situation. We make the category SCat of supercategories
and superfunctors into a symmetric monoidal category following the general construction
of [19, § 1.4]. In particular, for supercategories C and D, their k-linear product, denoted
C ⊠ D, has as objects pairs (X, Y ) for X ∈ C and Y ∈ D, and

HomC⊠D
(
(X, Y ), (X ′, Y ′)

)
= HomC(X, X ′) ⊗ HomD(Y, Y ′) (2.7)

with composition defined via (2.1). A strict monoidal supercategory is a supercategory C
with an associative, unital tensor functor − ⊗ − : C ⊠ C → C. See [4, Definition 1.4] for
the appropriate notions of (not necessarily strict) monoidal superfunctors between strict
monoidal supercategories, and of monoidal natural transformations between monoidal su-
perfunctors (which are required to be even).

There is also a notion of strict monoidal Π-supercategory; see [4, Definition 1.12]. Such
a category is a Π-supercategory in the earlier sense with Π := π ⊗ − for a distinguished
object π admitting an odd isomorphism ζ : π

∼−→ 1. The Π-envelope Cπ of a strict monoidal
supercategory C is the Π-supercategory from Definition 2.1, viewed as a strict monoidal
Π-supercategory with π := Π1, tensor product of objects defined by

(ΠrX) ⊗ (ΠsY ) := Πr+s(X ⊗ Y ), (2.8)

and tensor product (horizontal composition) of morphisms defined by

f s
r ⊗ gv

u := (−1)r(ḡ+u+v)+f̄v(f ⊗ g)s+v
r+u (2.9)

for homogeneous morphisms f and g in C. See [4, Definition 1.16] for more details and
discussion of its universal property. When working with string diagrams, we will represent
the morphism fs

r in Cπ by adding horizontal lines labelled by r and s at the bottom and
top of the diagram for f : X → Y :

f

r

s

: ΠrX → ΠsY. (2.10)

Then the rules for horizontal and vertical composition in Cπ become

f

r

s

⊗ g

u

v

= (−1)r(ḡ+u+v)+f̄v
f g

r+u

s+v

, f

s

t

◦ g

r

s

= f

g

r

t

. (2.11)

The Karoubi envelope Kar(C) of a strict monoidal Π-supercategory is a strict monoidal
Π-supercategory.

If k′ is a field extension of k and C is a supercategory over k, then we define Ck′ to be
the supercategory obtained from C by extension of scalars. Precisely, the objects of Ck′

are the same of those of C, and we have

HomCk′ (X, Y ) := HomC(X, Y ) ⊗k k′, X, Y ∈ C,

with composition extended in the natural way. Any superfunctor F : C → D naturally
extends to a superfunctor F k′ : Ck′ → Dk′ . If C is a (strict) monoidal supercategory or
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a Π-supercategory, then so is Ck′ . In the special case where k = R, we call CC the
complexification of C.

3. Superalgebras and supermodules

In this section, we review some basic properties of superalgebras and supermodules that
will be used in the current paper. We work over a ground field k.

3.1. Associative superalgebras. All vector superspaces and superalgebras are over k
unless otherwise indicated. We also assume that all k-supermodules are finite dimensional.
We let V0 and V1 denote the even and odd parts, respectively, of a k-supermodule V . Then
its superdimension is

sdimk(V ) = dimk(V0) − dimk(V1).
We let v̄ denote the parity of a homogeneous element v of a k-supermodule V . When
we write equations involving parities of elements, we implicitly assume these elements are
homogeneous; we then extend by linearity.

The term superalgebra refers to a unital associative superalgebra. If A is a superalgebra,
its opposite superalgebra Aop = {aop : a ∈ A} has multiplication given by

aopbop = (−1)āb̄(ba)op.

3.2. Supermodules. Throughout this subsection, A denotes a superalgebra and V, W
denote right A-supermodules. We also let g denote a Lie superalgebra.

We let HomA(V, W ) denote the k-supermodule of all (that is, not necessarily parity-
preserving) morphisms of A-supermodules. We also define EndA(V ) := HomA(V, V ).
Thus, for example, HomA(V, W )0 denotes the k-module of all parity-preserving A-linear
maps from V to W .

For a ∈ A, define
ρa : V → V, v 7→ (−1)āv̄va. (3.1)

We also define
flip: V ⊗ W → W ⊗ V, v ⊗ w 7→ (−1)v̄w̄w ⊗ v.

If V and W are (g, A)-superbimodules, then ρa and flip are homomorphisms of g-supermo-
dules.

Let
V ∗ = Homk(V,k)

denote the k-dual of V . This is a left A-module with action given by

(af)(v) := (−1)āf̄ f(va). (3.2)
If V is also a left g-supermodule, then V ∗ is a left g-supermodule, with action given by

(Xf)(v) = −(−1)X̄f̄ f(Xv), X ∈ g, f ∈ V ∗, v ∈ V. (3.3)
This action supercommutes with the left A-action given in (3.2).

Let BV be a k-basis for V , which we will sometimes denote by Bk
V when there is some

possibility of confusion about the ground field. Let {v∗ : v ∈ BV } be the dual basis of V ∗

given by
v∗(w) = δvw, v, w ∈ BV .

We have the evaluation map
ev: V ∗ ⊗ V → k, f ⊗ v 7→ f(v),
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and the coevaluation map

coev : k → V ⊗ V ∗, 1 7→
∑

v ∈ BV

v ⊗ v∗.

The map coev is independent of the choice of basis BV . If V is a left g-supermodule, then
ev and coev are both homomorphisms of g-supermodules.

3.3. Frobenius superalgebras. We now recall some basic definitions and facts about
Frobenius superalgebras. For more details, including proofs in the super case considered
here, we refer the reader to [29]. A Frobenius superalgebra is a superalgebra A equipped
with a parity-preserving k-linear map τ = τA : A → k, called the Frobenius form, such
that the induced bilinear form

A × A → k, (a, b) 7→ τ(ab),
is nondegenerate. If (A, τ) and (A, τ ′) are two Frobenius superalgebras with the same
underlying superalgebra A, then there exists an even invertible element u ∈ A such that

τ ′(a) = τ(au) for all a ∈ A. (3.4)
Every Frobenius superalgebra has a Nakayama automorphism ζ, which is a superalgebra

automorphism of A satisfying

τ(ab) = (−1)āb̄τ(bζ(a)) = (−1)āτ(bζ(a)) = (−1)b̄τ(bζ(a)) for all a, b ∈ A, (3.5)
where the last two equalities follow from the fact that τ(ab) = 0 unless ā = b̄. A Frobenius
superalgebra is said to be supersymmetric if its Nakayama automorphism is the identity
map. We will not assume that Frobenius superalgebras are supersymmetric in this paper.
We will often refer to A itself as a Frobenius superalgebra, leaving the Frobenius form
implied. Our main sources of examples of Frobenius superalgebras will be the real division
superalgebras, to be discussed in detail in Section 4. See Examples 7.1 for additional
examples. If A is a Frobenius superalgebra, then so is Aop with Frobenius form τAop(aop) =
τA(a), a ∈ A.

If BA is a homogeneous k-basis of a Frobenius superalgebra A, we let B∨
A := {b∨ :

b ∈ BA} be the left dual basis, defined by
τ(b∨c) = δbc, b, c ∈ BA.

It follows that, for all a ∈ A, we have

a =
∑

b ∈ BA

τ
(
b∨a

)
b =

∑
b ∈ BA

τ(ab)b∨. (3.6)

We also have
b∨ = b̄ for all b ∈ BA. (3.7)

and ∑
b ∈ Bk

A

b ⊗ b∨ is independent of the choice of basis BA. (3.8)

The basis left dual to {ζ(b) : b ∈ BA} is given by
ζ(b)∨ = ζ

(
b∨) for all b ∈ BA. (3.9)

If V is a right A-supermodule, then the supertrace of the action of a on V is

strV (a) = strkV (a) :=
∑

v ∈ BV

(−1)v̄v∗(va), (3.10)
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where BV is a k-basis of V and {v∗ : v ∈ BV }, is the dual basis of V ∗
k . We use the

superscript k on strkV (a) when there is the possibility of confusion about the ground field.
We have

strV (ab) = (−1)āb̄ strV (ba) for all a, b ∈ A.

It is clear that
strV (a) = (m − n) strA(a) for V = Am|n. (3.11)

Lemma 3.1. If (A, τ) is a Frobenius superalgebra, then

strA(a) = strA(ζ(a)) =
∑

b ∈ BA

(−1)b̄τ
(
b∨ba

)
=

∑
b ∈ BA

(−1)b̄τ
(
ab∨b

)
, a ∈ A. (3.12)

Proof. For all b ∈ BA, we have
τ(b∨a) = b∗(a).

It follows immediately that strA(a) is equal to the first sum in (3.12).
Next, note that τ(c) = τ(ζ(c)) for all c ∈ A. Thus, for all a ∈ A,

strA(a) =
∑

b ∈ BA

(−1)b̄τ
(
b∨ba

)
=

∑
b ∈ BA

(−1)b̄τ
(
ζ
(
b∨) ζ(b)ζ(a)

)
(3.5)=

∑
b ∈ BA

(−1)b̄τ
(
aζ
(
b∨) ζ(b)

)
=

∑
b ∈ BA

(−1)b̄τ
(
ab∨b

)
(3.5)=

∑
b ∈ BA

(−1)b̄ (b∨bζ(a)
)

= strA(ζ(a)).

where, in the fourth equality we changed to a sum over the basis {ζ(b) : b ∈ BA} and used
(3.9). □

3.4. Supermatrices. We will use the term supermatrix to denote a supermatrix with
entries in a superalgebra A. We let Matp|q,r|s(A) denote the k-supermodule of
(p|q) × (r|s) supermatrices, and set Matp|q(A) := Matp|q,p|q(A). We write a supermatrix
X ∈ Matp|q,r|s(A) in block form as

X =
(

X00 X01
X10 X11

)
,

where X00 is p × r, X01 is p × s, X10 is q × r and X11 is q × s. The even elements of
Matp|q,r|s(A) are those supermatrices X where X00, X11 have even entries and X01, X10
have odd entries. The odd elements of Matp|q,r|s(A) are those supermatrices X where X00,
X11 have odd entries and X01, X10 have even entries.

We view elements of Am|n as column supermatrices, that is, as (m|n) × (1, 0) superma-
trices. Similarly, we view elements of A as (1|0) × (1|0) supermatrices. Then the right
action (v, a) 7→ va of A on Am|n can be viewed as matrix multiplication and we can identify
elements of EndA(Am|n) with Matm|n(A) in the usual way.

The supertranspose of a supermatrix is given by

Xst :=
(

Xt
00 (−1)X̄Xt

10
−(−1)X̄Xt

01 Xt
11

)
, (3.13)

where Xt denotes the usual transpose of a matrix. Note that(
Xst

)st
=
(

X00 −X01
−X10 X11

)
, (3.14)
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so that the supertranspose has order four in general. The supertrace of a square superma-
trix X ∈ Matp|q(A) is given by

str(X) = tr(X00) − (−1)X̄ tr(X11),
where tr denotes the usual matrix trace.

For a supermatrix X ∈ Matp|q,r|s(A), let Xop ∈ Matp|q,r|s(Aop) denote the matrix
obtained from X by replacing each entry a by aop. Then define Xst

op := (Xop)st = (Xst)op.

Lemma 3.2. We have an isomorphism of k-superalgebras

Matm|n(A)op ∼=−→ Matm|n(Aop), Xop 7→ Xst
op. (3.15)

Proof. The map is clearly an isomorphism of k-vector superspaces. It is also a straight-
forward computation to prove that it respects multiplication. □

Lemma 3.3. If A is a superalgebra, then
strkMatm|n(A)(X) = (m − n) strkA ◦ str(X) for all X ∈ Matm|n(A). (3.16)

Proof. Choose the basis {Ersb : 1 ≤ r, s ≤ m + n, b ∈ BA} of Matm|n(A), where Ers

denotes the matrix with a 1 in position (r, s), and a 0 in all other positions. The dual
basis of Matm|n(A)∗ is given by

(Ersb)∗(X) = (−1)p(s)b∗ (str(EsrX)) .

Then we have

strkMatm|n(A)(X)

=
m+n∑
r,s=1

∑
b ∈ BA

(−1)b̄+p(r)b∗ (str(EsrErsbX)) = (m − n)
∑

b ∈ BA

(−1)b̄b∗(str(bX))

= (m − n)
∑

b ∈ BA

(−1)b̄b∗(b str(X)) = (m − n) strkA ◦ str(X).
□

3.5. Lie superalgebras. If g is a Lie superalgebra over k, we let g-smodk denote the
supercategory of finite-dimensional g-supermodules over k with arbitrary (i.e. not neces-
sarily parity-preserving) homomorphisms. We will be particularly interested in the cases
where k is R or C. If k = R, our notation g-smodR is designed to emphasize that we are
speaking of real supermodules, as opposed to complex supermodules.

The general linear Lie superalgebra gl(VA) associated to a right A-supermodule V is
equal to EndA(V ) as a k-supermodule, with Lie superbracket given by

[X, Y ] := XY − (−1)X̄Ȳ Y X. (3.17)

In the special case that V = Am|n, we introduce the notation gl(m|n, A) = gl(VA). Iden-
tifying EndA(V ) with Matm|n(A) in the usual way, we have that gl(m|n, A) is equal to
Matm|n(A) as a k-vector superspace, with Lie superbracket given by (3.17). By conven-
tion, we define gl(0|0, A) to be the zero Lie superalgebra, so that gl(0|0, A)-smodk is the
supercategory k-smod of k-supermodules.

Corollary 3.4. We have an isomorphism of Lie k-superalgebras

gl(m|n, A)
∼=−→ gl(m|n, Aop), X 7→ −Xst

op.
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Proof. The given map is clearly an isomorphism of k-vector spaces. To verify that it also
respects the Lie superbracket, we compute[

−Xst
op, −Y st

op

]
= Xst

opY st
op−(−1)X̄Ȳ Y st

opXst
op

(3.15)= (−1)X̄Ȳ (Y X)st
op−(XY )st

op = −[X, Y ]stop. □

3.6. Harish–Chandra superpairs. We will sometimes need to work with supergroups
instead of Lie superalgebras. The reason for this is that the incarnation functors to be
defined in Sections 6 and 10 will be full onto a category of supermodules for a supergroup,
but, outside of the connected case, they will not necessarily be full onto the category
of supermodules for the associated Lie superalgebra. We review here some basic facts,
referring the reader to [13] for a more detailed overview. Instead of directly working with
supergroups, it will be simpler to work with the equivalent category of Harish–Chandra
superpairs. We refer the reader to [16] and the references cited therein for a proof of this
equivalence. A Harish-Chandra superpair over k is a pair G = (Gred, g), where Gred is an
algebraic group over k, g is a Lie superalgebra over k,

• g0 is the Lie algebra of Gred,
• Gred acts algebraically on g by k-linear transformations, and
• the differential of the action of Gred on g coincides with the action of g0 on g via

the superbracket.
Suppose G = (Gred, g) is a Harish-Chandra superpair. A G-supermodule is a k-supermodu-
le V that is both a Gred-supermodule and a g-supermodule, and such that the differential of
the action of Gred coincides with the action of g0. The finite-dimensional G-supermodules
form a monoidal supercategory, which we denote by G-smodk.

For G-supermodules V and W , we have

HomG(V, W ) = HomGred(V, W ) ∩ Homg(V, W ).

If Gred is connected, then Homg0(V, W ) = HomGred(V, W ), and so
HomG(V, W ) = Homg(V, W ). In this case, the forgetful superfunctor G-smodk → g-smodk
is full and faithful. On the other hand, if g1 = 0, so that we are working in the purely
even setting, then the forgetful functor G-modk → Gred-modk is full and faithful. (In fact,
it is an equivalence of categories.) In this case, we will often identity G and Gred.

On the other hand, suppose Gred has r + 1 connected components, and let X1, . . . , Xr

be elements of Gred, one from each of the r connected components not containing the
identity. Then Gred = H ∪ HX1 ∪ · · · HXr, where H is the identity component of Gred,
and we have

HomG(V, W ) = HomX1, ..., Xr,g(V, W )
:= {f ∈ Homg(V, W ) : f(Xtv) = Xtf(v) ∀ v ∈ V, 1 ≤ t ≤ r} . (3.18)

For example, if k = C, and Gred = O(m,C) is the complex orthogonal group, then we
have

HomG(V, W ) = HomX,g(V, W ),
where X is any element of O(m,C) with det(X) = −1.

3.7. Complexification. If V is a real vector superspace, its complexification is

V C := V ⊗R C.
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We view V as an R-vector subspace of V C by identifying v ∈ V with v ⊗ 1. If A is a real
superalgebra, then AC is a complex superalgebra, with product

(a ⊗ y)(b ⊗ z) = ab ⊗ yz, a, b ∈ A, y, z ∈ C.

Similarly, if g is a Lie superalgebra over R, then its complexification gC is a Lie superalgebra
over C. A real form of a complex vector superspace W is a real vector superspace V such
that V C ∼= W as complex vector superspaces. We define real forms of complex associative
superalgebras and complex Lie superalgebras similarly.

Suppose R is either a real associative superalgebra or a real Lie superalgebra. If V
is a left (respectively, right) R-supermodule, then V C is a left (respectively, right) RC-
supermodule with the natural action. Furthermore, every f ∈ HomR(V, W ) induces an
element fC ∈ HomRC(V C, WC) given by

fC(v ⊗ z) = f(v) ⊗ z, v ∈ V, z ∈ C.

We have

ker
(
fC
)

= ker(f)C, ker(f) = ker
(
fC
)

∩ V, (3.19)

im
(
fC
)

= im(f)C, im(f) = im
(
fC
)

∩ V. (3.20)

In particular

f is injective ⇐⇒ fC is injective

and

f is surjective ⇐⇒ fC is surjective.

The above constructions yield a superfunctor R-smod → RC-smod, which induces a full
and faithful complexification superfunctor

CR : (R-smod)C → RC-smod. (3.21)

In particular, if g is a real Lie superalgebra and V, W ∈ g-smodR, then we have a canonical
isomorphism of C-supermodules

Homg(V, W )C
∼=−→ HomgC

(
V C, WC

)
. (3.22)

If H is a real supergroup acting on a real vector space V , then H also acts on
V C = V ⊗R C by acting on the first factor. If V and W are supermodules over a real
Harish-Chandra superpair G = (Gred, g), then we have an isomorphism of C-supermodules

HomG(V, W )C ∼= HomGred,gC

(
V C, WC

)
:=
{

X ∈ HomgC

(
V C, WC

)
: f(Xv) = Xf(v) ∀ X ∈ Gred, v ∈ V C

}
.

If Gred has r + 1 connected components, and X1, . . . , Xr are elements of Gred, one from
each connected component not containing the identity, then, using (3.18), we have

HomG(V, W )C ∼= HomX1, ..., Xr,gC

(
V C, WC

)
:=
{

f ∈ HomgC

(
V C, WC

)
: f(Xtv) = Xtf(v) ∀ v ∈ V C, 1 ≤ t ≤ r

}
. (3.23)
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If A is a Frobenius R-superalgebra with Frobenius form τ , then its complexification AC

is a Frobenius C-superalgebra with Frobenius form (which we continue to denote by the
same symbol)

τ : AC → C, a ⊗ z 7→ τ(a)z, a ∈ A, z ∈ C. (3.24)
It is straightforward to verify that

Matm|n(A)C ∼= Matm|n
(
AC
)

(3.25)

as C-superalgebras and
gl(m|n, A)C ∼= gl

(
m|n, AC

)
(3.26)

as complex Lie superalgebras.

4. Real division superalgebras

In this section, we discuss real division superalgebras. These will play a key role in our
main applications to the representation theory of real supergroups.

4.1. Real division superalgebras. For our purposes, one of the most important classes
of examples of Frobenius superalgebras are the real division superalgebras, which were
classified by Wall [36]. (See also [1] for a short exposition.)

Proposition 4.1. Every real division superalgebra is isomorphic to exactly one of the
following, where the Z2-grading is given by declaring ε to be odd, and ⋆ denotes complex
conjugation.

• Cl0(R) = R;
• Cl1(R) := R ⊕ εR, with ε2 = 1;
• Cl2(R) := C ⊕ εC, with ε2 = 1 and zε = εz⋆ for all z ∈ C;
• Cl3(R) := H ⊕ εH, with ε2 = −1 and zε = εz for all z ∈ H;
• Cl4(R) := H;
• Cl5(R) := H ⊕ εH, with ε2 = 1 and zε = εz for all z ∈ H;
• Cl6(R) := C ⊕ εC, with ε2 = −1 and zε = εz⋆ for all z ∈ C;
• Cl7(R) := R ⊕ εR, with ε2 = −1;
• C;
• Cl(C) := C ⊕ εC, with ε2 = 1 and zε = εz for all z ∈ C.

For 0 ≤ r ≤ 8, we have Clr(R)op ∼= Cl−r(R) as superalgebras, where subscripts are
considered modulo 8.

The notation in Proposition 4.1 is inspired by the fact that Clr(R) ⊗R Cls(R) is Morita
equivalent to Clr+s(R). Note that C and the complex Clifford algebra Cl(C) are the only
complex division superalgebras. The Clr(R), 0 ≤ r ≤ 7, are real Clifford superalgebras.
Recall that a k-superalgebra is central if its center is k. Thus, the central real division
superalgebras are those real division superalgebras isomorphic to Clr(R) for 0 ≤ r ≤ 7.

Remark 4.2. The complex division superalgebras are isomorphic to their own opposite
superalgebras. For C, this follows from the fact that C is commutative. For Cl(C), we
have Cl(C)op = C ⊕ εC, with ε2 = −1, and an isomorphism of C-superalgebras

Cl(C)
∼=−→ Cl(C)op, ε 7→ εi.

Ann. Repr. Th. 1 (2024), 2, p. 125–191 https://doi.org/10.5802/art.7

https://doi.org/10.5802/art.7


Diagrammatics for real supergroups 139

Convention 4.3 (Frobenius forms on division superalgebras). Note that C and Cl(C)
are complex Frobenius superalgebras, with Frobenius form given by projection projC onto
their even part. (They are also real Frobenius superalgebras with Frobenius form given
by projection onto the real part of their even part.) We will always view the central real
division superalgebras as superalgebras over R. They are real Frobenius superalgebras with
Frobenius form Re: D → R given by taking the real part of the even part of D. In all of
these cases, the Nakayama automorphism is given by

ζ(a) = (−1)āa, a ∈ D. (4.1)

In particular, a real division superalgebra is supersymmetric if and only if it is purely even.

Lemma 4.4. If k ∈ {R,C} and BD is a k-basis for a division k-superalgebra D, then the
basis left dual to B∨

D = {b∨ : b ∈ BD} is given by

(
b∨)∨ = b, b ∈ BD. (4.2)

Proof. For all b, c ∈ BD, we have

τ
(
cb∨) (3.5)= (−1)b̄c̄τ

(
b∨ζ(c)

) (4.1)= (−1)b̄c̄+c̄τ
(
b∨c
)

= δbc. □

If D is a real division superalgebra, we will use the term D-vector superspace to denote
a finite-dimensional right D-supermodule. Recall the definition of strA given in (3.10).

Lemma 4.5. If D is a real or complex division superalgebra with standard Frobenius form
τ , then strD = (sdimkD)τ . In particular, strD = 0 whenever D is a real or complex division
superalgebra with nonzero odd part.

Proof. If D is a real division superalgebra, choose the basis

BD =



{1} if D = R,

{1, i} if D = C,

{1, i, j, k} if D = H,

{1, ε} if D ∈ {Cl1(R), Cl7(R)},

{1, i, ε, εi} if D ∈ {Cl2(R), Cl6(R)},

{1, i, j, k, ε, εi, εj, εk} if D ∈ {Cl3(R), Cl5(R)} .

If D = C, considered as a complex division superalgebra choose BD = {1}. Finally, if
D = Cl(C), considered as a complex division superalgebra, choose BD = {1, ε}. Then we
have b∨ = b−1 for all b ∈ BD. Hence, using (3.12), we have

strD(a) =
∑

b ∈ BD

(−1)b̄τ(a) = (sdimkD) τ(a). □
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4.2. Complexification of real division superalgebras.

Lemma 4.6. We have the following injections of superalgebras, where ⋆ denotes complex
conjugation,

R ↪→ C, a 7→ a, a ∈ R, (4.3)

ı : H ↪→ Mat2(C), i 7→
(

i 0
0 −i

)
, j 7→

(
0 −1
1 0

)
, k 7→

(
0 −i

−i 0

)
, (4.4)

Cl1(R) ↪→ Cl(C), a + εb 7→ a + εb, a, b ∈ R, (4.5)

Cl2(R) ↪→ Mat1|1(C), a + εb 7→
(

a b⋆

b a⋆

)
, a, b ∈ C, (4.6)

Cl3(R) ↪→ Mat2(Cl(C)), a + εb 7→ ı(a) + εı(b)i, a, b ∈ H, (4.7)
Cl5(R) ↪→ Mat2(Cl(C)), a + εb 7→ ı(a) + εı(b), a, b ∈ H, (4.8)

Cl6(R) ↪→ Mat1|1(C), a + εb 7→
(

a −b⋆

b a⋆

)
, a, b ∈ C, (4.9)

Cl7(R) ↪→ Cl(C), a + εb 7→ a + εib, a, b ∈ R. (4.10)

Proof. These are all straightforward verifications. □

Remark 4.7. We have an injection of complex superalgebras

Cl(C) ↪→ Mat2(C), a + εb 7→
(

a b
b a

)
, a, b ∈ C.

Combined with Lemma 4.6, this shows that all of the real division superalgebras can be
embedded in complex supermatrix superalgebras.

The following result gives the complexification of the central real division superalgebras.

Lemma 4.8. The inclusions of Lemma 4.6 induce isomorphisms of complex superalgebras
RC ∼= C, HC ∼= Mat2(C), Cl1(R)C ∼= Cl7(R)C ∼= Cl(C),

Cl2(R)C ∼= Cl6(R)C ∼= Mat1|1(C), Cl3(R)C ∼= Cl5(R)C ∼= Mat2(Cl(C)).

In particular, for every central real division superalgebra D, its complexification DC is a
simple complex superalgebra.

Proof. It is straightforward to verify that, for each of the injections in Lemma 4.6, every
matrix in the codomain can be written uniquely in the form X + iY , where X and Y are
in the image of the injection. □

4.3. General linear Lie superalgebras over division superalgebras.

Lemma 4.9. If D is a real division superalgebra with D1 ̸= 0, then
(1) Dm|n ∼= Dm+n as D-vector superspaces,
(2) Matm|n(D) ∼= Matm+n(D) as superalgebras,
(3) gl(m|n,D) ∼= gl(m + n,D) as Lie superalgebras.

Proof. Suppose D is a real division superalgebra with D1 ̸= 0. Then left multiplication by
any nonzero odd element gives an isomorphism D0|n ∼= Dn|0. Hence Dm|n ∼= Dm|0 ⊕D0|n ∼=
Dm|0 ⊕ Dn|0 ∼= Dm+n. This induces isomorphisms of superalgebras

Matm+n(D) ∼= EndD
(
Dm|n

)
∼= EndD

(
Dm+n

)
∼= Matm+n(D).
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Passing to the associated Lie superalgebras then gives the isomorphism gl(m|n,D) ∼=
gl(m + n,D). □

In light of Lemma 4.9, we will often consider only gl(m,D), as opposed to gl(m|n,D),
when D1 ̸= 0.

Remark 4.10. The general linear superalgebras over the central real division superalge-
bras are often known by different names and notation.

• gl(m, Cl1(R)) is the split real isomeric Lie superalgebra, often called the split real
queer Lie superalgebra. It is usually denoted q(m,R).

• gl(m, Cl(C)) is the complex isomeric Lie superalgebra, often called the complex
queer Lie superalgebra. It is usually denoted q(m,C).

• gl(m, Cl2(R)) is sometimes denoted q0(m,R).
• gl(m, Cl5(R)) is sometimes denoted q∗(2m).
• gl(m|n,H) is sometimes denoted u∗(2m|2n).

(Recall that gl(m|n,D) ∼= gl(m|n,Dop) by Corollary 3.4.) Many references focus on the
realization of real Lie superalgebras in terms of complex matrices, using the inclusions of
Lemma 4.6 and Remark 4.7. However, we feel that the realization in terms of general
linear Lie superalgebras over real division superalgebras is more natural and leads to more
uniform and easy-to-understand notation. We will only use the notation q(m,C) in the
complex case:

q(m,C) = gl(m, Cl(C)).

The following proposition shows that the general linear Lie superalgebras over central
real division superalgebras are real forms of general linear and isomeric Lie superalgebras.

Proposition 4.11. We have isomorphisms of complex Lie superalgebras

(1) gl(m|n,R)C ∼= gl(m|n,C),
(2) gl(m|n,H)C ∼= gl(2m|2n,C),
(3) gl(m, Cl1(R))C ∼= gl(m, Cl7(R))C ∼= q(m,C),
(4) gl(m, Cl2(R))C ∼= gl(m, Cl6(R))C ∼= gl(m|m,C),
(5) gl(m, Cl3(R))C ∼= gl(m, Cl5(R))C ∼= q(2m,C).

Proof. This follows from (3.26), Lemma 4.8, and the fact that we have canonical isomor-
phisms of complex Lie superalgebras

gl
(
m|n, Matr|s(A)

)
∼= gl

(
(mr + ns)

∣∣ (ms + nr), A
)

(4.11)

for any superalgebra A. □

5. The oriented supercategory

In this section, we introduce the first of our two main diagrammatic supercategories.
After defining the supercategory, we prove a basis theorem for its morphism spaces. In
Sections 5.1 and 5.2, k denotes an arbitrary field. In Section 5.3, we discuss the special
cases k ∈ {R,C}.
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5.1. Definition of the supercategory.

Definition 5.1 ([27, Definition 4.1]). For an associative superalgebra A, we define OBk(A)
to be the strict monoidal supercategory generated by objects ↑ and ↓ and morphisms

: ↑ ⊗ ↑ → ↑ ⊗ ↑ , a : ↑ → ↑ , a ∈ A,

: ↓ ⊗ ↑ → 1, : 1 → ↑ ⊗ ↓, : ↑ ⊗ ↓ → 1, : 1 → ↓ ⊗ ↑,

subject to the relations

1 = , λ a + µ b = λa+µb ,
b
a = ab , (5.1)

= , = ,
a

= a
, (5.2)

= , = , = = , (5.3)

= , = , (5.4)

for all a, b ∈ A and λ, µ ∈ k. In the above, the left and right crossings are defined by

:= , := . (5.5)

The parity of a is ā, and all the other generating morphisms are even. We refer to the
morphisms a as tokens.

For d ∈ k, we define OBk(A; d) to be the quotient of OBk(A) by the relations

a = d strA(a)11, a ∈ A, (5.6)

where strA is given by (3.10). We call d the specialization parameter.

When A is a Frobenius superalgebra, OBk(A) was called the oriented Frobenius Brauer
supercategory in [27, Definition 4.1]. The Frobenius structure on A allows one to enlarge it
to the affine oriented Frobenius Brauer category of [27, Definition 4.3], which is the central
charge zero special case of the Frobenius Heisenberg supercategory introduced in [32], and
further studied in [5, 27]. We refer the reader to these papers for proofs omitted here, none
of which use the Frobenius structure on A. Our presentation of OBk(A) is slightly different
from the one given in [27, Definition 4.1]. Precisely, the relations (5.4) are the reflections
in the vertical axis of the ones in [27, (4.4)]. However, OBk(A) has a symmetry given by
reflecting diagrams in the vertical axis. (This is the composition of the isomorphisms [5,
(5.16) and (5.17)].) Hence, the two definitions are equivalent.

Remark 5.2.
(1) When A = k, we have a = a for all a ∈ k. Thus, we can omit the generators

a and all the relations involving them. Then we see that OBk(k) is the oriented
Brauer category, which is the free rigid symmetric k-linear monoidal category gen-
erated by a single object. This is the motivation for the notation OBk(A).

(2) The supercategory OBC(Cl(C), 0) is the oriented Brauer–Clifford supercategory
introduced in [2, Definition 3.2].

Remark 5.3. When A is a real or complex division superalgebra with nonzero odd part,
it follows from Lemma 4.5 that OBk(A; d) = OBk(A; 0) for all d ∈ R.
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The relations (5.4) means that ↓ is left dual to ↑. In fact, we also have

= , = , (5.7)

and so ↓ is also right dual to ↑. Thus OBk(A) is rigid. Furthermore, we have that

:= = , a := a = a , a ∈ A. (5.8)

These relations mean that tokens and crossings slide over all cups and caps in the sense
that, for all orientations of the strands, we have

a = a , a = a , = , = . (5.9)

More precisely, the cups and caps equip OBk(A) with the structure of a strict pivotal
supercategory; see [5, (5.16)]. It follows from the definition of the tokens on downward
strands that

b
a = (−1)āb̄

ba .

We also have

= , = , = , and = . (5.10)

5.2. The basis theorem. We now describe bases for the morphism spaces of OBk(A).
Let X = X1 ⊗ · · · ⊗ Xr and Y = Y1 ⊗ · · · ⊗ Ys be objects of OBk(A) for Xt, Yt ∈ {↑, ↓}.
An (X, Y )-matching is a bijection between the sets

{t : Xt = ↑} ⊔ {t : Yt = ↓} and {t : Xt = ↓} ⊔ {t : Yt = ↑}. (5.11)

A reduced lift of an (X, Y )-matching is a string diagram representing a morphism X → Y
such that

• the endpoints of each string are points which correspond under the given matching;
• there are no floating bubbles (i.e. strings with no endpoints) and no tokens on any

string;
• there are no self-intersections of strings and no two strings cross each other more

than once.
Fix a set D⃗(X, Y ) consisting of a choice of reduced lift for each (X, Y )-matching. Then
let D⃗•(X, Y ) denote the set of all morphisms that can be obtained from the elements of
D⃗(X, Y ) by adding one token to each string according to the following convention.

Convention 5.4. Tokens are placed such that:
• each token is labelled by an element of BA;
• if a string has endpoints at the top and bottom of the diagram, then its token

appears near the bottom of the string (below all crossings);
• if a string has both endpoints at the top of the diagram, then its token appears near

the left endpoint (above all crossings);
• if a string has both endpoints at the bottom of the diagram, then its token appears

near the right endpoint (below all crossings);
• all tokens near top endpoints are at the same height, all tokens near bottom end-

points are at the same height, and the tokens near top endpoints are above the
tokens near bottom endpoints.
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For example, for X = ↓ ⊗ ↑ ⊗ ↓ ⊗ ↓ ⊗ ↑ and Y = ↓ ⊗ ↓ ⊗ ↓ ⊗ ↑ ⊗ ↓ ⊗ ↑ ⊗ ↑,

is a possible element of D⃗(X, Y ) and

b1 b2

b3 b4 b5 b6

, b1, b2, b3, b4, b5, b6 ∈ BA,

are the corresponding elements of D⃗•(X, Y ).
While we expect the following theorem to hold for an arbitrary associative superalgebra

A, our proof assumes that A is a Frobenius superalgebra. As explained in Convention 4.3,
this assumption holds whenever A is a real or complex division superalgebra.

Theorem 5.5. Let d ∈ k. For X, Y ∈ OBk(A), the morphism space HomOBk(A;d)(X, Y ) is
a free k-supermodule with basis D⃗•(X, Y ).

Proof. The proof that D⃗•(X, Y ) is a spanning set for HomOBk(A;d)(X, Y ) is standard;
see the argument in the proof of [5, Theorem 7.2], ignoring the dots. To prove linear
independence, we consider the affine Frobenius Brauer supercategory AOB(A) defined
in [27, Definition 4.3]. This is the central charge k = 0 case of the Frobenius Heisenberg
supercategory introduced in [32] and further studied in [5]. Since AOB(A) is obtained
from OBk(A; d) by adjoining an additional generator and imposing some extra relations,
it follows immediately that there is a functor from OBk(A; d) to AOB(A). It follows from
the basis theorem [27, Theorem 4.7] for AOB(A), which is a special case of the basis
theorem [5, Theorem 7.2] for Frobenius Heisenberg supercategories, that the elements of
the set D⃗•(X, Y ) are sent to elements of a basis for AOB(A). It follows that the elements
of D⃗•(X, Y ) are linearly independent.

In [5, Theorem 7.2], the basis elements carry tokens near the terminus of each strand,
which differs from the placement of tokens in the elements of the D⃗•(X, Y ). However, it
follows from the relations in OBk(A) that this difference in placement changes the corre-
sponding diagrams by at most a sign. In addition, [5, Theorem 7.2] assumes the Frobenius
superalgebra is supersymmetric. However, the same proof given there works without this
assumption, using the defining property of the Nakayama automorphism wherever super-
symmetry is needed, and tracking these applications throughout the calculations. (See,
for example, [32], which works in this generality.) □

5.3. Complexifications. Our proof of fullness of the oriented incarnation superfunctor
when k = R and A is a real division superalgebra (Theorem 6.10) will involve the complex-
ification of OBk(A). In this subsection we state some results about this complexification
that we will need.

Proposition 5.6. For any superalgebra A over k = R, and d ∈ R, there are isomorphisms
of monoidal supercategories

R : OBR(A)C
∼=−→ OBC

(
AC
)

and R : OBR(A; d)C
∼=−→ OBC

(
AC; d

)
,
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given on objects by ↑ 7→ ↑, ↓ 7→ ↓ and on morphisms by

7→ , 7→ , 7→ , 7→ , 7→ ,

a 7→ a⊗1 , a ∈ A.

Proof. It is clear that the superfunctor R is well-defined. The inverse functor is given on
morphisms by

7→ , 7→ , 7→ , 7→ , 7→ ,

a⊗z 7→
(

a
)

⊗ z, a ∈ A, z ∈ C. □

By Proposition 5.6 and Lemma 4.8, the complexifications OBR(D)C and OBR(D; d)C,
where D is a central real division superalgebra, are related to OBC(R), where R is a super-
matrix superalgebra over a complex division superalgebra A. The following result, which
is formulated more generally, relates these to OBC(A). Recall, from Section 2, the super-
additive envelope Add(Cπ) of a supercategory C. We write morphisms in superadditive
envelopes as sums of their components.

Proposition 5.7. For any superalgebra A and r, s ∈ N, r + s ≥ 1, there is a unique
monoidal superfunctor

M : OBk
(
Matr|s(A)

)
→ Add (OBk(A)π)

given on objects by ↑ 7→ ↑⊕r ⊕ Π↑⊕s, ↓ 7→ ↓⊕r ⊕ Π↓⊕s, and on morphisms by

7→
r+s∑

t,u=1
(−1)p(t)p(u)

t

t

u

u
p(t)+p(u)
p(t)+p(u) , Etua 7→

u

t
p(t)
p(u)

a ,

7→
r+s∑
t=1

t t
0
0

, 7→
r+s∑
t=1 t t

0
0

, 7→
r+s∑
t=1

(−1)p(t)
t t

0
0

, 7→
r+s∑
t=1

(−1)p(t)

t t
0
0

,

where

p(t) =
{

0 if 1 ≤ t ≤ r,

1 if r < t ≤ r + s.
(5.12)

This superfunctor is full and faithful. For d ∈ k, it induces equivalences of monoidal
supercategories

Add
(

OBk(Matr|s(A))π

) ∼=−→ Add(OBk(A)π),

Add
(

OBk(Matr|s(A); d)π

) ∼=−→ Add
(
OBk(A; (r − s)d)π

)
.

Proof. We first consider the non-specialized supercategories. To prove that M is well
defined, we must show that it respects the relations of Definition 5.1. These are all
straightforward verifications, which we leave to the reader. (See the proof of Theorem 9.5
for the details of a similar, but slightly less straightforward, verification.)

Next we prove that M is full and faithful. Suppose X1, . . . , Xv, Y1, . . . , Yw ∈ {↑, ↓},
and let X = X1 ⊗ · · · ⊗ Xv, Y = Y1 ⊗ · · · ⊗ Yw. Then M induces a k-linear map

HomOBk(Matr|s(A))(X, Y )

→
r+s⊕

t1,...,tv ,u1, ..., uw=1
HomOBk(A)

(
Πp(t1)+···+p(tv)X, Πp(u1)+···+p(uw)Y

)
. (5.13)
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It suffices to assume that v + w is even and

#{a : Xa = ↑} + #{a : Ya = ↓} = v + w

2 = #{a : Xa = ↓} + #{a : Ya = ↑},

otherwise both the domain and image of (5.13) have dimension zero. (Here, #S denotes
the cardinality of a set S.) By Theorem 5.5,

dimk HomOBk(Matr|s(A))(X, Y ) =
(

v+w
2
)
!
(
(r + s)2 dimk A

)(v+w)/2
.

We use here the fact there the number of (X, Y )-matchings is (v+w
2 )!, and that

dimk Matr|s(A) = (r + s)2 dimk A. On the other hand, Theorem 5.5 implies that the
codomain of the map (5.13) has the same dimension. Thus, it suffices to prove that
the map (5.13) is surjective. This follows from the fact that any string diagram in the
summand

HomOBk(A)
(
Πp(t1)+···+p(tv)X, Πp(u1)+···+p(uw)Y

)
is the image under (5.13) (up to a sign) of the same diagram with appropriate tokens Etu

placed near the endpoints of strands.
Finally, we show that M is essentially surjective. This follows from the fact that the

generating objects ↑ and ↓ of OBk(A) are the images of (↑, E11 ) and (↓, E11 ), respectively,
if m ≥ 1, and the images of (Π↑, E11 ) and (Π↓, E11 ), respectively, if m = 0.

It remains to prove the statement about the specialized supercategories.
For 1 ≤ t, u ≤ r + s and a ∈ A, we have

M
(

Etua

)
= M( ) ◦ M( ⊗ Etua ) ◦ ( ) (2.11)= δtu(−1)p(t)+p(t)ā a

0

0

= δtu(−1)p(t)(r − s)d strkA(a) = (r − s)d strkA ◦ str(Etua) (3.16)= d strkMatr|s(A)(Etua),

where, in the third equality, we used the fact that strkA(a) = 0 unless ā = 0. □

6. The oriented incarnation superfunctor

In this section we introduce the main application of the supercategory OBk(A) to the
representation theory of Lie superalgebras. We begin by defining a very general ori-
ented incarnation superfunctor. We then turn our attention to the special cases where
k ∈ {R,C} and A is a division superalgebra over k. When k = C, fullness of the incar-
nation functor follows from known results. When k = R, we give a proof of fullness using
the complexification of the supercategories involved.

6.1. Definition of the superfunctor. Throughout this subsection, k denotes an arbi-
trary field. Recall the maps flip, ev, coev, and ρa from Section 3.2. The following result
is the main motivation for the definition of the supercategory OBk(A).

Theorem 6.1. Suppose that A is an associative superalgebra, g is a Lie superalgebra, and
V is a (g, A)-superbimodule. There exists a unique monoidal superfunctor, which we call
the oriented incarnation superfunctor,

G = GV : OBk(Aop) → g-smodk.

such that G(↑) = V , G(↓) = V ∗, and

G( ) = flip, G( ) = ev, G
(

aop
)

= ρa, a ∈ A. (6.1)

Ann. Repr. Th. 1 (2024), 2, p. 125–191 https://doi.org/10.5802/art.7

https://doi.org/10.5802/art.7


Diagrammatics for real supergroups 147

This superfunctor also satisfies the following:
G( ) = coev, G( ) = ev ◦ flip, G( ) = flip ◦ coev, (6.2)

G
(

a
)

= strV (a), a ∈ A. (6.3)

If V = Am|n and g = gl(m|n, A) for some m, n ∈ N, then GV induces a monoidal super-
functor

Gm|n : OBk (Aop; m − n) → gl(m|n, A)-smodk.

Proof. We first show that (6.1) and (6.2) indeed yield a superfunctor G. We must show that
it respects the relations (5.1) to (5.4). The first two relations in (5.1) are straightforward.
For the third relation in (5.1), we have

G
(

bop
aop

)
(v) = (−1)(ā+b̄)v̄+āb̄vba = (−1)āb̄G

(
(ba)op

)
(v) = G

(
aopbop

)
(v).

Next, we show that
G( ) = flipV ∗,V , G( ) = flipV,V ∗ , G( ) = flipV ∗,V ∗ .

Using the definition (5.5) of the left crossing, the map

G( ) = G
( )

: V ∗ ⊗ V → V ⊗ V ∗

is given by

f ⊗ v 7→
∑

v ∈ Bk
V

f ⊗ v ⊗ w ⊗ w∗ 7→
∑

v ∈ Bk
V

(−1)v̄w̄f ⊗ w ⊗ v ⊗ w∗

7→ v ⊗
∑

v ∈ Bk
V

(−1)v̄w̄f(w)w∗ = (−1)f̄ v̄v ⊗ f,

where we use the fact that w̄ = f̄ whenever f(w) ̸= 0. The proofs for and are
analogous. The relations (5.2) and the first two relations in (5.3) are then straightforward
to verify.

For the fourth equality in (5.3), we have

G
( )

: v 7→
∑

w ∈ Bk
V

v⊗w⊗w∗ 7→
∑

w ∈ Bk
V

(−1)v̄w̄w⊗v⊗w∗ 7→
∑

w ∈ Bk
V

w∗(v)w = v = G
( )

(v).

The verification of the third equality in (5.3) is analogous. Verification of the relations
(5.4) is straightforward.

To show (6.3), we compute that

G
(

aop
)

: k 7→ k

is the map

1 7→
∑

v ∈ Bk
V

(−1)v̄v∗ ⊗ v 7→
∑

v ∈ Bk
V

(−1)v̄v∗ ⊗ va 7→
∑

v ∈ Bk
V

(−1)v̄v∗(va) (3.10)= strV (a).

The fact that G factors through OBk(Aop; m−n) when V = Am|n then follows from (3.11).
It remains to prove that, for any functor as in the first sentence of the theorem, we have

(6.2). Suppose that

G( ) : 1 7→
∑

u,v ∈ BV

auvu ⊗ v∗, auv ∈ k.
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Then, for all v ∈ BV , we have

v = G
( )

(v) = G
( )

(v)
G
(

⊗
)

7−−−−−−−→
∑

u,w ∈ BV

auwu ⊗ w∗ ⊗ v
1V ⊗ev7−−−−→

∑
u ∈ BV

auvu.

It follows that auv = δuv for all u, v ∈ BV , and so G( ) = coev. The other two equalities
in (6.2) then follow from (5.10). □

Remark 6.2. Theorem 6.1 holds in greater generality. If C is any rigid symmetric
monoidal supercategory (e.g. the category of supermodules over a triangular Hopf su-
peralgebra) with an object V that has the structure of a right A-supermodule, then (6.1)
defines a unique monoidal superfunctor G : OBk(Aop) → C, and (6.2) and (6.3) hold. The
proof of this more general statement is exactly the same as the proof of Theorem 6.1.
We chose to state Theorem 6.1 with the choice C = g-smodk since that will be our main
application.

Remark 6.3. When A is a Frobenius superalgebra, G is essentially the functor of [27,
Theorem 5.1]. The paper [27] works with right gl(m|n, A)-supermodules and left A-
supermodules. In Theorem 6.1, we have translated to the setting of right A-supermodu-
les by considering OBk(Aop) instead of OBk(A) and to the setting of left gl(m|n, A)-
supermodules using the involution X 7→ −X of gl(m|n, A). The natural module V is
denoted by V+ in [27]. Furthermore, in [27], the dual module V ∗ is replaced by a super-
module V−, together with a nondegenerate bilinear form V−⊗V+ → k. This form identifies
V− with V ∗.

Remark 6.4. By the universal property of Π-envelopes mentioned in Section 2, we have
an induced monoidal superfunctor

G : OBk(Aop)π → gl(VA)-smodk.

The coherence maps of this monoidal superfunctor involve some signs. For example, we
have the coherence map

G(↑) ⊗ G(↑) = ΠV ⊗ ΠV
∼=−→ Π2V ⊗ V

∼=−−−→
(2.6)

V ⊗ V = G (↑ ⊗ ↑) = V ⊗ V,

πv ⊗ πw 7→ (−1)v̄π2v ⊗ w 7→ −(−1)v̄v ⊗ w.

The following result will be useful in later computations.

Lemma 6.5. We have

G
(

aop
)

: V ∗ → V ∗, f 7→ af, f ∈ V ∗, a ∈ A, (6.4)

where af is defined as in (3.2).

Proof. We have

G
(

aop
)

= G
(

aop

)
: f 7→

∑
v ∈ Bk

V

f ⊗ v ⊗ v∗

7→
∑

v ∈ Bk
V

(−1)ā(f̄+v̄)f ⊗ va ⊗ v∗ 7→
∑

v ∈ Bk
V

(−1)ā(f̄+v̄)f(va)v∗ =
∑

v ∈ Bk
V

(af)(v)v∗ = af. □
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6.2. Fullness over the complex numbers. The remainder of this section is dedicated
to proving that the oriented incarnation superfunctor of Theorem 6.1 is full in certain
important special cases. In this subsection we consider the case where k = C and A is a
matrix superalgebra over a complex division superalgebra. We begin with the case where
A is complex division superalgebra, which follows from results in the literature.
Proposition 6.6. If k = C and A is a complex division superalgebra, then the oriented
incarnation functor Gm|n of Theorem 6.1 is full for all m, n ∈ N.
Proof. As explained in Section 4, the only complex division superalgebras are C and Cl(C).
When A = C, the supercategory OBC(C; m−n) is the usual oriented Brauer category, and
the result was proved in [9, § 8.3]. (Closely related results were obtained in [6, Theorem 7.8]
and [22, Theorem 3.5].) On the other hand, OBC(Cl(C), 0) is the oriented Brauer–Clifford
supercategory. (Recall that, by Remark 5.3, we may assume the specialization parameter
is zero.) In this case, fullness was proved in [2, Theorem 4.1]. □

In the remainder of this subsection, our goal is to show that the oriented incarnation
superfunctor Gm|n is full when A is the superalgebra of supermatrices over a complex
division superalgebra. This will be key in our proof that it is also full when A is a real
division superalgebra (Theorem 6.10). We begin with a result that holds in a more general
setup.

Let A be a superalgebra. Fix m, n, r, s ∈ N with m + n, r + s ≥ 1. In what follows, we
will identify

Matm|n (Matr,s(A)) and Mat(mr+ns)|(ms+nr)(A)
in the natural way. This induces a natural identification of

gl (m|n, Matr,s(A)) and gl ((mr + ns|ms + nr), A) ,

and we denote this Lie superalgebra by g. Let
W = Matr|s(A)m|n and V = A(mr+ns|ms+nr).

We have an isomorphism of (g, A)-superbimodules

W
∼=−→ V ⊕r ⊕ ΠV ⊕s, v 7→

(
(−1)p(t)vtπp(t)vt

)r+s

t=1
, (6.5)

where vt ∈ V is the tth column of v, and p(t) is defined as in (5.12). Similarly, we have an
isomorphism of (g, A)-superbimodules

W ∗ ∼=−→ (V ∗)⊕r ⊕ (ΠV ∗)⊕s, f 7→
(
πp(t)ft

)r+s

t=1
, (6.6)

where ft ∈ V ∗ denotes the restriction of f to the tth summand in (6.5).
The next result shows that the diagram of superfunctors

OBk
(
Matr|s(A)op

)
Add (OBk(Aop)π)

g-smodk

M

Gm|n

G(mr+ns|ms+nr)

commutes up to natural isomorphism, where M is the superfunctor of Proposition 5.7.
Proposition 6.7. The isomorphisms (6.5) and (6.6) induce a monoidal supernatural iso-
morphism of superfunctors

Gm|n
∼=−→ G(mr+ns)|(ms+nr)M.
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Proof. Let ω denote the supernatural transformation induced by (6.5) and (6.6). To
simplify notation, let G = Gm|n and G′ = G(mr+ns)|(ms+nr). We need to show that

ωY ◦ G(f) = G′M(f) ◦ ωX

for every generating morphism f ∈ { , , , , , a : a ∈ A}, where X and Y denote
the domain and codomain of f , respectively. These are all straightforward verifications,
although care is needed to keep careful track of signs. We give the details for and ,
since the others are similar.

First consider the case f = . We have

ω↑⊗↑ : W ⊗ W →
r+s⊕

t,u=1
Πp(t)+p(u)V ⊗ V,

v ⊗ w 7→
(
(−1)p(t)vt+p(u)wu+p(u)vt+p(t)p(u)vt ⊗ wu

)r+s

t,u=1
,

where p(t) is defined as in (5.12). Then we compute that

G′M( ) ◦ ω↑⊗↑ =
r+s∑

t,u=1
(−1)p(t)p(u)

(
Πp(t)+p(u) flip

)
◦ ω↑⊗↑

and
ω↑⊗↑ ◦ G( ) = ω↑⊗↑ ◦ flip

are both the map (see Remark 6.4)

W ⊗ W →
r+s⊕

t,u=1
Πp(t)+p(u)V ⊗ V

v ⊗ w 7→
(
(−1)p(t)vt+p(u)wu+p(u)vt+vtwuvt ⊗ wu

)r+s

t,u=1
.

Now consider f = . We have

ω↓⊗↑ : W ∗ ⊗ W →
r+s⊕

t,u=1
Πp(t)+p(u)V ∗ ⊗ V,

f ⊗ v 7→
(
(−1)p(u)vu+p(u)ft+p(t)p(u)ft ⊗ vu

)r+s

t,u=1
.

In addition, ω1 : k → k is the identity map. Then we compute that

G′M( ) ◦ ω↓⊗↑ =
r+s∑
t=1

G′( ) ◦ ω↓⊗↑ and ω1 ◦ G( ) = G( )

are both the map

W ∗ ⊗ W → k, f ⊗ v 7→
r+s∑
t=1

(−1)p(t)ft(vt). □

Proposition 6.8. If D is a complex division superalgebra, then the superfunctor

Gm|n : OBC(Matr|s(D)op) → gl((mr + ns|ms + nr),D)-smodC

is full for all m, n ∈ N.

Proof. This follows from Propositions 6.7, 5.7 and 6.6. □
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6.3. Fullness over the real numbers. In this subsection, we prove one of our main
results: the oriented incarnation superfunctor of Theorem 6.1 is full when k = R and A is
a central real division superalgebra.

Suppose D is a central real division superalgebra and recall Convention 4.3. For
V = Dm|n, we have canonical isomorphisms

V C =
(
Dm|n

)C ∼=−→
(
DC
)m|n

and V ∗,C =
((

Dm|n
)∗)C ∼=−→

((
DC
)m|n

)∗
. (6.7)

The next result shows that the diagram

OBR(Dop)C OBC
(
Dop,C

)

(gl(m|n,D)-smodR)C gl
(
m|n,DC

)
-smodC

R
∼=

GC
m|n Gm|n

Cgl(m|n,D)
∼=

commutes up to supernatural isomorphism, where Cgl(m|n,D) is defined in (3.21), and R is
the superfunctor of Proposition 5.6.

Proposition 6.9. This is a monoidal supernatural isomorphism of superfunctors

Cgl(m|n,D)GC
m|n

∼=−→ Gm|nR

determined by (6.7).

Proof. To simplify notation, we set

G = Gm|n, GC = GC
m|n, C = Cgl(m|n,D), W =

(
DC
)m|n

.

Let ω be the monoidal supernatural isomorphism determined by (6.7). For each generating
morphism f ∈ { , , , , , aop : a ∈ A}, we must show that

ωY ◦ CGC(f) = GR(f) ◦ ωX ,

where X and Y are the domain and codomain of f , respectively.
We have

ω↑⊗↑ ◦ CGC( ) = ω↑⊗↑ ◦ flipV C,V C = flipW,W ◦ω↑⊗↑ = GR( ) ◦ ω↑⊗↑.

For a ∈ D, v ∈ V , and y, z ∈ C, we have

ω↑ ◦ CGC
(

aop ⊗ y
)

: v ⊗ z 7→ (−1)āv̄ω↑(va ⊗ yz)

and
GR

(
aop ⊗ y

)
◦ ω↑ = G

(
aop⊗y

)
◦ ω↑ : v ⊗ z 7→ (−1)āv̄ω↑(va ⊗ yz).

For f ∈ V ∗, v ∈ V , and y, z ∈ C, we have
ω1 ◦ CGC( ) : (f ⊗ y) ⊗ (v ⊗ z) 7→ f(v)yz

and
GR( ) ◦ ω↓⊗↑ = G( ) ◦ ω↓⊗↑ : (f ⊗ y) ⊗ (v ⊗ z) 7→ f(v)yz.

Finally, we have

ω↑⊗↓ ◦ CGC( ) : 1 7→
∑

v ∈ BR
V

v ⊗ v∗ and GR( ) ◦ ω1 : 1 7→
∑

v ∈ BC
V C

v ⊗ v∗.
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These are equal since any R-basis of V is also a C-basis of V C. The verifications for the
remaining generating morphisms and are similar. □

Theorem 6.10. When k = R and A is a central real division superalgebra, the oriented
incarnation superfunctor Gm|n of Theorem 6.1 is full for all m, n ∈ N.
Proof. Suppose A = D is a central real division superalgebra and m, n ∈ N. We wish to
show that, for all objects X, Y in OBk(Dop), the R-linear map

G : HomOBk(Dop ; m−n)(X, Y ) → Homgl(m|n,D)(G(X), G(Y ))
is surjective. As explained in Section 3.7, this map is surjective if and only if the com-
plexified map

GC : HomOBk(Dop ; m−n)(X, Y )C → Homgl(m|n,D)(G(X), G(Y ))C

is surjective. This follows from Proposition 6.9, Lemma 4.8 and Proposition 6.8. □

6.4. Consequences for real Lie groups. We assume throughout this subsection that
D ∈ {R,H}. Then OBR(D) is a monoidal category, and there is no need to work in the
setting of supercategories. In fact, OBR(D) is a spherical pivotal category. (We refer the
reader to [34, § 4.3] for the definition of spherical pivotal category.)

In any spherical pivotal category C, we have a trace map
Tr:

⊕
X ∈ C EndC(X) → EndC(1). In terms of string diagrams, this corresponds to closing

a diagram off to the right or left:

Tr
(

f

)
= f = f ,

where the second equality follows from the axioms of a spherical category. We say that
a morphism f ∈ HomC(X, Y ) is negligible if Tr(f ◦ g) = 0 for all g ∈ HomC(Y, X). The
negligible morphisms form a two-sided tensor ideal N of C, and the quotient C/N is called
the semisimplification of C. For m ∈ N, let ON R(D; m) denote the tensor ideal of negligible
morphisms of Kar(OBR(D; m)).

For an associative k-algebra A and m ∈ N, let gl(m, A)-tmodk denote the monoidal
category of tensor gl(m, A)-modules. By definition, this is the full subcategory of
gl(m, A)-modk whose objects are direct summands of V ⊗r ⊗ (V ∗)⊗s, r, s ∈ N, where
V = Am is the natural module.
Theorem 6.11. For D ∈ {R,H} and m ∈ N, the oriented incarnation functor induces an
equivalence of monoidal categories

Kar
(
OBR (Dop; m)

)
/ON R (Dop; m) → gl(m,D)-tmodR.

Proof. Let D ∈ {R,H}. Since the category gl(m,D)-tmodR is idempotent complete,
Gm = Gm|0 induces a monoidal functor

Kar(Gm) : Kar
(
OBR (Dop; m)

)
= gl(m,D)-tmodR.

By Theorem 6.10, this functor is full.
Every object in gl(m,D)-tmodR is completely reducible, since its complexification is a

tensor module for gl(m,D)C ∼= gl(m,DC), hence completely reducible. Thus, the category
gl(m,D)-tmodR is semisimple. In addition, by Theorem 5.5, EndOBR(Dop;m)(1) = R11.
Thus, by [33, Proposition 6.9], the kernel of Kar(Gm) is equal to ON R(Dop; m). Therefore,
Kar(Gm) induces a full and faithful functor

OBR (Dop; m) /ON R (Dop; m) → gl(m,D)-tmodR.

Ann. Repr. Th. 1 (2024), 2, p. 125–191 https://doi.org/10.5802/art.7

https://doi.org/10.5802/art.7


Diagrammatics for real supergroups 153

Finally, since the image of Kar(Gm) contains all summands of tensor powers of the
natural module Dm and its dual (i.e. all tensor modules), it is essentially surjective, hence
an equivalence of categories. □

7. Superhermitian forms over involutive superalgebras

In Section 9, we will introduce our second main diagrammatic supercategory. Then, in
Section 10, we will define the corresponding incarnation superfunctor. These constructions
will depend on superhermitian forms over involutive superalgebras. In the current section,
we cover the important properties of these forms. Then, in Section 8, we further specialize
to the case where the superalgebra is a real division superalgebra.

7.1. Involutive superalgebras. An anti-involution of a superalgebra A is a homomor-
phism of associative superalgebras A → Aop squaring to the identity. Equivalently, it is a
k-linear map ⋆ : A → A, a 7→ a⋆, such that

(ab)⋆ = (−1)āb̄b⋆a⋆ and (a⋆)⋆ = a for all a, b ∈ A. (7.1)
An involutive superalgebra is a pair (A, ⋆), where ⋆ is an anti-involution of an associative
superalgebra A.

We will typically use the notation ⋆ or ⋄ for anti-involutions. If (A, ⋆) is an involutive su-
peralgebra and V is a right A-supermodule, then we let V ⋆ denote the left A-supermodule
that is equal to V as a k-supermodule, and with A-action given by

a · v := (−1)āv̄va⋆. (7.2)
Recall the definition of the Nakayama automorphism ζ of a Frobenius superalgebra

from Section 3.3. An involutive Frobenius superalgebra is a triple (A, ⋆, τ) such that (A, τ)
is Frobenius superalgebra, (A, ⋆) is an involutive superalgebra, and

ζ2(a) = a and τ(a⋆) = τ(a) for all a ∈ A. (7.3)
We will discuss our main examples of interest, the involutive real division superalgebras,

in Section 8. However, let us mention here some other important examples.

Examples 7.1.
(1) The identity map is an anti-involution of any supercommutative Frobenius super-

algebra.
(2) As a special case of (1), if A = k[x]/(xn) for some n ≥ 1, we can take ⋆ to be the

identity map and τ(
∑n−1

r=0 arxr) = an−1.
(3) If G is a finite group, we can take A = kG, g⋆ = g−1 for all g ∈ G, and τ to be

projection onto the identity element.

Lemma 7.2. If (A, ⋆, τ) is an involutive Frobenius superalgebra, then
ζ(a⋆) = ζ(a)⋆ for all a ∈ A. (7.4)

Proof. For all a, b ∈ A, we have

τ(ab) (7.3)= τ
(
(ab)⋆) = (−1)āb̄τ

(
b⋆a⋆) (3.5)= (−1)āb̄τ

(
a⋆ζ(b⋆)

)
and

τ(ab) (3.5)=
(7.3)

(−1)āb̄τ(ζ(b)a) (7.3)= (−1)āb̄τ
(
(ζ(b)a)⋆) = (−1)āb̄τ

(
a⋆ζ(b)⋆).

Then (7.4) follows from the nondegeneracy of the Frobenius form. □
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The following corollary will play an important role; see Lemma 7.10.

Corollary 7.3. If (A, ⋆, τ) is an involutive Frobenius algebra, then so is (A, ⋄, τ), where
a⋄ = ζ(a)⋆.

Lemma 7.4. Suppose (A, ⋆, τ) is an involutive Frobenius superalgebra with Nakayama
automorphism ζ, and let BA be a homogeneous k-basis of A. Then the left dual basis to
B⋆

A := {b⋆ : b ∈ BA} is given by
(b⋆)∨ = ζ

(
b∨)⋆ . (7.5)

Proof. For b, c ∈ BA, we have

τ
(
ζ(c∨)⋆b⋆) (7.1)=

(7.3)
(−1)b̄c̄τ

(
bζ(c∨)

) (3.5)= τ
(
c∨b
)

= δbc. □

Lemma 7.5. If (A, ⋆, τ) is an involutive Frobenius superalgebra, then

strA(a) = strA(a⋆) for all a ∈ A, (7.6)

where strA is the supertrace map defined in (3.10).

Proof. Using (3.12), we compute

strA(a) =
∑

b ∈ BA

(−1)b̄τ
(
b∨ba

) (7.3)=
∑

b ∈ BA

τ
(
a⋆b⋆ (b∨)⋆) =

∑
b ∈ BA

(−1)b̄τ
(
a⋆b∨b

)
= strA(a⋆),

where, in the second-to-last equality we changed to a sum over {(b∨)⋆ : b ∈ BA} and used
that, for b, c ∈ BA,

(−1)c̄τ
(
c⋆ (b∨)⋆) = τ

(
b∨c
)

= δbc,

and so ((b∨)⋆)∨ = (−1)b̄b⋆. □

7.2. Supersymmetric forms. Let (A, ⋄) denote an involutive superalgebra.

Definition 7.6. For ν ∈ {±1}, a (ν, ⋄)-supersymmetric form on a right A-supermodule
V is a homogeneous k-bilinear form Φ: V × V → k such that

Φ(v, w) = ν(−1)v̄w̄Φ(w, v) and Φ(va, w) = (−1)āw̄Φ(v, wa⋄) (7.7)

for all v, w ∈ V and a ∈ A.

If Φ is a nondegenerate (ν, ⋄)-supersymmetric form on V and BV is a k-basis of V , then
the left dual basis B∨

V = {v∨ : v ∈ BV } of V is defined by

Φ
(
v∨, w

)
= δvw.

Note that v∨ = v + Φ̄.
Recall the left A-actions on V ∗ and V ⋄ given in (3.2) and (7.2). A (ν, ⋄)-supersymmetric

form Φ of parity σ induces a parity-preserving homomorphism of left A-supermodules

V ⋄ → ΠσV ∗, v 7→ πσΦv, where Φv(w) = Φ(v, w). (7.8)

This is an isomorphism if and only if Φ is nondegenerate.

Lemma 7.7. If a right A-supermodule V admits a (ν, ⋄)-supersymmetric form, then

strV (a⋄) = strV (a) for all a ∈ A. (7.9)
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Proof. Let Φ be a (ν, ⋄)-supersymmetric form on V , let BV be a k-basis of V , and let
B∨

V = {v∨ : v ∈ BV } denote the left dual basis with respect to Φ. Then

Φ
(
w, v∨) (7.7)= ν(−1)w̄(v̄+Φ̄)Φ

(
v∨, w

)
= ν(−1)v̄+v̄Φ̄δvw.

Thus (v∨)∨ = (−1)v̄+v̄Φ̄v. Then we compute

strV (a⋄) =
∑

v ∈ BV

(−1)v̄v∗(va⋄) =
∑

v ∈ BV

(−1)v̄Φ
(
v∨, va⋄) (7.7)=

∑
v ∈ BV

(−1)v̄+āv̄Φ
(
v∨a, v

)
(7.7)= ν

∑
v ∈ BV

(−1)v̄Φ̄Φ
(
v, v∨a

)
=

∑
v ∈ BV

(−1)v̄Φ
(
v∨, va

)
=

∑
v ∈ BV

strV (a),

where, in the second-to-last equality, we changed to a sum over the basis B∨
V . □

7.3. Superhermitian forms. Our main source of examples of (ν, ⋄)-supersymmetric
forms will come from superhermitian forms over involutive Frobenius superalgebras. Let
V be a finitely-generated right supermodule over an involutive superalgebra (A, ⋆). A
homogeneous map φ : V × V → A is a ⋆-sesquilinear form if it is k-bilinear and

φ(va, wb) = (−1)ā(φ̄+v̄)a⋆φ(v, w)b, for all a, b ∈ A, v, w ∈ V. (7.10)

(In our cases of interest, A will be purely even whenever φ̄ = 1.) If, in addition, there
exists ν ∈ {±1} such that

φ(v, w) = ν(−1)v̄w̄φ(w, v)⋆ for all v, w ∈ V, (7.11)

then we say that φ is a (ν, ⋆)-superhermitian form. We say that φ is unimodular if the
map

V → HomA(V, A), v 7→ φ(v, −), v ∈ V,

is an isomorphism of k-supermodules. If A is a division superalgebra, then φ is unimodular
if and only if it is nondegenerate.

We say that two (ν, ⋆)-superhermitian forms φ1 and φ2 are equivalent if there exists a
homogeneous f ∈ AutA(V ) such that

φ2(v, w) = φ1(f(v), f(w)) for all v, w ∈ V.

Note that, when A = k, a (ν, id)-superhermitian form is the same as a (ν, id)-supersymme-
tric form.

Example 7.8. If A = C, ⋆ is complex conjugation, and V is purely even, then a
(1, ⋆)-superhermitian form is the familiar notion of a hermitian form, while a (−1, ⋆)-
superhermitian form is a skew-hermitian form. On the other hand, a (1, id)-superhermitian
form is a symmetric C-bilinear form, while a (−1, id)-superhermitian form is a skew-
symmetric C-bilinear form.

Remark 7.9. An even (ν, ⋆)-superhermitian form on V is equivalent to an even (−ν, ⋆)-
superhermitian form on the parity-shifted supermodule ΠV . Thus, for even forms, one can
assume ν = 1 without losing any generality. However, this is not the case for odd forms.
An odd (ν, ⋆)-superhermitian form on V is equivalent to an odd (ν, ⋆)-superhermitian form
on the parity shift ΠV . Since odd forms are important for the periplectic Lie superalgebras
we wish to include, we consider general ν in the current paper.
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Lemma 7.10. If (A, ⋆, τ) is an involutive Frobenius superalgebra, and φ is a nondegen-
erate (ν, ⋆)-superhermitian form on V , then the composite

Φ = τ ◦ φ : V × V → k (7.12)

is a nondegenerate (ν, ⋄)-supersymmetric form on V , with a⋄ = ζ(a)⋆.

Proof. For all v, w ∈ V , we have

Φ(v, w) = τ(φ(v, w)) (7.11)= ν(−1)v̄w̄τ(φ(w, v)⋆) (7.3)= ν(−1)v̄w̄τ(φ(w, v)) = ν(−1)v̄w̄Φ(w, v)

and

Φ(va, w) = τ(φ(va, w)) (7.10)= (−1)ā(φ̄+v̄)τ(a⋆φ(v, w))
(3.5)= (−1)āw̄τ(φ(v, w)ζ(a⋆)) (7.10)= (−1)āw̄τ(φ(v, wζ(a⋆))) (7.4)= (−1)āw̄Φ(v, wζ(a)⋆).

Thus Φ is (ν, ⋄)-supersymmetric, with a⋄ = ζ(a)⋆.
It remains to show that Φ is nondegenerate. Suppose v ∈ V is nonzero. Then, since

φ is nondegenerate, there exists w ∈ V such that φ(v, w) ̸= 0. Since τ is nondegenerate,
there exists a ∈ A such that

0 ̸= τ(φ(v, w)a) = τ(φ(v, wa)) = Φ(v, wa). □

7.4. Adjoint operators. Suppose that (A, ⋆) is an involutive superalgebra, and that φ
is a unimodular (ν, ⋆)-superhermitian form on a right A-supermodule V .

Lemma 7.11. For all X ∈ EndA(V ), there exists a unique X† ∈ EndA(V ) such that

φ(v, Xw) = (−1)X̄v̄φ
(
X†v, w

)
for all v, w ∈ V.

Proof. Fix v ∈ V . The map w 7→ (−1)X̄v̄φ(v, Xw) is an element of HomA(V, A). Thus,
since φ is unimodular, there exists a unique v′ ∈ V such that

φ(v′, w) = (−1)X̄v̄φ(v, Xw) for all v ∈ V.

We define X†v = v′. It is then straightforward to verify that X† ∈ EndA(V ). □

The element X† is called the adjoint to X.

Lemma 7.12. The map X 7→ X† is an anti-involution on EndA(V ). In particular,
(X†)† = X, and

(XY )† = (−1)X̄Ȳ Y †X† for all X, Y ∈ EndA(V ). (7.13)

Proof. This is a straightforward verification. □

Now suppose that (A, ⋆, τ) is an involutive Frobenius superalgebra, and consider the
nondegenerate (ν, ⋄)-supersymmetric form Φ = τ ◦ φ as in Lemma 7.10. Then, for all
X ∈ EndA(V ), we have

Φ(v, Xw) = (−1)X̄v̄Φ(X†v, w) for all v, w ∈ V.

It follows that the definition of X† is the same if we use the (ν, ⋆)-superhermitian form φ
or the corresponding (ν, ⋄)-supersymmetric form Φ.
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7.5. Harish-Chandra superpairs associated to superhermitian forms. For φ ei-
ther a unimodular (ν, ⋆)-superhermitian form or a nondegenerate (hence unimodular)
(ν, ⋄)-supersymmetric form, define

Gred(φ) = {X ∈ AutA(V )0 : φ(Xv, Xw) = φ(v, w) for all v, w ∈ V }

g(φ) =
{

X ∈ EndA(V ) : φ(Xv, w) = −(−1)X̄v̄φ(v, Xw) for all v, w ∈ V
}

=
{

X ∈ EndA(V ) : X† = −X
}

.

We have that g(φ) is a Lie superalgebra with the usual bracket:

[X, Y ] = XY − (−1)X̄Ȳ Y X.

The pair G(φ) := (Gred(φ), g(φ)) is a Harish–Chandra superpair; see Section 3.6.
If φ1 and φ2 are equivalent forms, then the groups Gred(φ1) and Gred(φ2) are isomorphic,

as are the Lie superalgebras g(φ1) and g(φ2).
If (A, ⋆, τ) is an involutive Frobenius superalgebra and φ is a unimodular (ν, ⋆)-superher-

mitian form, then we have the nondegenerate (ν, ⋄)-supersymmetric form Φ = τ ◦ φ from
Lemma 7.10. It follows from the nondegeneracy of τ that

g(φ) = g(Φ) and Gred(φ) = Gred(Φ).

8. Superhermitian forms over involutive real division superalgebras

For our purposes, the most important examples of involutive superalgebras come from
real division superalgebras. In this section, we examine some important properties of
the Lie superalgebras associated to superhermitian forms over involutive real division
superalgebras.

For the quaternions, we have the anti-involution

⋆ : H → H, (a + bi + cj + dk)⋆ = a − bi − cj − dk, a, b, c, d ∈ R,

of quaternionic conjugation. This restricts to complex conjugation on C and the identity
map on R. The complex Clifford superalgebra Cl(C) has anti-involution

⋆ : Cl(C) → Cl(C), (a + εb)⋆ = a⋆ + εb⋆i, a, b ∈ C, (8.1)

where, on the right-hand side, ⋆ denotes complex conjugation. Note that this is an anti-
involution of real superalgebras, but not of complex superalgebras. In fact, there are no
C-linear anti-involutions of Cl(C). The notation ⋆ will always refer to the above involutions
when working with the real division superalgebras R, C, H, and Cl(C). Note that (D, ⋆, Re)
is an involutive Frobenius superalgebra for D ∈ {R,C,H, Cl(C)}, as is (C, id, Re), where
Re(a) is the real part of the even part of a. None of the other real division superalgebras
Clr(R), r ∈ {1, 2, 3, 5, 6, 7}, admit anti-involutions, since they are not isomorphic to their
opposite superalgebras.

If (A, ⋆) is an involutive superalgebra, then the complexification AC is also an involutive
superalgebra, with involution (which we continue to denote by the same symbol)

⋆ : AC → AC, (a ⊗ z)⋆ = a⋆ ⊗ z, a ∈ A, z ∈ C. (8.2)

Similarly, if (A, ⋆, τ) is an involutive Frobenius superalgebra, then so is (AC, ⋆, τ); see
(3.24).
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8.1. Real case. In this subsection we work over the involutive real division superalgebra
(R, id). If

φ : V × V → R
is a nondegenerate (ν, id)-superhermitian form on an R-supermodule V , then its complex-
ification

φC : V C × V C → C
is a nondegenerate (ν, id)-superhermitian form on V C.

Proposition 8.1. We have an isomorphism of complex Lie superalgebras

g(φ)C ∼= g
(
φC
)

.

Proof. It is straightforward to verify that the map X ⊗ a 7→ Xa, X ∈ g(φ), a ∈ C, gives
the desired isomorphism. □

8.2. Complex cases. In this subsection we work over the involutive real division super-
algebra (D, ⋆), where D ∈ {C, Cl(C)}.

Proposition 8.2. Suppose φ is a nondegenerate (ν, ⋆)-superhermitian form on Dm|n.
Then we have an isomorphism of complex Lie superalgebras

g(φ)C ∼= gl(m|n,D).

Proof. It follows from (7.13) with Y = aI that (aX)† = a⋆X† for all a ∈ D and X ∈ g(φ).
Multiplication by i gives an isomorphism of C-supermodules

g(φ)
∼=−→
{

X ∈ gl(m|n,D) : X† = X
}

.

Therefore, for every X ∈ gl(m|n,D), we have

X = 1
2

(
X† − X

)
+ 1

2

(
X† + X

)
, with

1
2

(
X† − X

)
∈ g(φ) and 1

2

(
X† + X

)
∈ g(φ)i.

The result follows. □

8.3. Quaternionic case. In this subjection we work over the real involutive division
superalgebra (H, ⋆) and we fix a nondegenerate (ν, ⋆)-superhermitian form φ on Hm|n. We
will often view the quaternions as

H = C[j], j2 = −1, jzj−1 = z⋆, z ∈ C. (8.3)

Choosing the C-basis {1, j} for H, we will identify Hm|n with C2m|2n. Similarly, under
the inclusion ı of (4.4), we will identify Matm|n(H) with a subring of Mat2m|2n(C). In
particular, we have

Matm|n(H) =
{

X ∈ Mat2m|2n(C) : X(vj) = (Xv)j for all v ∈ Hm|n = C2m|2n
}

. (8.4)

Note that, for v ∈ Hm|n = C2m|2n, we have

vj = Jv⋆, where J = Jm+n =


J1 0 · · · 0

0 J1
. . . ...

... . . . . . . 0
0 · · · 0 J1

 , J1 =
(

0 −1
1 0

)
. (8.5)
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It follows that, for X ∈ Mat2m|2n(C),

X ∈ Matm|n(H) ⇐⇒ JX⋆J−1 = X. (8.6)
Consider the C-linear maps

projHC , projHjC : H → C, projHC(a + jb) = a, projHjC(a + jb) = b, a, b ∈ C.

It is straightforward to verify that
projHjC(zj) = projHC(z)⋆ for all z ∈ C. (8.7)

Define
φ1 := projHC ◦φ, φj := projHjC ◦φ.

These are precisely the components of φ with respect to the C-basis {1, j} of H. The
following lemma gives a precise relationship between φ1 and φj .

Lemma 8.3. For all v, w ∈ Hm|n = C2m|2n, we have
φj(vj, w) = −φ1(v, w), φ1(vj, w) = φj(v, w), (8.8)
φj(v, wj) = φ1(v, w)⋆, φ1(v, wj) = −φj(v, w)⋆. (8.9)

Proof. We have
φ1(vj, w) + jφj(vj, w) = φ(vj, w) = −jφ(v, w) = −jφ1(v, w) + φj(v, w).

Comparing components gives (8.8). Similarly

φ1(v, wj) + jφj(v, wj) = φ(v, wj) = φ(v, w)j (8.3)= jφ1(v, w)⋆ − φj(v, w)⋆

implies (8.9). □

Lemma 8.4. The form
φj : C2m|2n × C2m|2n → C

is nondegenerate and (−ν, id)-supersymmetric.

Proof. It follows from (8.3) that
φj(av, wb) = aφj(v, w)b, v, w ∈ V, a, b ∈ C.

Also,

φ(v, w) = ν(−1)v̄w̄φ(w, v)⋆ = ν(−1)v̄w̄
(
φ1(w, v) + jφj(w, v)

)⋆

= ν(−1)v̄w̄
(
φ1(w, v)⋆ + φj(w, v)⋆j⋆

)
= ν(−1)v̄w̄φ1(w, v)⋆ − jν(−1)v̄w̄φj(w, v).

Thus, φj : C2m|2n × C2m|2n → C is a (−ν, id)-supersymmetric form. It follows from (8.9)
that, for all v, w ∈ C2m|2n, we have

φ(v, w) = φj(v, wj)⋆ + jφj(v, w).
Thus, φj is nondegenerate, since φ is. □

Corollary 8.5. We have
φj(v, wj) − φj(vj, w) = 2 Re φ(v, w). (8.10)

Proof. Using (8.8) and (8.9), we have
φj(v, wj) − φj(vj, w) = φ1(v, w)⋆ + φ1(v, w) = 2 Re φ(v, w). □
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Proposition 8.6. We have an isomorphism of complex Lie superalgebras
g(φ)C ∼= g(φj).

Proof. For all X ∈ Matm|n(H) satisfying φj(Xv, w) = −(−1)X̄v̄φj(v, Xw) for all
v, w ∈ C2m|2n, we have

φ1(Xv, w) (8.9)= φj(Xv, wj)⋆ = −(−1)X̄v̄φj(v, X(wj))⋆

(8.4)= − (−1)X̄v̄φj(v, (Xw)j)⋆ (8.9)= −(−1)X̄v̄φ1(v, Xw).
Thus

g(φ) =
{

X ∈ gl(m|n,H) : φj(Xv, w) = −(−1)X̄v̄φj(v, Xw)
}

.

Furthermore, using Lemma 8.4, for X ∈ g(φ), a ∈ C, and v, w ∈ C2m|2n, we have

φj((Xa)v, w) = −(−1)X̄v̄aφj(v, Xw) = −(−1)X̄v̄φj(v, Xw)a = −(−1)X̄v̄φj(v, (Xa)w).
It then follows from Proposition 4.11(2) that

g(φ)C =
{

X ∈ gl(2m|2n,C) : φj(Xv, w) = −(−1)X̄v̄φj(v, Xw)
}

= g
(
φj
)

. □

9. The unoriented supercategory

In this section, we introduce the second of our two main diagrammatic supercategories.
After defining the supercategory, we deduce some of its additional properties. We then
prove a basis theorem for morphism spaces. Throughout this section, k is an arbitrary
field, and (A, ⋄) is an involutive superalgebra.

9.1. Definition of the supercategory.

Definition 9.1. For σ ∈ Z2, we define Bσ
k (A, ⋄) to be the strict monoidal supercategory

generated by one object I and morphisms
: I⊗2 → I⊗2, : I⊗2 → 1, : 1 → I⊗2, a : I → I, a ∈ A,

subject to the relations

= , = , = = (−1)σ , = , = (9.1)

1 = , λ a + µ b = λa+µb ,
b
a = ab ,

a
= a , a = a⋄ , (9.2)

for all a, b ∈ A and λ, µ ∈ k. The parity of a is ā, the morphisms and both have
parity σ, and is even. We refer to the morphisms a as tokens.

For d ∈ k, we define Bσ
k (A, ⋄; d) to be the quotient of Bσ

k (A, ⋄) by the additional relations
a = d strA(a)11, a ∈ A, (9.3)

where strA is given by (3.10). We call d the specialization parameter.

Example 9.2. When A = k and ⋄ = id, we have a = a for all a ∈ k. Thus, we can omit
the generators a and all the relations involving them. Then, if σ = 0, the relations (9.1)
and (9.3) are the defining relations of the Brauer category, as given in [23, Theorem 2.6].
For general σ, Bσ

k (k, id; d) is isomorphic to the marked Brauer category of [21], although
the description there looks somewhat different since the authors do not use the concept of
a monoidal supercategory.
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Proposition 9.3. The following relations hold in Bσ
k (A, ⋄) for all a ∈ A:

= (−1)σ , = , a =
a

, a = a⋄ . (9.4)

Proof. For the second relation in (9.4), we have

= (2.2)= (−1)σ = (−1)σ = ,

where, for the unadorned equalities, we have used the third, sixth, and fourth equalities
in (9.1), in that order. Then, for the first relation in (9.4), we compute

= (−1)σ = (−1)σ (2.2)= = = = (−1)σ ,

where, for the unadorned equalities, we use fourth relation in (9.1), the sixth relation in
(9.1), the second relation in (9.4), the fifth relation in (9.1), and finally the fourth relation
in (9.1).

The third relation in (9.4) follows from the fourth relation in (9.2) after composing on
the top and bottom with the crossing and using the first relation in (9.1). For the last
relation in (9.4), we have

a
(9.1)= (−1)σ

a

(2.2)= (−1)σ+σā a (9.2)= (−1)σ+σā a⋄ (9.1)=
(2.2)

a⋄ . □

It follows from the defining relations that “bubbles” are central in Bσ
k (A, ⋄):

a = a for all a ∈ A.

Note also that

ab
(9.2)= a

b

(9.2)= a⋄

b

(2.2)= (−1)āb̄
a⋄

b (9.4)= (−1)āb̄ b
a

(9.2)= (−1)āb̄
ba

(9.5)
and

a
(9.4)= (−1)σ a (9.2)= (−1)σ

a

(9.1)= (−1)σ a
(9.2)= (−1)σ

a⋄ . (9.6)

Remark 9.4. Suppose that (A, ⋄, τ) is an involutive Frobenius superalgebra, σ = 1, and
d ̸= 0. In B1

k(A, ⋄; d), we have

d strA(a)11 = a
(9.6)= − a⋄ = −d strA(a⋄)11

(7.6)= −d strA(a)11
for all a ∈ A. In applications to representation theory, we will assume that the character-
istic of k is not two. In this case, it follows that strA = 0 or 11 = 0. In the former case,
we have B1

k(A, ⋄; d) = B1
k(A, ⋄; 0). In the latter case, B1

k(A, ⋄; d) is the zero supercategory.
Thus, when σ = 1 and (A, ⋄) can be endowed with the structure of an involutive Frobenius
superalgebra, we will usually assume that d = 0.

For any d ∈ k, we have isomorphisms of monoidal supercategories

Ξ⋄ : Bσ
k (A, ⋄) → Bσ

k (Aop, ⋄) and Ξ⋄ : Bσ
k (A, ⋄; d) → Bσ

k (Aop, ⋄; d), (9.7)

given by applying the involution ⋄ to all tokens.
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9.2. The basis theorem. This subsection is dedicated to the proof of a basis theorem
giving bases for the morphisms spaces of the Bσ

k (A, ⋄). Our method involves embedding
this supercategory into the superadditive envelope of the oriented supercategory OBk(A).
Even in the case A = k, when B0

k(k, id) is the usual Brauer category, this method of proof
is new.

Recall, from Section 2, that, for a monoidal supercategory C, we let Add(Cπ) denote its
superadditive envelope. The objects of Add(Cπ) are formal direct sums of objects of the
Π-envelope Cπ, and morphisms in Add(Cπ) are matrices of morphisms in Cπ, which we will
write as sums of their components. For example,

0
0

+ σ

σ
+ σ

σ
+ (−1)σ 0

0
: (↑ ⊕ Πσ↓) ⊗ (↑ ⊕ Πσ↓) → (↑ ⊕ Πσ↓) ⊗ (↑ ⊕ Πσ↓)

is a morphism in Add(OBk(A)) with components

0
0

: ↑ ⊗ ↑ → ↑ ⊗ ↑,
σ

σ
: Πσ↑ ⊗ ↓ → Πσ↓ ⊗ ↑,

σ

σ
: Πσ↓ ⊗ ↑ → Πσ↑ ⊗ ↓, (−1)σ 0

0
: ↓ ⊗ ↓ → ↓ ⊗ ↓,

and all other components equal to zero.

Theorem 9.5. Fix σ ∈ Z2. There exists a unique monoidal superfunctor
D : Bσ

k (A, ⋄) → Add(OBk(A)π) such that D(I) = ↑ ⊕ Πσ↓ and

D
( )

= 0
0

+ σ

σ
+ σ

σ
+ (−1)σ 0

0
,

D ( ) = 0
σ

+ 0
σ

, D ( ) = σ

0 + (−1)σ σ

0 ,

D
(

a
)

= a
0
0

+ (−1)σā
a⋄ σ

σ
, a ∈ A.

If (A, ⋄) can be endowed with the structure of an involutive Frobenius superalgebra, then,
for all d ∈ k, this induces a monoidal superfunctor

D : Bσ
k (A, ⋄; 2d) → Add(OBk(A; d)π),

where we assume that d = 0 if σ = 1. (See Remark 9.4.)

Proof. We must verify that D respects the defining relations of Bk(A, ⋄) from Definition 9.1.
For the first relation in (9.1), we compute

D
( )

=
0

0
+

σ

σ

+
σ

σ

+
0

0
=

0

0
+

σ

σ

+
σ

σ

+
0

0
= D

( )
.

The proof of the second relation in (9.1) is similar.
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For the third relation in (9.1), we have

D
( )

= D( ⊗ ) ◦ D( ⊗ )

(2.11)=
(

0
σ

+ 0
σ

+ (−1)σ σ

0 + (−1)σ σ

0

)
◦
(

σ

0 + (−1)σ σ

0 + 0
σ

+ (−1)σ 0
σ

)

=
0

0
+

σ

σ

=
0

0
+

σ

σ

= D
( )

.

Similarly, for the fourth relation in (9.1), we have

D
( )

= D( ⊗ ) ◦ D( ⊗ )

(2.11)=
(

0
σ

+ 0
σ

+ σ

0 + σ

0

)
◦
(

σ

0 + (−1)σ σ

0 + (−1)σ 0
σ

+ 0
σ

)

= (−1)σ

 0

0
+

σ

σ

 = (−1)σ

 0

0
+

σ

σ

 = (−1)σD
( )

.

The fifth relation in (9.1) is straightforward. For the sixth relation in (9.1), we compute

D
( )

= D( ⊗ ) ◦ D( ⊗ )
(2.11)=

(
0
σ

+ 0
σ

+ (−1)σ σ

0 + (−1)σ σ

0

)
◦
(

0
0

+ σ

σ
+ σ

σ
+ (−1)σ 0

0

+ σ

σ
+ 0

0
+ 0

0
+ (−1)σ σ

σ

)
=

0

σ
+

0

σ
+

σ

0
+ (−1)σ

σ

0

and

D
( )

= D
(

⊗
)

◦ D
(

⊗
) (2.11)=

(
0
σ

+ 0
σ

+ σ

0 + σ

0

)
◦
(

0
0

+ σ

σ
+ σ

σ
+ (−1)σ 0

0

+ σ

σ
+ 0

0
+ 0

0
+ (−1)σ σ

σ

)
=

0

σ
+

0

σ
+

σ

0
+ (−1)σ

σ

0

(5.9)=
0

σ
+

0

σ
+

σ

0
+ (−1)σ

σ

0
.
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The first, second, and fourth relations in (9.2) are straightforward. For the third relation
in (9.2), we compute

D
(

a
b

)
= a

b

0

0
+ a⋄

b⋄

σ

σ

= ab

0

0
+(−1)āb̄

b⋄a⋄
σ

σ

(7.1)= ab

0

0
+ (ab)⋄

σ

σ

= D
(

ab

)
.

Finally, for the last relation in (9.2), we have
D
(

a
)

= D( ) ◦ D( a ⊗ )

(2.11)=
(

0
σ

+ 0
σ

)
◦
(

a
0

0
+ (−1)σā a

σ

σ
+ (−1)σā

a⋄
σ

σ
+ a⋄

0

0

)

= (−1)σā

(
a⋄

0

σ
+ a

0

σ

)
= (−1)σā

(
a⋄
0

σ
+ a

0

σ

)
and

D
(

a⋄
)

= D( ) ◦ D( ⊗ a⋄ )

(2.11)=
(

0
σ

+ 0
σ

)
◦
(

a⋄
0

0
+ (−1)σā a

σ

σ
+ (−1)σā

a⋄
σ

σ
+ a

0

0

)

= (−1)σā

(
a⋄
0

σ
+ a

0

σ

)
.

It remains to prove the final statement of the theorem. This statement is clear if d = 0,
and so it suffices to assume σ = 0. In this case, we have

D
(

a
)

= a + a⋄ = a+a⋄

where, in the last equality, we used [27, (4.24)] to convert the clockwise bubble to a
counterclockwise one. Then the assertion follows from the fact that

strA(a + a⋄) (7.6)= 2 strA(a). □

We are now ready to state and prove the basis theorem for Bσ
k (A, ⋄; d). For r, s ∈ N, an

(r, s)-Brauer diagram is a string diagram representing a morphism in HomBσ
k (A,⋄;d)(I⊗r, I⊗s)

such that:
• there no tokens on any string and no closed strings (i.e. strings with no endpoints);
• no string has more than one critical point;
• there are no self-intersections of strings and no two strings cross each other more

than once.
A perfect matching of a finite set is a partition of that set into subsets of size 2. Numbering
the bottom endpoints 1, . . . , r from left to right and the top endpoints r +1, . . . , r +s from
left to right, each (r, s)-Brauer diagram induces a perfect matching of {1, . . . , r + s}. Let
D(r, s) denote a set of (r, s)-Brauer diagrams, with each perfect matching of {1, . . . , r +s}
induced by exactly one element of D(r, s).

For r, s ∈ N, let D•(r, s) denote the set of all morphisms that can be obtained from
elements of D(r, s) by adding exactly one token to each string according to Convention 5.4.
For example,
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is a possible element of D(5, 7) and

b1 b2

b3 b4 b5 b6

, b1, b2, b3, b4, b5, b6 ∈ BA,

are the corresponding elements of D•(5, 7).
We expect the following theorem to hold for an arbitrary involutive superalgebra (A, ⋄).

However, since our proof relies on Theorem 5.5, it assumes that A also admits the struc-
ture of a Frobenius superalgebra. As explained in Convention 4.3, this assumption holds
whenever A is a real or complex division superalgebra.

Theorem 9.6. For all r, s ∈ N and d ∈ k, the set D•(r, s) is k-basis for the morphism
space HomBσ

k (A,⋄;d)(I⊗r, I⊗s)

Proof. We first prove that the elements of D•(r, s) span HomBσ
k (A,⋄;d)(I⊗r, I⊗s) as k-super-

module. Using the last two relations in (9.2) and the last two relations in (9.4), tokens
on strings with endpoints can be moved near the appropriate endpoints. Then, using the
third relation in (9.2), we can reduce the number of tokens to precisely one on each string.
(Recall that a string with no token is the same as a string with a token labelled by the
identity element of A, using the first relation in (9.2).) Next, using the second relation
in (9.2), we can write any diagram as a linear combination of ones where the tokens are
labelled by elements of BA. Finally, using the relations (9.1) and the first two relations
in (9.4), we can move the strings so that they are positioned to agree with some element
of D(r, s), together with some bubbles to the right of this element. Then we can evaluate
all bubbles using (9.3).

It remains to prove linear independence of D•(r, s). Under the functor D of Theorem 9.5,
each element of D•(r, s) is sent, up to sign and parity shift, to a sum over all possible
orientations of the strands, with the map a 7→ ±a⋄ applied to labels of tokens on downward
pointing strands. It follows from Theorem 5.5 that these images are linearly independent.
Therefore, D•(r, s) is linearly independent. □

10. The unoriented incarnation superfunctor

In this section, we introduce the main application of the supercategory Bσ
k (A, ⋄) to the

representation theory of supergroups. We begin by defining a very general unoriented
incarnation superfunctor and proving an asymptotic faithfulness result. We then turn our
attention to the special cases where k ∈ {R,C} and A is a division superalgebra over k.
When k = C, fullness of the incarnation functor follows from known results. When k = R,
we state the fullness result, whose proof is split into three cases, proved in Sections 11
to 13.

10.1. Definition of the superfunctor. In this subsection we work over an arbitrary
field k. Let (A, ⋄) be an involutive superalgebra, let V be a right A-supermodule, and let
Φ be a nondegenerate (ν, ⋄)-supersymmetric form of parity σ on V . Fix a homogeneous
k-basis BV of V , and let B∨

V = {b∨ : b ∈ BV } be the left dual basis with respect to Φ.
Recall the notation flip and ρa from Section 3.2. It follows from (7.1) that

ρa⋄ρb⋄ = ρ(ab)⋄ , a, b ∈ A. (10.1)
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Theorem 10.1. There exists a unique monoidal superfunctor, which we call the unori-
ented incarnation superfunctor associated to Φ,

FΦ : Bσ
k (A, ⋄) → G(Φ)-smodk

such that FΦ(I) = V and
FΦ
( )

= ν flip, FΦ ( ) = Φ, FΦ( a ) = ρa⋄ , a ∈ A. (10.2)
This superfunctor also satisfies the following:

FΦ ( ) = Φ′ : k → V ⊗ V, 1 7→
∑

v ∈ BV

(−1)σv̄v ⊗ v∨, and (10.3)

FΦ
(

a
)

= strV (a)11 for all a ∈ A. (10.4)

If V = Am|n for some m, n ∈ N, then FΦ induces a monoidal superfunctor
FΦ : Bσ

k (A, ⋄; ν(m − n)) → G(Φ)-smodk.

Proof. We first show that (10.2) and (10.3) indeed yield a superfunctor FΦ. We must show
that it respects the relations (9.1) and (9.2). The first two relations in (9.1) are clear. For
the third equality in (9.1), we compute

FΦ

( )
: v

Φ′⊗1V7−−−−→
∑

w ∈ BV

(−1)σw̄w ⊗ w∨ ⊗ v
1V ⊗Φ7−−−−→

∑
w ∈ BV

Φ(w∨, v)v = v.

For the fourth equality in (9.1), we compute

FΦ

( )
: v

1V ⊗Φ′
7−−−−→

∑
w ∈ BV

(−1)σ(v̄+w̄)v⊗w⊗w∨ Φ⊗1V7−−−−→ (−1)σ
∑

w ∈ BV

Φ(v, w)w∨ = (−1)σv,

where, to simplify the sign, we used the fact that Φ(v, w) = 0 unless v̄ + w̄ = σ.
The fifth equality in (9.1) follows immediately from the fact that Φ is a (ν, ⋄)-supersym-

metric k-bilinear form. For the sixth equality in (9.1), we compute

FΦ
( )

: u ⊗ v ⊗ w
ν flip ⊗1V7−−−−−−→ ν(−1)ūv̄v ⊗ u ⊗ w

1V ⊗Φ7−−−−→ ν(−1)(σ+ū)v̄Φ(u, w)v,

and

FΦ
( )

u ⊗ v ⊗ w
1V ⊗ν flip7−−−−−−→ ν(−1)v̄w̄u ⊗ w ⊗ v

Φ⊗1V7−−−−→ ν(−1)v̄w̄Φ(u, w)v

= ν(−1)(σ+ū)v̄Φ(u, w)v,

where, in the final equality, we used the fact that Φ(u, w) = 0 unless w̄ = σ + ū.
The first two relations in (9.2) are straightforward, while the third follows from (10.1).

For the fourth relation in (9.2), we compute

FΦ

(
a

)
: u ⊗ v

ρa⊗1V7−−−−→ (−1)āūua⋆ ⊗ v
ν flip7−−−→ ν(−1)ūv̄+ā(ū+v̄)v ⊗ ua⋆,

and
FΦ

(
a
)

: u ⊗ v
ν flip7−−−→ ν(−1)ūv̄v ⊗ u

1V ⊗ρa7−−−−→ ν(−1)ūv̄+ā(ū+v̄)v ⊗ ua⋆.

Finally, for the fifth relation in (9.2), we compute

FΦ
(

a
)

: u ⊗ v
ρa⊗1V7−−−−→ (−1)āūua⋄ ⊗ v

Φ7−→ (−1)āūΦ(ua⋄, v) (7.7)= (−1)ā(ū+v̄)Φ(u, va),
and

FΦ
(

a⋄
)

: u ⊗ v
1V ⊗ρa⋄7−−−−−→ (−1)ā(ū+v̄)u ⊗ va

Φ7−→ (−1)ā(ū+v̄)Φ(u, va).
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Next we prove (10.4). Using Lemma 7.10, we have

Φ(w, v∨) (7.7)= ν(−1)w̄(v̄+σ)Φ
(
v∨, w

)
= ν(−1)v̄+σv̄δvw.

Thus, the k-basis of V left dual to B∨
V is given by (v∨)∨ = ν(−1)v̄+σv̄v. Therefore,

FΦ
(

a
)

: 1 Φ′
7−→ ν

∑
v ∈ BV

(−1)v̄v∨ ⊗ v
1V ⊗ρa7−−−−→ ν

∑
v ∈ BV

(−1)v̄v∨ ⊗ va⋄

Φ7−→ ν
∑

v∈BV

(−1)v̄Φ
(
v∨, va⋄) = ν strV (a),

where, in the final equality, we used Lemma 7.7. The fact that FΦ factors through
Bσ
k (A, ⋄; ν(m − n)) when V = Am|n then follows from (3.11).
It remains to prove that, for any functor as in the first sentence of the theorem, we have

FΦ( ) = Φ′. Suppose that

FΦ( ) : 1 7→
∑

u,v ∈ BV

auvu ⊗ v∨, auv ∈ k.

Then, for all v ∈ BV , we have

v = FΦ

( )
(v) = FΦ

( )
(v)

FΦ
(

⊗
)

7−−−−−−−→
∑

u,w ∈ BV

auwu⊗w∨⊗v
1V ⊗Φ7−−−−→

∑
u ∈ BV

(−1)σūauvu.

It follows that auv = (−1)σv̄δuv for all u, v ∈ BV , and so FΦ( ) = Φ′. □

10.2. Asymptotic faithfulness. For the remainder of this section, we assume that
V = Am|n. Fix a k-basis BA of A with the property that b⋄ = ±b for all b ∈ BA.

Proposition 10.2. If 2m+2n ≥ r+s, then the elements FΦ(f), f ∈ D•(r, s), are linearly
independent, over k, in HomG(Φ)(V ⊗r, V ⊗s).

Proof. We have a commutative diagram

HomBσ
k (A,⋄) (I⊗r, I⊗s) HomBσ

k (A,⋄)
(
I⊗(r+s),1

)

HomG(Φ) (V ⊗r, V ⊗s) HomG(Φ)
(
V ⊗(r+s),k

)FΦ

∼=

FΦ

∼=

where the horizontal maps are the usual isomorphisms that hold in any rigid monoidal
supercategory. In particular, the top horizontal map is the k-linear isomorphism given on
diagrams by

· · ·

· · ·
7→

...

· · ·· · ·
with inverse

· · · · · ·
7→ ±

· · ·

... · · ·
,

where the rectangles denote some diagram, and the sign (which is needed only when
σ = 1) is determined by the parity of this diagram. Applying the top horizontal map to
an element of D•(r, s), then sliding tokens along strands to the correct position, yields an
element of D•(r + s, 0) up to sign. Therefore, it suffices to prove the theorem in the case
where s = 0.
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Suppose m, n ∈ N satisfy 2m + 2n ≥ r. If r is odd, then D•(r, 0) = ∅, and the propo-
sition holds trivially. Therefore, we suppose that r is even. In what follows we number
the strand endpoints 1, 2, . . . , r from left to right. Given f ∈ D•(r, 0), we enumerate the
strands in f in order of the numbering of their right endpoint. Let bi, 1 ≤ i ≤ r

2 , denote
the label of the token on the ith strand of f . For 1 ≤ i ≤ r, define

vi =
{

ej if the jth strand in f has right endpoint in position i

(ejbj)∨ if the jth strand in f has left endpoint in position i,

where e1, . . . , em+n denotes the standard A-basis of V = Am|n, and where{
(eib)∨ : 1 ≤ i ≤ m + n, b ∈ BA

}
denotes the basis of V left dual to {eib : 1 ≤ i ≤ m + n, b ∈ BA} with respect to Φ. Now
define

vf = v1 ⊗ v2 ⊗ · · · ⊗ vr.

For example,

if f =
b1 b2 b3 b4

, then

vf = (e4b4)∨ ⊗ (e1b1)∨ ⊗ (e2b2)∨ ⊗ e1 ⊗ e2 ⊗ (e3b3)∨ ⊗ e3 ⊗ e4.

It is straightforward to verify that
FΦ(f)(vg) = ±δf,g, for all f, g ∈ D•(r, 0).

It follows that the elements of FΦ(f), f ∈ D•(r, 0), are linearly independent, as desired. □

Proposition 10.3. If 2m + 2n ≥ r + s, then the induced k-supermodule homomorphism
FΦ : HomBσ

k (A,⋄;ν(m−n))
(
I⊗r, I⊗s) → HomG(Φ)

(
V ⊗r, V ⊗s)

is injective.

Proof. This follows immediately from Theorem 9.6 and Proposition 10.2. □

10.3. Fullness over the real and complex numbers. We are now ready to state the
last of our main results: the fullness of the unoriented incarnation functor in the case of a
central real division superalgebra. We begin by stating the fullness result over the complex
numbers.

Proposition 10.4. If Φ is a nondegenerate (ν, id)-supersymmetric form on Cm|n of parity
σ, then the unoriented incarnation superfunctor

FΦ : Bσ
C(C, id; ν(m − n)) → G(Φ)-smodC

of Theorem 10.1 is full.

Proof. First consider the case σ = 0. As explained in Appendix A.1, we may assume that
ν = 1. Then B0

C(C, id; m−n) is the usual Brauer category and the result was proved in [24,
Theorem 5.6]; see also [14]. Next consider the case σ = 1, in which case we must have
m = n, as explained in Appendix A.7. By (A.11), we may again assume that ν = 1. Then
B0
C(C, id; 0) is the periplectic Brauer category, introduced in [21] as B(0, −1). In this case,

the result was proved in [10, Theorem 6.2.1], with the key ingredient being [12, § 4.9]. □
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In the remainder of the paper, we will be mostly concerned with the case where A is
a real division superalgebra (see Convention 4.3), and where the (ν, ⋄)-supersymmetric
form comes from a (ν, ⋆)-superhermitian form, as in Lemma 7.10. To simplify notation we
define, for (D, ⋆) an involutive real division superalgebra, and d ∈ R,

Bσ
R(D) := Bσ

R(D, ⋄), Bσ
R(D; d) := Bσ

R(D, ⋄; d), (10.5)

where a⋄ = (−1)āa⋆.

Theorem 10.5. Suppose (D, ⋆) is an involutive central real division superalgebra, and φ

is a nondegenerate (ν, ⋆)-superhermitian form on Dm|n of parity σ. Let Φ be the corre-
sponding nondegenerate (ν, ⋄)-supersymmetric form on Dm|n, as in Lemma 7.10. Then
the unoriented incarnation superfunctor

FΦ : Bσ
R(D; ν(m − n)) → G(Φ)-smodR

of Theorem 10.1 is full.

The proof of Theorem 10.5 will be broken into three parts:

• we prove it holds for (D, ⋆) = (R, id) in Proposition 11.4,
• we prove it holds for (D, ⋆) = (C, ⋆) and (D, ⋆) = (Cl(C), ⋆) in Proposition 12.4,

and
• we prove it holds for (D, ⋆) = (H, ⋆) in Proposition 13.4.

Remark 10.6. As explained in Section 3.6, the forgetful functor G(Φ)-smodR →
g(Φ)-smodR is full and faithful when Gred(Φ) is connected. In this case, we can replace
the target supercategories G(Φ)-smodC and G(Φ)-smodR in Proposition 10.4 and Theo-
rem 10.5 by g(Φ)-smodC and g(Φ)-smodR, respectively. It follows from the descriptions of
Gred(Φ) in Appendix A that we can make this replacement whenever σ = 1. In addition,
when σ = 0, we can make this replacement in Theorem 10.5 when
(D, ⋆) ∈ {(C, ⋆), (Cl(C), ⋆)}.

10.4. Consequences for the semisimple cases. For (D, ⋆) ∈ {(R, id), (C, ⋆), (H, ⋆)},
we see that Bk(D) is a monoidal category (as opposed to a monoidal supercategory). In
fact, the category Bk(D) is a spherical pivotal category. We also have ⋄ = ⋆. For d ∈ Z,
we let NR(D; d) denote the tensor ideal of negligible morphisms of Kar(BR(D; d)); see
Section 6.4.

For a (ν, ⋆)-supersymmetric form Φ on Dm|n, we let G(Φ)-tsmodR denote the monoidal
supercategory of tensor G(Φ)-supermodules. By definition, this is the full sub-supercatego-
ry of G(Φ)-smodR whose objects are direct summands of V ⊗r, r ∈ N, where V = Dm|n

is the natural supermodule. We let G(Φ)-tsmod′
R denote the underlying category of

G(Φ)-tsmodR. By definition, this is the category with the same objects as G(Φ)-tsmodR,
but whose morphisms are the even G-supermodule homomorphisms. So G(Φ)-tsmod′

R is
a monoidal category (as opposed to a monoidal supercategory). If n = 0, so that G(Φ) is
a real group (as opposed to a supergroup), then we write G(Φ)-tmodR for the category of
tensor modules, defined in the same way.
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Theorem 10.7. For (D, ⋆) ∈ {(R, id), (C, ⋆), (H, ⋆)} and p, q, m, n ∈ N, p + q = m, the
unoriented incarnation functor induces equivalences of monoidal categories

Kar(BR(R; m))/NR(R; m) → O(p, q)-tmodR,

Kar(BR(R; −2n))/NR(R; −2n) → OSp(0|2n,R)-tsmod′
R,

Kar(BR(R; 1 − 2n))/NR(R; 1 − 2n) → OSp(1|2n,R)-tsmod′
R,

Kar(BR(C; m))/NR(C; m) → U(p, q)-tmodR,

Kar(BR(H; m))/NR(H; m) → Sp(p, q)-tmodR,

Kar(BR(H; −n))/NR(H; −n) → O(m,H)-tsmod′
R.

Note that, while OSp(0|2n,R) is isomorphic to Sp(2n,R), we write OSp(0|2n,R)-tsmod′
R

in Theorem 10.7, instead of Sp(2n,R)-tmodR, since we view the natural module R2n as
purely odd. Similarly, in O(n,H)-tsmod′

R, we view the natural module Hn as purely odd;
see Appendix A.5.

Proof. The proof is similar to that of Theorem 6.11. To simplify notation, we give the
proof for O(p, q), since the other cases are analogous; see Remark 10.8(1). Let Φ = φp,q|2n

be the (ν, ⋆)-supersymmetric form on Rm defined in (A.6), so that G(Φ) = O(p, q). Since
the category O(p, q)-tmodR is idempotent complete, FΦ induces a monoidal functor

Kar(FΦ) : Kar(BR(R; m)) → O(p, q)-tmodR.

By Theorem 10.5, this functor is full.
Every object in O(p, q)-tmodR is completely reducible, since its complexification is a ten-

sor module for O(m,C), hence completely reducible. Thus, the category O(p, q)-tmodR is
semisimple. In addition, by Theorem 9.6, EndBR(R;m)(1) = R11. Thus, by [33, Proposi-
tion 6.9], the kernel of Kar(FΦ) is equal to NR(R; m). Therefore, Kar(FΦ) induces a full
and faithful functor

BR(R; m)/NR(R; m) → O(p, q)-tmodR.

Finally, since the image of Kar(FΦ) contains all summands of tensor powers of the nat-
ural module Rm (i.e. all tensor modules), it is essentially surjective, hence an equivalence
of categories. □

Remark 10.8.
(1) Theorem 10.7 involves precisely the supergroups with Lie superalgebras that are

real forms of complex Lie superalgebras whose finite-dimensional modules are all
semisimple; see [18, Theorem 4.1].

(2) As explained in Remark 10.6, we can replace OSp(0|2n,R), U(p, q), and Sp(p, q)
in Theorem 10.7 by sp(0|2n,R), u(p, q), and sp(p, q), respectively. However, we
cannot replace O(p, q), OSp(1|2n,R), or O(n,H) by their Lie superalgebras, since
the orthogonal groups are not connected.

Corollary 10.9. If p, p′, q, q′ ∈ N satisfy p + q = p′ + q′, then we have equivalences of
monoidal categories

O(p, q)-tmodR ≃ O(p′, q′)-tmodR,

U(p, q)-tmodR ≃ U(p′, q′)-tmodR,

Sp(p, q)-tmodR ≃ Sp(p′, q′)-tmodR,

sending the natural supermodule to the natural supermodule.
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We will extend Corollary 10.9 to equivalences of more general supergroups in Proposi-
tions 11.5, 12.5 and 13.5.

Remark 10.10. It is crucial that Corollary 10.9 involves O(p, q) and U(p, q), as opposed
to SO(p, q) and SU(p, q). For example, let V = C2 ∼= R4 denote the natural U(2)-module.
By restriction, this is also the natural module for SU(2). Direct computation shows that

C ∼= EndU(2)(V ) ⊆ EndSU(2)(V ) ∼= H.

On the other hand, all irreducible modules of SU(1, 1) ∼= SL(2,R) have endomorphism
algebra isomorphic to R. Thus, the categories SU(1, 1)-tmodR and SU(2)-tmodR are not
equivalent. If W = C2 ∼= R4 denotes the natural module of U(1, 1), which is also the
natural module for SU(1, 1) by restriction, we have

C ∼= EndU(1,1)(W ) ⊆ EndSU(1,1)(W ) ∼= Mat2(R).
The equivalence U(2)-tmodR ≃ U(1, 1)-tmodR of Corollary 10.9 sends V to W . Both
modules have endomorphism algebra isomorphic to C only if we use the full unitary groups.

11. Unoriented fullness: real case

In this section, we prove Theorem 10.5 in the case (D, ⋆) = (R, id). Note that, since
R is purely even, we have ⋄ = ⋆. Recall, from Section 7, that, if (A, ⋆) is an involutive
superalgebra, then so is (AC, ⋆). The proof of the following result is analogous to that of
Proposition 5.6.

Proposition 11.1. For any real involutive superalgebra (A, ⋆) and σ ∈ Z2, there is an
isomorphism of monoidal supercategories

Bσ
R(A, ⋆)C

∼=−→ Bσ
C

(
AC, ⋆

)
given on objects by I 7→ I and on morphisms by

7→ , 7→ , 7→ , a 7→ a⊗1 , a ∈ A.

For all d ∈ k, this induces an isomorphism of monoidal supercategories

Bσ
R(A, ⋆; d)C

∼=−→ Bσ
C

(
AC, ⋆; d

)
Fix m, n ∈ N, set V = Rm|n, and let Φ be a nondegenerate (ν, id)-supersymmetric form

on V of parity σ. (See Appendices A.3 and A.7 for a classification.) We have a natural
identification V C = Cm|n, and we extend Φ to a nondegenerate (ν, id)-supersymmetric
form

ΦC : V C × V C → C.

Lemma 11.2. For all G(Φ)-supermodules U and W , we have an isomorphism of C-
supermodules

HomG(Φ)(U, W )C
∼=−→ HomG(ΦC)

(
UC, WC

)
, f⊗a 7→ f⊗a, f ∈ HomG(Φ)(U, W ), a ∈ C.

Proof. First suppose that σ = 0. Then, as explained in Appendix A.1, we may assume that
ν = 1. In this case, the classification of the nondegenerate (1, id)-supersymmetric forms is
recalled in Appendix A.3. We see that n must be even, and Gred(Φ) = O(p, q)×Sp(n,R) for
some p, q ∈ N, p + q = m. The group Sp(n,R) is connected. On the other hand, if m ≥ 1,
then O(p, q) has four connected components if p, q ≥ 1, and two connected components if
p = 0 or q = 0. Suppose p, q ≥ 1, the proof in the other case being analogous. Then choose
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elements X1, X2, X3 in O(p, q), one from each of its connected components not containing
the identity. By (3.23) and Proposition 8.1, we have an isomorphism

HomG(Φ)(U, W )C ∼= HomX1,X2,X3,g(ΦC)

(
UC, WC

)
.

Now, Gred(ΦC) ∼= O(m,C) × Sp(n,C). The group Sp(n,C) is connected, while O(m,C)
has two connected components. Reordering if necessary, we may assume that
det(X1) = det(X2) = −1 = − det(X3). By (3.18), we have

HomX1,X2,X3,g(ΦC)

(
UC, WC

)
= HomX1,g(ΦC)

(
UC, WC

)
= HomG(ΦC)

(
UC, WC

)
.

The case σ = 1 is easier. As explained in Appendix A.7, we have G(Φ) = GL(m,R)
and G(ΦC) = GL(m,C), which are both connected. Then, using (3.22), we have

HomG(Φ)(U, W )C = Homg(Φ)(U, W )C ∼= Homg(ΦC)

(
UC, WC

)
= HomG(ΦC)

(
UC, WC

)
. □

It follows from Lemma 11.2 that we have a canonical full and faithful superfunctor

ER : (G(Φ)-smodR)C → G(ΦC)-smodC (11.1)

sending V to V C. Since R is commutative, we can identify R and Rop. Let SR denote the
isomorphism of Proposition 11.1 when (A, ⋆) = (R, id).

Proposition 11.3. The diagram

Bσ
R(R; ν(m − n))C Bσ

C(C; ν(m − n))

(G(Φ)-smodR)C G(ΦC)-smodC

SR

FC
Φ FΦC

ER

commutes.

Proof. To simplify notation, we set S = SR, E = ER, F = FΦC , and FC = FC
Φ. On objects,

we have
EFC(I) = V C = F(I) = FS(I).

For morphisms, we need to show that

EFC(f) = FS(f) for f ∈
{

, ,
}

,

where X and Y are the domain and codomain of f , respectively.
For f = , we have

EFC( ) = ν flipV C,V C = FS( ).
For f = , we have

EFC( ) = FS( ) : V C ⊗C V C → C, u ⊗ v 7→ ΦC(u, v).

Finally, we consider f = . Let BV denote an R-basis of V , which we also view as a
C-basis of V C. Then we have

EFC( ) = FS( ) : C → V C ⊗C V C, 1 7→
∑

v ∈ BV

v ⊗ v∨. □

Proposition 11.4. Theorem 10.5 holds when (D, ⋆) = (R, id).
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Proof. We wish to show that the R-linear map

FΦ : HomBσ
R (R;ν(m−n))

(
I⊗r, I⊗s) → HomG(Φ)

(
V ⊗r, V ⊗s)

is surjective. This map is surjective if and only if the induced map

FC
Φ : HomBσ

R (R;ν(m−n))
(
I⊗r, I⊗s)C → HomG(Φ)

(
V ⊗r, V ⊗s)C (11.2)

is surjective. To show that (11.2) is surjective, it suffices to show that the diagram

HomBσ
R (R;ν(m−n)) (I⊗r, I⊗s)C HomG(Φ) (V ⊗r, V ⊗s)C

HomBσ
C (C);ν(m−n) (I⊗r, I⊗s) HomG(ΦC)

((
V C
)⊗r

,
(
V C
)⊗s

)SR ∼=

FC
Φ

∼=ER

FΦC

(11.3)

commutes, where surjectivity of the bottom horizontal map follows from Proposition 10.4.
Commutativity of this diagram follows from Proposition 11.3. □

If φp,q|2n is the form defined in (A.6), then G(φp,q|2n) = OSp(p, q|2n,R) is the indefinite
orthosymplectic supergroup. Recall the definition G(Φ)-tsmodR of the monoidal super-
category of tensor G(Φ)-supermodules from Section 10.4.

Proposition 11.5. If p, p′, q, q′, n ∈ N satisfy p + q = p′ + q′, then we have an equivalence
of monoidal supercategories,

OSp(p, q|2n,R)-tsmodR ≃ OSp
(
p′, q′ ∣∣ 2n,R

)
-tsmodR

sending the natural supermodule to the natural supermodule.

Proof. Viewing B0
R(R; m − n) as a subcategory of B0

R(R; m − n)C, it follows from (3.19)
and the commutativity of (11.3), with σ = 0 and ν = 1, that

ker(FΦ) = S−1
R (ker(FΦC)) ∩ B0

R(R, m − n).

In particular, ker(FΦ) depends only on ΦC. As noted in Appendix A.2, ΦC depends only on
p+q and n, up to equivalence. Hence, both OSp(p, q|2n)-tsmodR and OSp(p′, q′|2n)-tsmodR
are equivalent to the quotient of B0

R(R, m − n) by this common kernel. □

12. Unoriented fullness: complex cases

In this section, we prove Theorem 10.5 in the case where (D, ⋆) is either (C, ⋆) or
(Cl(C), ⋆). Throughout this section, we assume that (D, ⋆) is one of these two complex
involutive superalgebras. Recall, from Convention 4.3, that D is also a real Frobenius
superalgebra, with Nakayama automorphism ζ given by (4.1), so that

a⋄ = (−1)āa⋆, a ∈ D.

By Lemma 4.5, we can assume that the specialization parameter d is zero when D = Cl(C).
If V is a complex vector superspace, we let V ⋆ denote the conjugate complex vector

superspace, which is a special case of the construction described in Section 7.1. Precisely,
V ⋆ is equal to V as an R-vector superspace, but the C-action is given by

V ⋆ × C → V ⋆, (v, a) 7→ va⋆. (12.1)
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Above, and elsewhere, the juxtaposition vb, for b ∈ C and v ∈ V or V ⋆, will always
denote the C-action on V (as opposed to the C-action on V ⋆). Recall the notion of
complexification from Section 3.7. We have an isomorphism of C-vector spaces

V C ∼=−→ V ⊕ V ⋆, v 7→ 1√
2(v, v), v ∈ V. (12.2)

Note that C-linearity implies that
v ⊗ a 7→ 1√

2(va, va⋆), v ∈ V, a ∈ C.

Recall, from Section 2, the superadditive envelope Add(Cπ) of a supercategory C.

Proposition 12.1. Fix d ∈ k and σ ∈ Z2. There exists a unique C-linear monoidal
superfunctor

SD : Bσ
R(D; d)C → Add(OBC(D; d)π)

such that SD(I) = ↑ ⊕ Πσ↓ and

SD
( )

= 0
0

+ σ

σ
+ σ

σ
+ (−1)σ 0

0
, (12.3)

SD ( ) = 0
σ

+ 0
σ

, SD ( ) = σ

0 + (−1)σ σ

0 , (12.4)

SD
(

a
)

= a
0
0

+ (−1)σā
a⋄ σ

σ
, a ∈ D. (12.5)

The functor SD is full and faithful.

Proof. The superfunctor SD is the complexification DC of the superfunctor of Theorem 9.5,
with d replaced by d/2, followed by the superfunctor

Add
(
OBR(D; d/2)

)C → Add(OBC(D; d))
given by imposing the relations

a = a , a ∈ C.

Note that the doubling of the specialization parameter comes from the fact that, by
Lemma 4.5,

strRD(1) = sdimRD = 2(sdimCD) = 2 strCD(1).
It remains to prove that SD is full and faithful. For r, s ∈ N, the functor SD induces a

C-linear map

HomBσ
R (D;d)

(
I⊗r, I⊗s)C → HomAdd(OBσ

C(D;d)π)
(
(↑ ⊕ Πσ↓)⊗r, (↑ ⊗ ↓)⊗s)

∼=
⊕

X1, ..., Xr,Y1, ..., Ys∈{↑,Πσ↓}
HomOBσ

C(D;d)π
(X1 ⊗ · · · ⊗ Xr, Y1 ⊗ · · · ⊗ Ys). (12.6)

By Theorem 9.6, HomBσ
R (D;d)(I⊗r, I⊗s)C has R-basis D•(r, s). Thus, it has dimension

(dimRD)(r+s)/2(r + s − 1)!!
if r +s is even and dimension zero if r +s is odd. (We use here the fact that the number of
perfect matchings of a set of size 2n is (2n−1)!! := (2n−1)(2n−3) · · · 1.) On the other hand,
by Theorem 9.6,

⊕
X1, ..., Xr,Y1, ..., Ys∈{↑,Πσ↓} HomOBC(D)(X1 ⊗ · · · ⊗ Xr, Y1 ⊗ · · · ⊗ Ys) has the

same dimension since, when r+s is even, there are (r+s−1)!! perfect matchings of the r+s

endpoints, 2(r+s)/2 choices for the orientations of the strands, and then (dimCD)(r+s)/2

ways to put a token labelled b ∈ BC
D on each strand. Thus, to prove that (12.6) is an
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isomorphism, it suffices to prove that it is surjective. To do this, it is enough to show that
each generating morphism of OBσ

C(D; d), with appropriate parity shifts, is in the image of
SD. Noting that

SD
(

1
2 − i

2 i

)
= 0

0
and SD

(
1
2 + i

2 i

)
= σ

σ
,

we have
1
4SD

(
− i i − i i − i i

)
= 0

0
, 1

2SD
(

a − i ia

)
= a

0
0

, a ∈ D,

1
2SD

(
− i i

)
= 0

σ
, 1

2SD
(

+ i i

)
= 0

σ
,

1
2SD

(
+ i i

)
= σ

0 , (−1)σ 1
2SD

(
− i i

)
= σ

0 . □

Fix m, n ∈ N, and set V = Dm|n. If D = Cl(C), we assume that n = 0; see Lemma 4.9.
Note that, if φ is a (ν, ⋆)-superhermitian form on V , then iφ is a (−ν, ⋆)-superhermitian
form on V . Therefore, without loss of generality, we let φ be a nondegenerate (1, ⋆)-
superhermitian form on V of parity σ. (See Appendices A.4 and A.6 for a classification.)
Let Φ = τ ◦ φ be the corresponding nondegenerate (ν, ⋄)-supersymmetric form, with
a⋄ = (−1)āa⋆; see Lemma 7.10 and (4.1). Recall, from Section 7.5, that G(Φ) = G(φ).

Lemma 12.2. For all G(Φ)-supermodules U and W , we have an isomorphism of C-
supermodules

HomG(Φ)(U, W )C
∼=−→ Homgl(m|n,D)

(
UC, WC

)
, f ⊗ a 7→ f ⊗ a,

f ∈ HomG(Φ)(U, W ), a ∈ C.

Proof. As explained in Appendices A.4, A.6 and A.7, Gred(Φ) is connected. Thus

HomG(Φ)(U, W )C ∼= Homg(Φ)(U, W )C
(3.22)∼= Homgl(m|n,D)

(
UC, WC

)
,

where we used Proposition 8.2 in the final isomorphism. □

It follows from Lemma 12.2 that we have a canonical full and faithful superfunctor

ED : (G(Φ)-smodR)C → gl(m|n,D)-smodC (12.7)

sending V to V C.
Since D is complex division superalgebra, V is naturally a complex vector superspace,

and hence the g(Φ)-supermodule V = Dm|n is naturally a supermodule over
g(Φ)C ∼= gl(m|n,D). Recall the isomorphism Ξ⋄ of (9.7). The next result shows that the
diagram

Bσ
R(D; m − n)C Add(OBC(D; m − n)π) Add (OBC(Dop; m − n)π)

(G(Φ)-smodR)C gl(m|n,D)-smodC

SD

FC
Φ

Ξ⋄

Gm|n

ED

commutes up to supernatural isomorphism. Recall the notation Φv introduced in (7.8),
and the notation (2.5) for elements of a parity shift.
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Proposition 12.3. There is an monoidal supernatural isomorphism of superfunctors

η : EDFC
Φ

∼=−→ Gm|nΞ⋄SD

determined by
ηI : V C ∼=−→ V ⊕ ΠσV ∗, ηI(v) = 1√

2 (v, πσΦv) . (12.8)

Proof. To simplify notation, we set G = Gm|n, S = SD, E = Eg, FC = FC
Φ, and Ξ = Ξ⋄.

First note that ηI is the composition of the isomorphisms of C-supermodules

V C ∼=−−−→
(12.2)

V ⊕ V ⋆ ∼=−→ V ⊕ ΠσV ∗,

where the second isomorphism uses the restriction of (7.8) to C-supermodules, noting
that V ⋄ = V ⋆ as C-supermodules. Thus ηI is a parity-preserving isomorphism of C-vector
superspaces. It is straightforward to verify that it is also a homomorphism of g(Φ)C-
supermodules.

On objects, we have

EFC(I) = V C ηI−→∼= V ⊕ ΠσV ∗ = G(↑ ⊕ Πσ↓) = GΞS(I).

For morphisms, we need to show that

ηY ◦ EFC(f) = GΞS(f) ◦ ηX for f ∈
{

, , , a : a ∈ D
}

,

where X and Y are the domain and codomain of f , respectively.
For f = , we have

ηI⊗I ◦ EFC( ) = ηI⊗I ◦ flipV C,V C

=
(
flipV ⊗V +Πσ flipV ⊗V ∗ +Πσ flipV ⊗V ∗ +(−1)σ flipV ∗⊗V ∗

)
◦ ηI⊗I = GΞS( ) ◦ ηI⊗I,

where the sign of (−1)σ arises from the isomorphism (2.6).
For f = , noting that η1 is the identity map C → C, we have, for v, w ∈ V ,

η1 ◦ EFC( ) : V C ⊗C V C → C, v ⊗ w 7→ Φ(v, w),

and

GΞS( ) ◦ ηI⊗I = G
(

0
σ

+ 0
σ

)
◦ ηI⊗I : V C ⊗ V C → C,

v ⊗ w 7→ 1
2(v, πσΦv) ⊗ (w, πσΦw) 7→ 1

2

(
Φ(v, w) + (−1)v̄w̄Φ(w, v)

) (7.7)= Φ(v, w),

as desired. (Above, we have used the fact that the maps are uniquely determined by their
values on v ⊗ w, for v, w ∈ V ⊆ V C.)

Next we consider f = . Let BC
V be a homogeneous C-basis for V . Then BC

V ∪ BC
V i is

a homogeneous R-basis for V . It is straightforward to verify that, for all w ∈ BC
V , we have

(wi)∨ = w∨i and Φw∨ = w∗,

where ∨ denotes left duals with respect to Φ. Identifying v ∈ V and πσf ∈ ΠσV ∗ with
(v, 0), (0, πσf) ∈ V ⊕ ΠσV ∗, we can write (v, πσf) as v + πσf . Using this convention,

ηI⊗I ◦ EFC( ) : C → (V ⊕ ΠσV ∗) ⊗C (V ⊕ ΠσV ∗)
∼=−→ (V ⊗C V ) ⊕ Πσ(V ⊗C V ∗) ⊕ Πσ(V ∗ ⊗C V ) ⊕ (V ∗ ⊗C V ∗)
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is the map given by

1 7→ 1
2
∑

w ∈ BC
V

(−1)σw̄(w + πσΦw) ⊗
(
w∨ + πσΦw∨)

+ 1
2
∑

w ∈ BC
V

(−1)σw̄(iw + πσΦiw) ⊗
(
w∨i + πσΦw∨i

)

= 1
2
∑

w ∈ BC
V

(−1)σw̄(w + πσΦw) ⊗
(
w∨ + πσΦw∨)

+ 1
2
∑

w ∈ BC
V

(−1)σw̄(wi − πσΦwi) ⊗
(
w∨i − πσΦw∨

i
)

=
∑

w ∈ BC
V

(−1)σw̄w ⊗ πσΦw∨ +
∑

w ∈ BC
V

(−1)σw̄πσΦw ⊗ w∨

=
∑

w ∈ BC
V

(−1)σw̄w ⊗ πσw∗ +
∑

w ∈ BC
V

(−1)w̄πσw∗ ⊗ w

7→
∑

w ∈ BC
V

πσw ⊗ w∗ +
∑

w ∈ BC
V

(−1)w̄πσw∗ ⊗ w,

where, in the final equality, we used the fact that the last sum is independent of the choice
of basis to sum over the basis BC,∨

V , and the fact that (w∨)∨ = (−1)σw̄+w̄w. On the other
hand, we have

GΞS( ) ◦ η1 = G
(

σ

0 + (−1)σ σ

0

)
: C → Πσ(V ⊗ V ∗) ⊕ Πσ(V ∗ ⊗C V ),

1 7→
∑

w ∈ BC
V

πσw ⊗ w∗ +
∑

w ∈ BC
V

(−1)w̄πσw∗ ⊗ w.

Finally, for f = a , a ∈ D, we have

ηI ◦ EFC( a ) : V C → V ⊕ ΠσV ∗, v 7→ (−1)āv̄va⋄ 7→ (−1)āv̄ 1√
2

(
va⋄, πσΦva⋄)

and

GΞS( a ) ◦ ηI = G
(

(a⋄)op 0
0

+ (−1)σā
aop σ

σ

)
: V C → V ⊕ ΠσV ∗,

v 7→ 1√
2(v, πσΦv) (6.4)7−−−→ 1√

2

(
(−1)āv̄va⋄, (−1)σāaπσΦv

)
= (−1)āv̄ 1√

2

(
va⋄, πσΦva⋄)

. □

Proposition 12.4. Theorem 10.5 holds when (D, ⋆) is equal to (C, ⋆) or (Cl(C), ⋆).

Proof. To show that the superfunctor FΦ is full, we must show that the R-linear map

FΦ : HomBσ
R (D;m−n)

(
I⊗r, I⊗s) → HomG(Φ)

(
V ⊗r, V ⊗s)

is surjective. This map is surjective if and only if the induced map

FC
Φ : HomBσ

R (D;m−n)
(
I⊗r, I⊗s)C → HomG(Φ)

(
V ⊗r, V ⊗s)C (12.9)
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is surjective. To show that (12.9) is surjective, it suffices to show that the diagram

HomBσ
R (D;m−n) (I⊗r, I⊗s)C HomG(Φ) (V ⊗r, V ⊗s)C

HomAdd(OBC(D;m−n))(
(↑ ⊕ Πσ↓)⊗r, (↑ ⊕ Πσ↓)⊗s) Homgl(m|n,D)

(
(V C)⊗r, (V C)⊗s

)

HomAdd(OBC(Dop;m−n))(
(↑ ⊕ Πσ↓)⊗r, (↑ ⊕ Πσ↓)⊗s) Homgl(m|n,D)

(
(V ⊕ ΠσV ∗)⊗r, (V ⊕ ΠσV ∗)⊗s

)

SD ∼=

FC
Φ

∼=ED

∼=Ξ⋄

Gm|n

∼=

commutes, where the bottom-right vertical isomorphism is induced by the isomorphism
(12.8). Commutativity of this diagram follows from Proposition 12.3. □

As a special case of G(Φ), we have the supergroups U(p, q|r, s) and UQ(p, q); see Ap-
pendices A.4 and A.6. Recall the definition G(Φ)-tsmodR of the monoidal supercategory
of tensor G(Φ)-supermodules from Section 10.4.

Proposition 12.5. If p, p′, q, q′, r, r′, s, s′ ∈ N satisfy p + q = p′ + q′ and r + s = r′ + s′,
then we have equivalences of monoidal supercategories

U(p, q|r, s)-tsmodR ≃ U(p′, q′|r′, s′)-tsmodR

and
UQ(p, q)-tsmodR ≃ UQ(p′, q′)-tsmodR,

sending the natural supermodule to the natural supermodule.

Proof. The proof is analogous to that of Proposition 11.5, using the commutative diagram
appearing in the proof of Proposition 12.4. □

13. Unoriented fullness: quaternionic case

In this section, we prove Theorem 10.5 in the case where (D, ⋆) = (H, ⋆). We will
naturally view C = R + Ri as a subalgebra of H.

Suppose that V is an H-vector superspace. Then, using (8.3), we have an isomorphism
of C-vector spaces

V
∼=−→ V ⋆, v 7→ vj, (13.1)

where V ⋆ denotes the conjugate C-vector superspace, as in (12.1). Combining with (12.2),
this yields an isomorphism of C-vector spaces

V C ∼=−→ V ⊕ V, v 7→ 1√
2(v, vj), v ∈ V. (13.2)

Note that C-linearity implies that
v ⊗ a 7→ 1√

2(va, vja) = 1√
2(va, va⋆j), v ∈ V, a ∈ C.

Recall that the additive envelope of a linear category C is the category Add(C) whose
objects are formal direct sums of objects in C, and whose morphisms are identified with
matrices of morphisms in C in the usual way. We write morphisms in additive envelopes as
sums of their components, as in Section 9.2. In what follows, we will often be considering
the object I ⊕ I ∈ Add(BC). In order to distinguish the two copies of I, we will color the

Ann. Repr. Th. 1 (2024), 2, p. 125–191 https://doi.org/10.5802/art.7

https://doi.org/10.5802/art.7


Diagrammatics for real supergroups 179

first blue and the second red. We will then color diagrams in such a way that the color
of their endpoints indicate which copy of I is involved. In order to make the diagrams
also readable without color, blue strands will be made thick and the blue copy of I will be
written in bold. Thus, for example,

=
(

1I 0
0 0

)
, =

(
0 0
0 1I

)
, =

(
0 0
1I 0

)
, =

(
0 1I
0 0

)
∈ HomAdd(BC)(I ⊕ I, I ⊕ I),

And

=


0 0 0 0
0 0 0 0
0 0 0
0 0 0 0

 ∈ EndAdd(BC)
(
(I ⊕ I)⊗2

)
= EndAdd(BC)((I⊗I)⊕(I⊗I)⊕(I⊗I)⊕(I⊗I)).

Proposition 13.1. There exists a unique C-linear monoidal functor

SH : Bσ
R(H; d)C → Add (Bσ

C(C; −2d))

such that SH(I) = I ⊕ I and

SH
( )

= − − − − , SH ( ) = − , SH ( ) = − , (13.3)

SH
(

i

)
= i − i , SH

(
j

)
= − , SH

(
k

)
= i + i . (13.4)

The functor SH is full and faithful.

Proof. To show that SH is well defined, we must show that it respects the relations (9.1)
and (9.2). For the first relation in (9.1), we verify that

SH

( )
= + + + = + + + = SH

( )
.

The proof of the second relation in (9.1) is similar, since both sides are mapped by SH to
the negative of the sum over all possible colorings of the strands.

For the third relation in (9.1), we have

SH

( )
= + = + = SH

( )
.

The proof of the fourth relation in (9.1) is analogous.
To verify the fifth relation in (9.1), we compute

SH
( )

= − = − = ( − ) = SH ( ) .

For the sixth relation in (9.1), we have

SH
( )

= − + − = − + − = SH
( )

.

The first two relations in (9.2) are straightforward. For the third relation in (9.2),
it suffices to consider the cases where a, b ∈ {1, i, j, k}. These are all straightforward
computations. For example, we have

SH

(
i
i

)
= − − = SH

(
−1

)
, SH

(
j
j
)

= − − = − − = SH

(
−1

)
,

SH

(
j
i

)
= i + i = SH

(
k

)
, SH

(
i
j
)

= −i − i = SH

(
−k

)
.
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The other cases are analogous. It is also straightforward to verify the fourth relation in
(9.2) by considering the cases a ∈ {1, i, j, k}. For the fifth relation in (9.2), we again
consider the cases a ∈ {1, i, j, k}. When a = i, we have

SH
(

i

)
= −i − i = SH

(
−i

)
= SH

(
i⋆

)
.

The other cases are analogous.
Finally, we show that SH respects (9.3). First note that, by (9.6), any bubble with a

purely imaginary token is zero. By (5.1), any bubble with a token labelled by a ∈ R is
equal to a times a bubble with no token. Then the fact that SH respects (9.3) follows from
the computation

SH
( )

= − − = −2 ,

and the fact that, by Lemma 4.5,
strRH(a) = 4a and strCC(a) = a for all a ∈ R.

It remains to prove that SH is full and faithful. For r, s ∈ N, the functor SH induces a
C-linear map

HomBσ
R (H;d)(I⊗r, I⊗s)C → HomAdd(Bσ

C (C;−2d))
(
(I ⊕ I)⊗r, (I ⊕ I)⊗s) . (13.5)

By Theorem 9.6, HomBσ
R (H;d)(I⊗r, I⊗s)C has C-basis D•(r, s). Thus, it has dimension

4(r+s)/2(r + s − 1)!! = 2r+s(r + s − 1)!!
if r +s is even and dimension zero if r +s is odd. (We use here the fact that the number of
perfect matchings of a set of size 2n is (2n)!! := (2n−1)(2n−3) · · · 1, and that dimRH = 4.)
On the other hand, HomAdd(Bσ

C (C;−2d))((I ⊕ I)⊗r, (I ⊕ I)⊗s) has the same dimension, since,
when r + s is even, there are (r + s − 1)!! perfect matchings of the r + s endpoints, and
then 2r+s ways to choose one of the colors blue or red for the endpoints of the strings.
Thus, to prove that (13.5) is an isomorphism, it suffices to prove that it is surjective. To
do this, it is enough to show that all possible colorings of the generating morphisms of
Bσ
C(C; −2d) lie in the image of SH.
First note that

SH
(

1
2 + i

2 i

)
= , SH

(
1
2 − i

2 i

)
= , (13.6)

SH
(
−1

2 j − i
2 k

)
= , SH

(
1
2 j − i

2 k

)
= . (13.7)

Next, we compute

−1
4SH

(
+ i i + i i − i i

)
= , SH

(
1
2 a + i

2 ia

)
= a , a ∈ C,

1
2SH

(
j − i k

)
= = , 1

2SH
(

j + i k

)
= = .

Then, composing with the morphisms in (13.7) to change colors of strands, we see that all
possible colorings of the generating morphisms lie in the image of SH, as desired. □

Fix m, n ∈ N, set V = Hm|n, and let φ be a nondegenerate (ν, ⋆)-superhermitian
form on V of parity σ. (See Appendices A.5 and A.7 for a classification.) Recall, from
Lemma 8.4, that the induced form φj : C2m|2n × C2m|2n → C is nondegenerate, (−ν, id)-
supersymmetric, and of parity σ. Let Φ denote the (ν, ⋆)-supersymmetric form defined as
in (7.12), where we recall that the Frobenius form τ on H is projection onto the real part.
Recall, from Section 7.5, that G(Φ) = G(φ) and g(Φ) = g(φ).
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Lemma 13.2. For all G(Φ)-supermodules U and W , we have an isomorphism of C-
supermodules

HomG(Φ)(U, W )C
∼=−→ HomG(φj)

(
UC, WC

)
, f ⊗a 7→ f ⊗a, f ∈ HomG(Φ)(U, W ), a ∈ C.

Proof. First suppose that σ = 0. Then, as explained in Appendix A.1, we may assume that
ν = 1. By the results of Appendix A.5, we see that Gred(Φ) has two connected components
when n ≥ 1. (The case n = 0 is easier, and similar to the σ = 1 case discussed below.)
Fix X ∈ Gred(Φ) with det(X) = −1, so that X is in the connected component of Gred(Φ)
not containing the identity. Then, using Proposition 8.6 we have

HomG(Φ)(U, W )C (3.23)= HomX,g(φ)C
(
UC, WC

)
∼= HomX,g(φj)

(
UC, WC

)
(3.18)= HomG(φj)

(
UC, WC

)
,

where, in the final equality, we used the fact that Gred(φj) has two connected compo-
nents, and X lies in the connected component not containing the identity, as explained in
Appendix A.2.

The case σ = 1 is easier. As explained in Appendix A.7, G(Φ) and G(φj) are both
connected. Then, using (3.22), we have

HomG(Φ)(U, W )C = Homg(Φ)(U, W )C ∼= Homg(φj)

(
UC, WC

)
= HomG(φj)

(
UC, WC

)
. □

It follows from Lemma 13.2 that we have a canonical full and faithful superfunctor

EH : (G(Φ)-smodR)C → G
(
φj
)

-smodC (13.8)

sending V to V C. The next result shows that the diagram

Bσ
R(H, ν(m − n))C Add(Bσ

C(C, ν(2n − 2m)))

(G(Φ)-smodR)C G
(
φj
)

-smodC

SH

FC
Φ F

φj

EH

commutes up to supernatural isomorphism.

Proposition 13.3. There is a monoidal supernatural isomorphism of functors

θ : EHFC
Φ

∼=−→ Fφj SH

determined by
θI : V C ∼=−→ V ⊕ V, θI(v) = 1√

2(v, vj), v ∈ V. (13.9)

Proof. To simplify notation, we set S = SH and E = EH. First note that θI is the isomor-
phism (13.2). On objects, we have

EFC
Φ(I) = V C θI−→∼= V ⊕ V = Fφj (I ⊕ I) = Fφj SH(I).

Here, and it what follows, in the isomorphism V C ∼= V ⊕ V , the first copy of V and its
elements are denoted by bold blue characters and the second copy of V and its elements
are denoted by red non-bold characters. This matches our diagrammatic conventions
introduced earlier.

Ann. Repr. Th. 1 (2024), 2, p. 125–191 https://doi.org/10.5802/art.7

https://doi.org/10.5802/art.7


182 Saima Samchuck-Schnarch & Alistair Savage

For morphisms, we need to show that

θY ◦ EFC
Φ(f) = Fφj S(f) ◦ θX for f ∈

{
, , , i , j

}
,

where X and Y are the domain and codomain of f , respectively. (Since k = i ◦ j , we
do not need to check f = k .)

For f = , we have

θI⊗I ◦ EFC
Φ( ) = νθI⊗I ◦ flipV C,V C = ν flipV ⊕V ,V ⊕V ◦θI⊗I = Fφj S( ) ◦ θI⊗I.

Note that the negative sign appearing in the definition of S( ) cancels with the negative
sign arising from the fact that φj is (−ν, id)-supersymmetric.

For f = , noting that θ1 is the identity map C → C, we have, for v, w ∈ V ,

θ1 ◦ EFC
Φ( ) : V C ⊗C V C → C, v ⊗ w 7→ Re φ(v, w),

and
Fφj S( ) ◦ θI⊗I = Fφj ( − ) ◦ θI⊗I : V C ⊗C V C → C,

v ⊗ w 7→ 1
2(v, vj) ⊗ (w, wj) 7→ 1

2

(
φj(v, wj) − φj(vj, w)

) (8.10)= Re φ(v, w).

(Above, we have used the fact that the maps are uniquely determined by their values on
v ⊗ w, for v, w ∈ V ⊆ V C.)

Next we consider f = . Choose a C-basis BC
V of V . Then {v, vi : v ∈ BC

V } is an
R-basis of V , and it is straightforward to verify that (vi)∨ = v∨i. Identifying w ∈ V and
v ∈ V and with (w, 0), (0, v) ∈ V ⊕V , we can write (w, v) as w+v. Using this convention,
we have that

θI⊗I ◦ EFC
Φ( ) : C → (V ⊕ V ) ⊗C (V ⊕ V )

is the map given by

1 7→
∑

v ∈ BR
V

(−1)σv̄v ⊗ v∨ =
∑

v ∈ BC
V

(−1)σv̄ (v ⊗ v∨ + vi ⊗ v∨i
)

7→ 1
2
∑

v ∈ BC
V

(−1)σv̄((v + vj) ⊗
(
v∨ + v∨j

)
+ (vi + vij) ⊗

(
v∨i + v∨ij

) )
=

∑
v ∈ BC

V

(−1)σv̄v ⊗ v∨j +
∑

v ∈ BC
V

(−1)σv̄vj ⊗ v∨.

On the other hand, for all v, w ∈ BC
V , we have

φj (w∨j, v
) (8.8)= −φ1 (w∨, v

)
= −δvw and φj (w∨, vj

) (8.9)= φ1 (w∨, v
)⋆ = δvw.

Thus, the C-bases left dual to BC
V and {vj : v ∈ BC

V } with respect to φj are
{−v∨j : v ∈ BC

V } and {v∨ : v ∈ BC
V }, respectively. Therefore,

Fφj S( ) ◦ η1 = Fφj ( − ) : C → (V ⊗C V ) ⊕ (V ⊗C V ),

1 7→
∑

v ∈ BC
V

(−1)σv̄vj ⊗ v∨ +
∑

v ∈ BC
V

(−1)σv̄v ⊗ v∨j.

For f = i , we have

θI ◦ EFC
Φ

(
i

)
: V C → V ⊕ V , v 7→ −vi 7→ 1√

2(−vi, −vij) = 1√
2(−vi, vji)
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and

Fφj S
(

i

)
◦ θI = Fφj

(
i − i

)
◦ ηI : V C → V ⊕ V , v 7→ 1√

2(v, vj) 7→ 1√
2(−vi, vji).

For f = j , we have

θI ◦ EFC
Φ

(
j

)
: V C → V ⊕ V , v 7→ −vj 7→ 1√

2(−vj, v)

and

Fφj S
(

j

)
◦ θI = Fφj

(
−
)

◦ ηI : V C → V ⊕ V , v 7→ 1√
2(v, vj) 7→ 1√

2(−vj, v).

□

Proposition 13.4. Theorem 10.5 holds when (D, ⋆) = (H, ⋆).

Proof. We wish to show that, for all r, s ∈ N, the R-linear map

FΦ : HomBσ
R (H;ν(m−n))

(
I⊗r, I⊗s) → HomG(Φ)

(
V ⊗r, V ⊗s)

is surjective. This map is surjective if and only if the map

FC
Φ : HomBσ

R (H,⋆;ν(m−n))
(
I⊗r, I⊗s)C → HomG(Φ)

(
V ⊗r, V ⊗s)C (13.10)

is surjective. To show that (13.10) is surjective, it suffices to show that the diagram

HomBσ
R (H;ν(m−n)) (I⊗r, I⊗s)C HomG(Φ) (V ⊗r, V ⊗s) ⊗R C

HomAdd(Bσ
C (C;ν(2n−2m)))

(
(I ⊕ I)⊗r, (I ⊕ I)⊗s

)
HomG(φj)

(
(V C)⊗r, (V C)⊗s

)

HomG(φj)((V ⊕ V )⊗r, (V ⊕ V )⊗s)

SH ∼=

FC
Φ

∼=EH

F
φj ∼=

commutes, where the diagonal isomorphism is induced by the isomorphism (13.9), and
surjectivity of the bottom-left vertical arrow follows from Proposition 10.4. Commutativity
of this diagram follows from Proposition 13.3. □

As a special case of G(Φ), we have the quaternionic orthosymplectic supergroups
OSp∗(n|p, q); see Appendix A.5. Recall the definition G(Φ)-tsmodR of the monoidal su-
percategory of tensor G(Φ)-supermodules from Section 10.4.

Proposition 13.5. If p, p′, q, q′, n ∈ N satisfy p + q = p′ + q′, then we have an equivalence
of monoidal supercategories

OSp∗(n|p, q)-tsmodR ≃ OSp∗(n|p′, q′)-tsmodR

sending the natural supermodule to the natural supermodule.

Proof. The proof is analogous to that of Proposition 11.5, using the commutative diagram
appearing in the proof of Proposition 13.4. □
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Appendix A. Classification of superhermitian forms

In this appendix, we give the classification of (ν, ⋆)-superhermitian forms for the various
choices of involutive division superalgebra. In each case, we also give the corresponding
Harish-Chandra superpair. The explicit descriptions given in this appendix show that the
Lie superalgebras of the form g(φ), together with the Lie superalgebras gl(r|s,D) for a
real division superalgebra D, give all the real forms of gl(m|n,C), osp(m|2n,C), p(m,C),
and q(m,C); see Proposition B.3.

A.1. Preliminaries. For any supermatrix X, let

X♯ := (X⋆)st =
(
Xst

)⋆
.

The isomorphism (3.15), together with the isomorphism of superalgebras
Matm|n(Aop)

∼=−→ Matm|n(A), Xop 7→ X⋆, shows that

(XY )♯ = (−1)X̄Ȳ Y ♯X♯ (A.1)
whenever the product XY is defined. It follows from (3.14) that, for X ∈ Mat(m|n)×(r|s)(A),
we have (

X♯
)♯

= Sm|nXSr|s where Sp|q =
(

Ip 0
0 −Iq

)
.

We will often omit the subscripts on Sp,q when its size is clear from the context. Since we
identify Am|n = Mat(m|n)×(1|0)(A), and S1|0 = I1, we have(

v0
v1

)♯

=
(
v⋆,tr

0 −v⋆,tr
1

)
and

(
v♯
)♯

= Sv for v =
(

v0
v1

)
∈ Am|n. (A.2)

Every sesquilinear form on Am|n is of the form
φ(v, w) = v♯Mw where M ∈ Matm|n(A) is homogeneous. (A.3)

Lemma A.1. The form φ given by (A.3) is (ν, ⋆)-superhermitian if and only if
M ♯ = ν(−1)M̄ MS.

Proof. For v, w ∈ Am|n, we have

φ(w, v)⋆ = φ(w, v)♯ (A.1)= (−1)v̄w̄+M̄(v̄+w̄)v♯M ♯
(
w♯
)♯ (A.2)= (−1)v̄w̄+M̄(v̄+w̄)v♯M ♯Sw. (A.4)

Now, if φ̄ = M̄ = 0, then φ(w, v) = 0 = φ(v, w) unless v̄ + w̄ = 0. Then (A.4) implies that
φ is (⋆, ν)-superhermitian if and only if M = νM ♯S. On the other hand, if φ̄ = M̄ = 1,
then φ(w, v) = 0 = φ(v, w) unless v̄ + w̄ = 1. Then (A.4) implies that φ is (⋆, ν)-
superhermitian if and only if M = −νM ♯S. Combining both cases, and using the fact
that S2 = I, the result follows. □

Lemma A.2. For φ as in (A.3), we have

X† =
(
M ♯S

)−1
X♯M ♯S.

Proof. For v, w ∈ Am|n and X ∈ gl(m|n, A), we have

(−1)X̄v̄φ
(
X†v, w

) (A.1)= v♯
(
X†
)♯

Mw and φ(v, Xw) = v♯MXw.

Thus (
X†
)♯

M = MX =⇒ M ♯SX†S = X♯M ♯ =⇒ X† =
(
M ♯S

)−1
X♯M ♯S. □
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For the remainder of this section (D, ⋆), will denote an involutive division superalgebra
over k ∈ {R,C}. Our goal is to classify the (ν, ⋆)-superhermitian forms over such superalge-
bras. An even (ν, ⋆)-superhermitian form V is equivalent to an even (−ν, ⋆)-superhermitian
form on ΠV . Thus, for even forms, we will only treat the (1, ⋆)-superhermitian case. For
odd forms, we will need to treat both the ν = 1 and ν = −1 cases. (However, these lead
to isomorphic Lie algebras; see (A.11).)

An even (1, ⋆)-superhermitian form on a D-supermodule V = V0 ⊕ V1 corresponds,
when viewing V as a (non-super) k-module, to a superhermitian form on V0 and an skew-
superhermitian form on V1. This allows us to use well-known results classifying such forms
up to equivalence. (See, for example, [26].) They are typically classified by dimension or
signature.

A.2. Case (C, id), k = C, even form. There are no even nondegenerate (1, id)-superher-
mitian forms on Cm|n when n ∈ 2Z + 1. Every even nondegenerate (1, id)-superhermitian
form on Cm|2n is equivalent to

φm|2n : (v, w) 7→ vt

Im 0 0
0 0 In

0 −In 0

w. (A.5)

Then G(φm|2n) is the complex orthosymplectic supergroup OSp(m|2n,C). We have

Gred(φm|2n) = O(m,C) × Sp(2n,C) and g(φm|2n) = osp(m|2n,C).

The group Sp(2n,C) is connected, whereas, when m ≥ 1, O(m,C) has two connected com-
ponents: the identity component SO(n,C) and the elements of O(m,C) with determinant
−1. It follows that, for any nondegenerate even (ν, id)-superhermitian form φ on Cm|n,
the group Gred(φ) has two connected components. Any X ∈ Gred(φ) with det(X) = −1
is in the connected component not containing the identity.

A.3. Case (R, id), k = R, even form. There are no even nondegenerate (1, id)-superher-
mitian forms on Rm|n when n ∈ 2Z + 1. Every even nondegenerate (1, id)-superhermitian
form on Rm|2n is equivalent to

φp,q|2n : (v, w) 7→ vt


Ip 0 0 0
0 −Iq 0 0
0 0 0 In

0 0 −In 0

w, v, w ∈ Rm|2n, (A.6)

for some p, q ∈ N, p + q = m. Furthermore, φp,q|2n ∼ φp′,q′|2n if and only if (p′, q′) = (p, q)
or (p′, q′) = (q, p). The supergroup G(φp,q|2n) is the indefinite orthosymplectic supergroup
OSp(p, q|2n,R). We have

Gred
(
φp,q|2n

)
= O(p, q) × Sp(2n,R) and g

(
φp,q|2n

)
= osp (p, q | 2n,R) .

The real symplectic group Sp(2n,R) is connected. When p, q ≥ 1, the indefinite orthogonal
group O(p, q) has four connected components, corresponding to the two choices ±1 of
determinant for the restriction to the two subspaces Rp × 0q and 0p × Rq of Rm. When
p = 0 or q = 0, but p + q ≥ 1, O(p, q) has two connected components.

Since φC
p,q|2n is equivalent to the form φm|2n of (A.5), it follows from Proposition 8.1

that
osp (p, q | 2n,R)C = g

(
φp,q|2n

)C ∼= g
(
φC

p,q|2n

)
∼= osp (m | 2n,C) .
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A.4. Case (C, ⋆), k = R, even form. Every even nondegenerate (1, ⋆)-superhermitian
form on Cm|n is equivalent to

φp,q|r,s : (v, w) 7→ v♯


Ip 0 0 0
0 −Iq 0 0
0 0 iIr 0
0 0 0 −iIs

w (A.7)

for some p, q, r, s ∈ N, p + q = m, r + s = n. Furthermore, φp,q|r,s ∼ φp′,q′|r′,s′ if and only
if (p′, q′, r′, s′) ∈ {(p, q, r, s), (q, p, s, r), (r, s, p, q), (s, r, q, p)}. We call
U(p, q|r, s) := G(φp,q|r,s) the indefinite unitary supergroup. We have

Gred
(
φp,q|r,s

)
= U(p, q) × U(r, s) and g

(
φp,q|r,s

)
= u (p, q | r, s) .

Since the indefinite unitary group U(p, q) is connected for all p, q ∈ N, it follows that
Gred(φ) is connected for any nondegenerate even (ν, ⋆)-superhermitian form φ on Cm|n.

It follows from Proposition 8.2 that we have an isomorphism of complex Lie superalge-
bras

u (p, q | r, s)C = g
(
φp,q|r,s

)C ∼= gl (m | n,C) .

A.5. Case (H, ⋆), k = R, even form. Every even nondegenerate (1, ⋆)-superhermitian
form on Hm|n is equivalent to

φp,q|n : (v, w) 7→ v♯

Ip 0 0
0 −Iq 0
0 0 jIn

w (A.8)

for some p, q ∈ N, p + q = m. (See, for example, [26, § 5, § 6].) We have

φp,q|n ∼ φp′,q′|n′ ⇐⇒
(
p′, q′, n

)
∈ {(p, q, n), (q, p, n)} .

We call OSp∗(n|p, q) := G(φp,q|n) the quaternionic orthosymplectic supergroup. We have

Gred
(
φp,q|n

)
= O(n,H) × U(p, q,H) and g

(
φp,q|n

)
= osp∗ (n | p, q) ,

where O(n,H) is the quaternionic orthogonal group, sometimes denoted O∗(2n) in the
literature, and U(p, q,H) is the indefinite quaternionic unitary group, which is equal to
the indefinite symplectic group Sp(p, q).

The notation for g(φp,q|n) is not consistent in the literature. For example, it is denoted
osp∗(n|2m, 2p) in [35]. The indefinite symplectic group Sp(p, q) is connected; see [20,
Proposition 1.145]. The quaternionic orthogonal group O(n,H) has two connected com-
ponents when n ≥ 1. Viewing elements of O(n,H) as 2n × 2n complex matrices, the
identity component, SO(n,H), of O(n,H) consists of those elements with determinant 1,
while the other component consists of those elements with determinant −1.

It follows that, for any nondegenerate even (ν, ⋆)-superhermitian form φ on Hm|n, n ≥ 1,
the group Gred(φ) has two connected components. Any X ∈ Gred(φ) with det(X) = −1
is in the connected component not containing the identity.

Lemma A.3. We have an isomorphism of complex Lie superalgebras

g
(
φp,q|n

)C ∼= osp(2n|2m,C).

(Note the reversal in the order of m and n on the right-hand side.)
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Proof. Consider the form (φp,q|n)j in the notation of Section 8.3. Since a skew-supersym-
metric form on C2m|2n is equivalent to a supersymmetric form on C2n|2m (via the parity
shift map C2m|2n → C2n|2m), we see that (φp,q|n)j is equivalent to the form φ2n|2m given
by replacing m and n in (A.5) by 2n and 2m, respectively. Thus, the result follows from
Proposition 8.6. □

A.6. Case (Cl(C), ⋆), k = R, even form. In light of Lemma 4.9, we assume in this case
that n = 0. Every even nondegenerate (1, ⋆)-superhermitian form on Cl(C)m is equivalent
to

φp,q : (v, w) 7→ v♯
(

Ip 0
0 −Iq

)
w (A.9)

for unique p, q ∈ N, p+q = m. We call UQ(p, q) := G(φp,q) the indefinite isomeric unitary
supergroup. We have

Gred(φp,q) = U(p, q).
The notation for g(φp,q) is not consistent in the literature. It is sometimes denoted by
uq(p, q). Its simple quotient is denoted upsq(n, p) in [35]. Since the indefinite unitary
group U(p, q) is connected, it follows that, for any nondegenerate (ν, ⋆)-superhermitian
form on Cl(C)m, the group Gred(φ) is connected.

It follows from Proposition 8.2 that we have an isomorphism of complex Lie superalge-
bras

g(φp,q)C ∼= gl(m, Cl(C)) = q(m,C).

A.7. Odd forms. Let k ∈ {R,C} and let (D, ⋆) be an arbitrary involutive division k-
superalgebra. If k = R and φ is a nondegenerate (ν, ⋆)-superhermitian form on Cl(C)m|n,
then ε(1 + i)φ is a nondegenerate (ν, ⋆)-superhermitian form on Cl(C) of parity φ̄ + 1.

Since we already treated the even forms above, we assume in this subsection that
D ∈ {R,C,H}.

An odd form on Dm|n can only be nondegenerate when m = n. Any odd nondegenerate
(ν, ⋆)-superhermitian form on Dm|m is equivalent to

φν
m : (v, w) 7→ v♯

(
0 Im

−νIm 0

)
w. (A.10)

(Recall, from (A.2), the sign appearing in v♯.) With this form, it follows from Lemma A.2
that (

X00 X01
X10 X11

)†
=
(

X♯
11 −νX♯

01
νX♯

10 X♯
00.

)
.

Thus,

g(φν
m) =

{(
X Y
Z −X♯

)
: X, Y, Z ∈ Matm(D), Y = νY ♯, Z = −νZ♯

}
.

In particular, we have an isomorphism of Lie superalgebras

g (φν
m)

∼=−→ g
(
φ−ν

m

)
, X 7→ X#. (A.11)

We also have

Gred (φν
m) =

{(
X 0
0

(
X♯
)−1

)
: A = GL(m,D)

}
∼= GL(m,D).
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It follows that Gred(φ) is connected for any nondegenerate odd (ν, ⋆)-superhermitian form
φ on Dm|n. When (D, ⋆) is equal to (R, id) or (C, id), the Lie superalgebras

g(φν
m) = p(m,R) and g(φν

m) = p(m,C)
are the real and complex periplectic Lie superalgebras, respectively. The notation for
the other cases is less standard. When (D, ⋆) = (C, ⋆), the Lie superalgebra g(φm) is
sometimes denoted up(m). When (D, ⋆) = (H, ⋆), g(φν

m) is sometimes denoted p∗(m).
Their simple quotients are denoted usπ(m) and sπ∗(m), respectively, in [35].

It follows from Propositions 8.1, 8.2, 8.6 and (A.11) that we have isomorphisms of
complex Lie superalgebras

g(φν
m)C ∼=


p(m,C) if (D, ⋆) = (R, id),
gl(m|m,C) if (D, ⋆) = (C, ⋆),
p(2m,C) if (D, ⋆) = (H, ⋆).

Appendix B. Classification of real forms

A classification of the real forms of the classical Lie algebras can be found in [15, § 26.1].
The classification of the real simple Lie superalgebras was first given in [35]. In particular,
[35, Table 3] lists all the real forms of the simple subquotients of gl(m|n,C), osp(m|2n,C),
p(m,C), and q(m,C). However, because gl(m|n,C), p(m,C) and q(m,C) are not simple,
they are not covered by this classification. Since the real forms of these Lie superalgebras
do not seem to have appeared in the literature, we give a classification here.

Throughout this subsection g denotes one of the superalgebras gl(m|n,C), q(m,C), or
p(m,C), m, n ∈ N. Let

g′ = [g, g] and g′′ = g′/Z(g′),
where [g, g] denotes the ideal of g generated by [X, Y ], X, Y ∈ g, and
Z(g′) = {X ∈ g′ : [X, g′] = 0} denotes the center of g′. For m, n ∈ N,
gl(m|n,C)′ = sl(m|n,C) = {X ∈ gl(m|n,C) : str(X) = 0},

q(m,C)′ = {X ∈ q(m,C) = gl(m, Cl(C)) : tr(X)1 = 0},

p(m,C)′ =
{(

X00 X01
X10 −Xt

00

)
∈ gl(m|m,C) : tr(X00) = 0, Xt

01 = X01, Xt
10 = −X10

}
.

Since, for m ̸= n,
Z(sl(m|n,C)) = 0, Z(sl(m|m, C)) = CI2m, Z(q(m,C)′) = CIm, Z(p(m,C)′) = 0,

we have
gl(m|n,C)′′ = sl(m|n,C),
gl(m|m,C)′′ = sl(m|m,C)/CI2m = psl(m|m,C),

q(m,C)′′ = q(m,C)′/CIm,

p(m,C)′′ = p(m,C)′.

The adjoint action of g on itself is given by
Ad: g → Endg(g), Ad(X)(Y ) = [X, Y ], X, Y ∈ g.

This restricts to give an action Ad′ : g → Endg(g′) of g on g′.

Lemma B.1. We have ker(Ad′) = Z(g).
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Proof. We show this for the case g = gl(m|n,C), since the other cases are analogous.
Suppose X =

∑m+n
r,s=1 arsErs, ars ∈ C, is a homogeneous element of ker(Ad′), where Ers

denotes the matrix with a 1 in position (r, s), and a 0 in all other positions. Then, for all
1 ≤ t, u ≤ m + n, we have

0 = [X, Etu] =
m+n∑
r=1

artEru ±
m+n∑
s=1

ausEts.

Thus, ars = 0 whenever r ̸= s. So X is diagonal, hence even. Then, for all 1 ≤ t, u ≤ m+n,
we have

0 = [X, Etu] = (att − auu)Etu.

Thus att = auu, and so X ∈ CIm+n = Z(gl(m|n,C)). □

A conjugate-linear involution of g (also called a real structure on g) is an automorphism
κ of g, considered as a real Lie superalgebra, satisfying κ2 = id and κ(aX) = a⋆κ(X) for
all a ∈ C. Every real form of g is isomorphic to

gκ = {X ∈ g : κ(X) = X}
for some conjugate-linear involution κ of g.

If κ is a conjugate-linear involution of g, then κ restricts to a conjugate-linear involution
κ′ of g′, which, in turn, induces a conjugate-linear involution κ′′ of g′′.

Lemma B.2. Suppose κ and χ are conjugate-linear involutions of g such that κ′′ = χ′′.
Then κ′ = χ′ and κ(X) − χ(Z) ∈ Z(g) for all X ∈ g.

Proof. Since the odd part of g′′ is equal to the odd part of g, we have κ|g1 = χ|g1 . We see
by inspection that [g1, g1] = g′. Thus, κ′ = χ′. Then, for all X ∈ g, Y ∈ g′, we have

[κ(X), χ(Y )] = [κ(X), κ(Y )] = κ([X, Y ]) = χ([X, Y ]) = [χ(X), χ(Y )] .

It follows that Ad′(κ(X)) = Ad′(χ(X)). Hence, by Lemma B.1, we have
κ(X) − χ(X) ∈ Z(g). □

Proposition B.3. Every real form of gl(m|n,C), osp(m|2n,C), p(m,C), q(m,C),
m, n ∈ N, is isomorphic to either

• gl(r|s;D) for a real division superalgebra D, or
• g(φ) for a (ν, ⋆)-superhermitian form φ on Dr|s, where (D, ⋆) is an involutive real

division superalgebra,
for some r, s ∈ N.

Proof. In the case of osp(m|2n,C), which is simple, we see from [35, Table 3] that the real
forms are osp(p, q|2n,R), p + q = m and, when m is even, osp∗(m

2 |p, q), p + q = n. Then
the result follows from Appendices A.3 and A.5.

Now assume that g is one of the Lie superalgebras gl(m|n,C), q(m,C), or p(m,C),
m, n ∈ N. All of the real forms described in Appendices A.3 to A.7 induce real forms of
g′′. Comparing to the real forms given [35, Table 3] shows that we obtain all real forms
of g′′ in this way. Thus, it remains to show that, up to isomorphism, a real form of g is
determined by the corresponding real form of g′′. Equivalently, it suffices to show that, if
κ and χ are conjugate-linear involutions of g such that κ′′ = χ′′, then κ = χ.

Suppose κ and χ are conjugate-linear involutions of g such that κ′′ = χ′′. Then, by
Lemma B.2, κ′ = χ′. If g = p(m,C), then Z(g) = 0, and it follows from Lemma B.2 that
κ = χ, and we are done.
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Now suppose that g = g(m|n,C), m ̸= n, or g = q(m,C). Then g = g′ ⊕ CI, where
I denotes the identity matrix. Both κ and χ must leave Z(g) = CI invariant, hence the
corresponding real forms must be isomorphic to (g′)κ ⊕ R = (g′)χ ⊕ R, where R denotes
the one-dimensional abelian real Lie algebra.

Finally, suppose that g = gl(m|m,C). We have a short exact sequence of Lie superal-
gebras

0 → sl(m|m,C) → gl(m|m,C) str−→ Z(g) = C → 0.

Since κ and χ agree on sl(m|m,C), it follows from Lemma B.2 that there exists a ∈ C
such that

κ(X) = χ(X) + a str(X)I, X ∈ g.

Then, for all X ∈ g, we have
X = κ2(X) = κ (χ(X) + a str(X)I) = X + a⋆ str(X)⋆χ(I) + a str(X)I.

Thus,
a⋆ str(X)⋆χ(I) + a str(X) = 0 for all X ∈ g.

Choosing X = E11 and X = iE11, implies that a⋆χ(I) + a = 0 and a⋆χ(I) − a = 0. Hence
a = 0, and so κ = χ, as desired. □
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