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Schopieray’s Galois-modular extension conjecture

Theo Johnson-Freyd

Abstract. Plavnik, Schopieray, Yu, and Zhang have drawn attention to those (automatically pre-
modular) fusion subcategories of modular fusion categories which are submodules for the Galois
action on the ambient category. In particular, they showed that a subcategory is a Galois submodule
if and only if its centralizer is integral. In the other direction, Schopieray has conjectured that every
premodular fusion category can be embedded as a Galois-closed subcategory of a modular category;
Schopieray calls such an embedding a Galois-modular extension. We prove Schopieray’s conjecture for
pseudounitary categories; in the nonpseudounitary case, we prove that every braided fusion category
admits a “Galois nondegenerate extension” but we do not know it to be modular. Along the way
we record some general comments about the minimal nondegenerate extension problem for braided
fusion categories.

1. Galois-modular extensions

Braided fusion categories are a particularly nice, and very well-studied, type of categori-
fied algebra, behaving in many ways like higher analogues of finite-dimensional semisimple
algebras. All of our braided fusion categories will be over C. We will not review the defi-
nition; standard references include [4, 5].

Like their lower-categorical cousins, one of the most basic invariants of a braided fusion
category is its centre. Specifically, the appropriate centre of a braided fusion category B is
its “Müger” or “symmetric” centre (and in this paper, “centre” without further adjective
always means the Müger centre):

Z2(B) := {x ∈ B s.t. bry,x ◦ brx,y = idx⊗y for all y ∈ B} ⊂ B.

Here brx,y : x⊗ y → y⊗x denotes the braiding in B, and implicit in the formula is to take
the full category with the declared objects. As in the lower-categorical case, this centre can
vary from trivial to everything. At one extreme, a braided fusion category is symmetric
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when Z2(B) = B. At the other extreme, a braided fusion category is nondegenerate when
Z2(B) = Vec. Most braided fusion categories are somewhere between these two extremes.

Every braided fusion category can be embedded fully faithfully inside a nondegenerate
braided fusion category, just as any finite-dimensional associative algebra can be embedded
faithfully inside a central simple algebra. In the lower-categorical case, one can embed
A inside the algebra of matrices on the underlying vector space of A. In the higher-
categorical case, one can embed B inside the Drinfel’d centre Z1(B) of the underlying
monoidal category of B. More generally, a nondegenerate extension of B is a choice of
fully faithful braided embedding B ↪→ M where M is a nondegenerate braided fusion
category.

A good way to measure the “relative size” of a nondegenerate extension B ↪→ M is to
compute its centralizer:

Z2(B ↪−→ M) := {x ∈ M s.t. bry,x ◦ brx,y = idx⊗y for all y ∈ B} ⊂ M.

It is easy to see that the Müger centres of B and Z2(B ↪→ M) are (canonically) equivalent,
so that in particular Z2(B ↪→ M) is never smaller than Z2(B), and Müger suggested to
focus on those extensions that saturate this bound [14]:

Definition 1.1. A nondegenerate extension B ↪→ M of a braided fusion category is
minimal when its centralizer Z2(B ↪→ M) is symmetric.

Remark 1.2. In spite of the name, there are known examples of braided fusion categories
which do not admit any nondegenerate extension which is minimal in Müger’s sense. In
other words, Müger’s bound is not always sharp. It is known that a minimal nondegenerate
extension exists whenever Z2(B) ∼= sVec [10]. When Z2(B) ∼= Rep(G) for a finite group G,
then there is a class O4(B) ∈ H4(G;C×), and B admits a minimal nondegenerate extension
if and only if O4(B) = 1 [8]; for every class α ∈ H4(G;C×), there exists a B with O4(B) =
α [9].

The vast majority of the literature on nondegenerate extensions has focused on the ques-
tion of constructing and obstructing these so-called minimal extensions. But symmetric
categories are not the only interesting class of braided fusion category. Recall that each
object x in a (braided) fusion category B has a Frobenius–Perron dimension FPdim(x),
defined as the Frobenius–Perron eigenvalue of the action of multiplication by [x] on the
Grothendieck ring K0(B) of B. The following definition is from [6]:

Definition 1.3. A (braided) fusion category is integral if the Frobenius–Perron dimensions
of all of its objects are rational integers.

Symmetric implies integral, and the integral (braided) fusion categories are under rel-
atively good control due to their relation to (quasitriangular) quasiHopf algebras. This
paper is interested in studying nondegenerate extensions with integral centralizer. The
following name is suggested by Schopieray [18]:

Definition 1.4. A nondegenerate extension B ↪→ M is Galois when Z2(B ↪→ M) is
integral.

This name deserves some explanation. First, recall that a modular fusion category is
a nondegenerate braided fusion category equipped with a spherical structure. A premod-
ular fusion category is a spherical braided fusion category which might be degenerate.
A fusion subcategory of a modular category is automatically premodular. Conversely,
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a modular extension of a premodular fusion category is an extension B ↪→ M with M
modular.

Second, recall that if M is modular, then its set of simple objects comes with a canonical
action by Gal(Q̄/Q), which is trivial only when M is integral. The relation to Galois
extensions is identified by Plavnik, Schopieray, Yu, and Zhang:

Theorem 1.5 ([17, Theorem 4.1.6]). A modular extension B ↪→ M is Galois in the sense
of Definition 1.4 if and only if (the set of isomorphism classes of simple objects of) B is
closed under the Galois action on (the set of isomorphism classes of simple objects of) M.

Galois-modular extensions provide computational control: if B ↪→ M is Galois-modular,
then the Gal(Q̄/Q)-action on M restricts to one on B, and this restricted action often
supplies a lot of information about B, just as the Gal(Q̄/Q)-actions on modular fusion
categories have proven useful in studying modular fusion categories. Unlike the case of
minimal modular extensions, which as mentioned in Remark 1.2 do not always exist,
Schopieray conjectures that Galois-modular extensions always exist [18]. The goal of this
paper is to prove Schopieray’s conjecture in the pseudounitary case:

Main Theorem A. Every braided fusion category B admits a Galois nondegenerate ex-
tension B ↪→ M. If B is pseudounitary, then M can be chosen to be pseudounitary as
well, and hence (Galois-)modular.

Our proof is not functorial but it is constructive in the sense that we produce such
an extension subject to some noncanonical choices. The proof in the case when Z2(B) is
Tannakian (equivalent to Rep(G) for some finite group G) is given in Section 2, and in
Section 3 we generalize our proof to the non-Tannakian case.

2. The main construction

The goal of this section is to prove Main Theorem A for braided fusion categories
with Tannakian centre. In other words, we are given a braided category B and a braided
equivalence Z2(B) ∼= Rep(G), and we wish to produce a nondegenerate extension B ↪→ M
such that Z2(B ↪→ M) is integral; we furthermore wish to arrange this extension so that
if B is pseudounitary, then so is M.

For any symmetric fusion category E , write NBFC(E) for the set of isomorphism classes
of pairs consisting of a braided fusion category B and a braided equivalence Z2(B) ∼= E .
Given B,D ∈ NBFC(E), let us write B ∼ D if there exists a nondegenerate extension
B ↪→ M with Z2(B ↪→ M) ∼= Drev (the braiding-reversal of D). The relation ∼ is
an equivalence relation. Indeed, recall from [2] that NBFC(E) is a commutative monoid
under ⊠E and has a quotient group Witt(E) in which one quotients by those categories
of the form Z2(E ↪→ Z1(F)), where F is fusion, Z1(F) is its Drinfel’d centre, and E ↪→
Z1(F) is a braided fusion inclusion. The construction E ⇝ Witt(E) is functorial (c.f. [2,
Remark 2.8]) for symmetric monoidal functors between symmetric fusion categories, and
so in particular the unit inclusion Vec → E selects a canonical homomorphism Witt :=
Witt(Vec) → Witt(E).

Proposition 2.1. B ∼ D if and only if they represent the same class in the cokernel of
the canonical map Witt → Witt(E).

Proof. By [16, Theorem 3.2] (which handles the “if” direction) and [10, Proposition 4.1]
(which handles the “only if” direction), a braided fusion category B ∈ NBFC(E) admits
a minimal nondegenerate extension if and only if its Witt class [B] ∈ Witt(E) is in the
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image of the map Witt → Witt(E). Suppose that B and D represent the same class
in coker(Witt → Witt(E)). Then B ⊗E Drev represents the trivial class and so admits
a minimal nondegenerate extension M; the composite extension B ↪→ B ⊗E Drev ↪→ M
shows that B ∼ D. Conversely, if there is an extension B ↪→ M with centralizer D, then
B ⊗E Drev ↪→ M is minimal nondegenerate. □

When E = Rep(G), then a completely concrete description is available. Write NBFC :=
NBFC(Vec) and consider the map NBFC(E) → NBFC that sends B to its deequiv-
ariantization BG as in [6, Theorem 4.18]. Let NBFCtriv(Rep(G)) denote the subset of
NBFC(Vec) on those B for which BG is Witt-trivial, and Witttriv(Rep(G)) its image in
Witt(E). Then we find a canonical splitting Witt(Rep(G)) = Witt ⊕ Witttriv(Rep(G)).
The following is the [9, Main Theorem] (resolving [10, Conjecture 4.3]):

Proposition 2.2 ([9]). For any finite group G, there is a canonical isomorphism

O4 : Witttriv(Rep(G)) −→ H4(BG;C×).

For us, the most interesting part of this proposition is the rather explicit construc-
tion, given in [9, Proposition 5.8], of an element Bω ∈ NBFCtriv(Rep(G)) for each
ω ∈ H4(BG;C×). The specifics of the construction will almost immediately imply Main
Theorem A, and so we review the construction here.

Fix a cocycle representing ω (and abusively write ω also for this cocycle representative).
By [15, Main theorem], there exists a finite group G̃ with a surjection G̃ → G such that
the restriction ω|G̃ is exact; choose a primitive ψ, i.e. a 3-cochain on G̃ with dψ = ω.
An explicit and elementary construction of (G̃, ψ) can be found for example in [13].

Now consider the semisimple category Vec[G̃] of G̃-graded vector spaces. We will equip
it with its standard binary convolution product ⊗ : Vec[G̃] × Vec[G̃] → Vec[G̃], but
we will not use its standard associator. Instead, we decide to use the cochain ψ as the
associativity isomorphism (X ⊗Y ) ⊗Z ∼= X ⊗ (Y ⊗Z), and denote the resulting category
“Vecψ[G̃].” This is not a monoidal category: the pentagon equation for the associator
does not hold. Indeed, the pentagon computes dψ = ω ̸= 1. Instead, we equip Vecψ[G̃]
with its G-grading via the map G̃ → G; this G-grading is faithful because this map is
a surjection. In this way, Vecψ[G̃] becomes G-quasimonoidal with pentogonicity-defect ω
in the sense of [9, Section 4]: a faithfully-G-graded category with a binary multiplication
and associator which satisfies a the obvious ω-twisted version of the pentagon axiom. It is
moreover rigid (the notion of “rigid” for monoidal categories does not use the pentagon
axiom) and semisimple with simple unit, and we will abbreviate “rigid semisimple G-
quasimonoidal with simple unit” to G-quasifusion.

Suppose that F is a G-quasifusion category. Write Fe ⊂ F for the neutrally-graded
subcategory. The methods of [7, Section 8] supply a categorical G-action on the Drinfel’d
centre Z1(Fe) — indeed, they show that categorical G-actions on Z1(Fe) are precisely
the same as G-quasifusion extensions of Fe. Consider the equivariantization Z1(Fe)G.
This is manifestly an element of NBFCtriv(Rep(G)) (its equivariantization is Z1(Fe)).
The methods of [7, Section 8] moreover identify O4(Z1(Fe)G) ∈ H4(BG;C×) with the
pentogonicity defect of F .

In our case, the neutrally-graded component of F = Vecψ[G̃] is Vecψ[K], where K :=
ker(G̃ → G); note that ψ|K is closed.
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Now return to the original problem at hand. We start with B ∈ NBFC(Rep(G)).
Compute its image O4(B) ∈ H4(BG;C×) under the composite NBFC(Rep(G)) →
Witt(Rep(G)) = Witt ⊕ H4(BG;C×) →→ H4(BG;C×). Set ω := O4(B)−1, and build
(Vecψ[K])G as above. Then by Propositions 2.1 and 2.2, there is a nondegenerate ex-
tension B ↪→ M with Z2(B ↪→ M) ∼= Z1(Vecψ[K])G. But Z1(Vecψ[K])G is manifestly
integral. We have shown:

Proposition 2.3. Let B be a braided fusion category with Tannakian centre. Then B
admits a Galois nondegenerate extension B ↪→ M. □

To complete the proof of Main Theorem A, it remains to make this extension B ↪→ M
modular, i.e. to supply a spherical structure on M extending the spherical structure
on B. This author is not aware of any general results about modular extensions analogous
to Proposition 2.1 about nondegenerate extensions. Instead, we use pseudounitarity to
sidestep the issue. Recall the following notion from [6]: a fusion category is pseudounitary
when it admits a (necessarily unique) “positive” spherical structure for which quantum and
Frobenius–Perron dimensions agree. Note that Z1(Vecψ[K])G is manifestly pseudounitary.
The following is essentially of [10, Corollary 1.3 ]:

Proposition 2.4. Suppose that B ↪→ M is a nondegenerate extension such that B and
Z2(B ↪→ M) are both pseudounitary. Then M is pseudounitary.

Proof. For a fusion category B, its Frobenius–Perron dimension FPdim(B) is the sum of
the squares of the Frobenius–Perron dimensions of all of its simple objects. Semisimplicity
of B provides a second notion of “dimension,” or more precisely “squared dimension,” of
a simple object: for each simple object x ∈ B, semisimplicity implies that the left and
right duals of x are noncanonically isomorphic; choose such an isomorphism, and use it to
define the left and right dimensions of x; the squared dimension dim2(x) is the product
of its left and right dimensions (the choice of isomorphism cancels). The global dimension
dim(B) of B is the sum of the squared dimensions of the simple objects in B.

The squared dimension is never more than the square of the Frobenius–Perron dimen-
sion, and together with some statements about when this bound is saturated one arrives
at [6, Proposition 8.23]: a braided fusion category B is pseudounitary if and only if its
global dimension dim(B) and Frobenius–Perron dimension FPdim(B) agree.

But on the other hand of [4, Theorems 3.10 and 3.14] show that if B ↪→ M is a nonde-
generate extension, then

dim(M) = dim(B) × dimZ2(B ↪−→ M),
FPdim(M) = FPdim(B) × FPdimZ2(B ↪−→ M).

The result is then immediate. □

This proves Main Theorem A in the Tannakian case.

Remark 2.5. Our proof of Proposition 2.3 is slightly nonconstructive: we show that B
admits a nondegenerate extension M with Z2(B ↪→ M) ∼= Z1(Vecψ[K])G by showing that
these categories represent opposite classes in coker(Witt → Witt(Rep(G)) ∼= H4(BG;C×);
to actually choose such an M requires identifying these classes coherently. Let us now
sketch a more categorical construction.

As above, let B be braided fusion with Z2(B) ∼= Rep(G). Deequivariantize to BG ∈
NBFC. The general theory of (de)equivariantization supplies a categorical action of G on
BG and an equivalence B ∼= (BG)G. As above, choose an extension K → G̃ →→ G with
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a trivialization of O4(B)|G̃. Now consider equivariantizing BG with respect to the induced
action of G̃ (let us call the result B̃ := (BG)G̃). Then O4(B̃) = O4(B)|G̃ is trivialized, and
this trivialization selects a minimal nondegenerate extension:

B̃ ↪−→ M, Z2(B̃ ↪−→ M) ∼= Rep(G̃).

There is a canonical inclusion B ∼= (BG)G ↪→ (BG)G̃ = B̃ (any categorical G-fixed point re-
stricts along G̃ → G to a categorical G̃-fixed point), leading to a composite nondegenerate
extension

B ↪−→ B̃ ↪−→ M.

To understand Z2(B ↪→ M), note first that its centre matches the centre Z2(B) ∼=
Rep(G) of B. Thus we do know that Z2(B ↪→ M) is the G-equivariantization of its
G-deequivariantization, and so the interesting thing is to understand the nondegenerate
braided fusion category Z2(B ↪→ M)G.

There is a braided (but not central) inclusion Rep(G̃) ∼= Z2(B̃ ↪→ M) ↪→ Z2(B ↪→ M),
leading to a braided (but not central) inclusion

Rep(K) ∼= Rep(G̃)G ↪−→ Z2(B ↪−→ M)G.

On the other hand, an easy dimension computation shows that dim(Z2(B ↪→ M)G) = |K|2.
In other words, Rep(K) ↪→ Z2(B ↪→ M)G is a minimal nondegenerate extension.

But, for any finite group K, the minimal nondegenerate extensions of Rep(K) are
completely classified in [11] (see [12, Section 4.3] for a nice treatment): they are precisely
the categories of the form Z1(Vecψ[K]) for ψ ∈ H3(BK;C×).

Thus Z2(B ↪→ M) ∼= Z1(Vecψ[K])G for some ψ and some action of G. One could work
more to identify these data with the data in our earlier construction. If the goal is only to
prove Main Theorem A, we do not need to: Z1(Vecψ[K]) and hence Z1(Vecψ[K])G are
integral, and so B ↪→ M is Galois.

3. The non-Tannakian case

The goal of this section is to prove Main Theorem A in the case when Z2(B) is non-
Tannakian. This case is slightly more difficult because there is not a clean statement
like Proposition 2.2 in the non-Tannakian case (of [10, Section 4.4] sketches what the
statement should be, but details are lacking). That said, significant partial results are
available in [8], and these will suffice for our purposes. Our construction in this section
will be an analogue of the construction from Remark 2.5 rather than from Proposition 2.3
(which surely agree but we did not prove that they do).

Suppose that B is a braided fusion category with non-Tannakian centre. The celebrated
“super fibre functor” theorem of Deligne’s [3] implies that Z2(B) contains a unique maximal
Tannakian subcategory Rep(G) ⊂ Z2(B), and the deequivariantization Z2(B)G is braided
equivalent to sVec. In particular, BG is a slightly degenerate braided fusion category:
Z2(BG) ∼= sVec.

Write MNE(BG) for the 2-groupoid of minimal nondegenerate extensions of BG. The [10,
Main Theorem] states that MNE(BG) is nonempty, and the construction in that paper
gives a description of its homotopy groups (at any basepoint):

|π0 MNE(BG)| = 16, π1 MNE(BG) ∼= Z/2Z, π2 MNE(BG) ∼= Z/2Z.

The higher homotopy groups vanish because MNE(BG) is a 2-groupoid.
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Remark 3.1. The [12, Main Theorem] applied in this case states that π0 MNE(BG) is
naturally a torsor for π0 MNE(sVec) ∼= Z/16Z, and the same arguments given therein
but interpreted homotopically in fact show that the ∞-groupoid MNE(sVec) is naturally
monoidal and has MNE(BG) as a torsor. (The paper [12] states their results in terms
of unitary (pre)modular categories. But the work applies without change to the purely
algebraic setting of (non)degenerate braided fusion categories.) In particular the Post-
nikov k-invariant connecting π1 MNE(BG) and π2 MNE(BG) is independent of the choice
of basepoint. We remark in passing that this k-invariant is nontrivial; we will not use it
in the sequel.

The categorical action of G on BG induces an action on MNE(BG). A (homotopy) fixed
point of this action, if one exists, unpacks to a choice of minimal nondegenerate extension
BG ↪→ M together with an extension of the G-action on BG to all of M. The main
theorem of [8] asserts:

Proposition 3.2 ([8, Theorems 1.1 and 4.9]). Suppose that M ∈ MNE(BG)G is a G-
fixed point such that the corresponding O4-obstruction O4(M) ∈ H4(BG;C×) is trivial.
Choose a trivialization and construct the corresponding minimal nondegenerate extension
MG ↪→ N . Then the composite nondegenerate extension

B ∼= (BG)G ↪−→ MG ↪−→ N

is minimal, and all minimal nondegenerate extensions of B are of this type. □

Thus the first step to constructing or obstructing a minimal nondegenerate extension
of B is to analyze the action of G on MNE(BG). In particular, constructing a fixed point
can be reduced to a sequence of obstructions: one asks for a fixed point in π0 MNE(BG),
then asks to lift this to the 1-truncation π≤1 MNE(BG), and finally asks to lift this to the
full 2-groupoid MNE(BG).

The paper [8] leaves open the possibility thatG acts nontrivially already on π0 MNE(BG).
We do not have to worry about this possibility:

Proposition 3.3. The action of G on π0 MNE(BG) is trivial.

The original version of the present article supplied a proof of Proposition 3.3 only when
B is pseudounitary, because it relied on the central charge statements from [1] that are
known only in the (pseudo)unitary case. The following improved proof was suggested by
one of the anonymous referees:

Proof. It suffices to prove that the sixteen minimal nondegenerate extensions of BG are
pairwise inequivalent as braided fusion categories. We will show that they are pairwise not
even Witt-equivalent. The torsorial action of π0 MNE(sVec) ∼= Z/16Z on π0 MNE(BG)
from [12] is additive on Witt classes: if C ∈ MNE(sVec) and I ∈ MNE(BG), then on Witt
classes we have

[C ⊗sVec I] = [C] + [I] ∈ Witt .
But MNE(sVec) → Witt is an injection. □

Thus each point [M] ∈ π0 MNE(BG) is trivially fixed under the G-action. Pick M and
ask: is it fixed in the 1-truncation π≤1 MNE(BG)? By general obstruction theory, the
obstruction is some specific class

O2(B,M) ∈ H2(BG;π1(MNE(BG),M)) = H2(BG;Z/2Z).
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In general, such obstructions live in twisted cohomology (twisted by an action of G on π1);
conveniently, Z/2Z has no automorphisms so we do not need to worry about this issue.

Suppose that O2(B,M) is trivializable and choose a trivialization ϕ. Then there is
a second obstruction

O3(B,M, ϕ) ∈ H3(BG;π2 MNE(BG)) = H3(BG;Z/2Z).
Since that exhausts the nontrivial homotopy groups of MNE(BG), trivializing both ob-
structions is the same as making M into a G-fixed point. Finally, to build a minimal
nondegenerate extension, one faces a final obstruction O4(B,M, ϕ, ρ) ∈ H4(BG;C×) which
depends on a choice of trivialization ρ of O3(B,M, ϕ). These obstructions are also iden-
tified in [8].

Remark 3.4. As emphasized by the notation, the values of these obstructions can a priori
depend on the choice of [M] ∈ π0 MNE(BG) and on the trivializing cochains ϕ, ρ. The
dependence on the trivializing cochains is essentially the nontriviality of the appropriate
Postnikov invariants (compare Remark 3.1). A version of the dependence on M is explored
in [19].

Fix M ∈ MNE(BG). By repeatedly applying [15], although M may not admit a G-
fixed structure with trivial O4-obstruction, we can certainly find some surjection of finite
groups G̃ →→ G such that M admits a fixed-point structure for the induced action of G̃
on MNE(BG) and such that the induced O4-obstruction is trivial in H4(BG̃;C×). Said
another way, we can definitely find a surjection G̃ →→ G such that B̃ := (BG)G̃ admits
a minimal nondegenerate extension, which we henceforth denote M̃.

Proposition 3.5. The composite nondegenerate extension

B ∼= (BG)G ↪−→ (BG)G̃ ∼= B̃ ↪−→ M̃
is Galois.

Proof. It suffices to control the centralizer Z2(B ↪→ M̃). Its centre agrees with the centre
of B: it is super-Tannakian with maximal Tannakian subcategory Rep(G). Thus we
can deequivariantize: Z2(B ↪→ M̃) = (Z2(B ↪→ M̃)G)G and Z2(B ↪→ M̃)G is slightly
degenerate. Moreover, there is a braided inclusion

Rep(G̃) ↪−→ Z2(B̃ ↪−→ M̃) ↪−→ Z2(B ↪−→ M̃).
This dequivariantizes to a braided inclusion

Rep(K) ∼= Rep(G̃)G ↪−→ Z2(B ↪−→ M̃)G.
Counting dimensions, we find

dim(Z2(B ↪−→ M̃)G) = 2|K|2.

In other words, the inclusion Rep(K) ↪→ Z2(B ↪→ M̃)G is what one could call a “minimal
slightly degenerate extension.” We will analyze these in analogy to the classification of
minimal nondegenerate extensions of Rep(K) from [11, 12].

Let N be an arbitrary slightly degenerate braided fusion category of dimension
dim(N ) = 2|K|2 equipped with a braided inclusion Rep(K) ↪→ N . We can deequi-
variantize with respect to this inclusion. Since the inclusion is braided but not central,
this deequivariantization NK will be monoidal but not braided. Rather, NK will be au-
tomatically a K-crossed braided extension. In particular, it will be faithfully K-graded,
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and the neutral component is central. Since N was slightly degenerate, so will be the neu-
tral component of NK . Since N had dimension 2|K|2, this neutral component will have
dimension 2, i.e. it will be sVec. All together, we find that NK is a K-graded central
extension of sVec.

Each component of NK will therefore be an invertible sVec-module category. There are
two such categories: the regular module sVec and the module Vec = ModsVec(Cliff(1))
coming from the monoidal but not braided functor sVec → Vec. Given a simple object
x ∈ NK , one can quickly decide which of these two types is its component. Indeed, let
f ∈ sVec denote the nontrivial simple object. If f ⊗ x ̸∼= x, the component containing
x is of type sVec. In this case, the object x is called ordinary. If f ⊗ x ∼= x, the
component containing x is of type Vec = Mod(Cliff(1)). In this case x is called Majorana.
The dimensions of simple objects are easy to compute: dim(x) = 1 if x is ordinary and
dim(x) =

√
2 if x is Majorana.

The action of K on NK cannot mix ordinary and Majorana objects. It follows that in
N ∼= (NK)K , the ordinary objects have integral dimensions whereas the Majorana objects
have dimensions in Z

√
2.

But in a slightly degenerate category, there are no Majorana objects! This is explained
for example in the proof of [10, Corollary 3.47]. The proof given there: let η(x) denote
the scalar defined by the composite

1 coevx−−−→ x⊗ x∗ brx,x∗
−−−−→ x∗ ⊗ x

evx−−→ 1.

Since f is central, η(fx) = η(f)η(x), and η(f) = −1; but η(x) ̸= 0 if x is simple. Thus N
is integral. □

Together with Proposition 2.4, this proves Main Theorem A in the non-Tannakian case.
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