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ABSTRACT. Given an exact module category over a finite tensor category with finitely generated
cohomology, we show that if there exists an object of complexity at least three, then the category is
of wild representation type. In particular, if the Krull dimension of the cohomology ring of the finite
tensor category is at least three, then this category is wild.

1. INTRODUCTION

In 1990, Rickard [30] showed that representation type can be discernible via homolog-
ical information, for example in finite group algebras. Almost twenty years later, Farn-
steiner [20] realized this connection for finite dimensional cocommutative Hopf algebras
using the support variety theory that had just been developed for these algebras. Specif-
ically, he proved that such a Hopf algebra has wild representation type if its cohomology
has Krull dimension at least three, or equivalently if it has a module of complexity at
least three. The proof relies heavily on prior work of Drozd [12] and Crawley—Boevey [11],
in particular the key role played by the Auslander—Reiten translate. Farnsteiner’s tech-
niques apply more generally to settings where cohomology is finitely generated and there
is a well behaved support variety theory. Other authors used these techniques success-
fully for finite dimensional self-injective algebras [9, 23] and braided finite dimensional
Hopf algebras [22, 24]. These three papers require cohomological finiteness conditions
to ensure a robust support variety theory. In [9], such a finiteness hypothesis is placed
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on the cohomology of a module, in [22, 24] on Hopf algebra cohomology, and in [23] on
Hochschild cohomology. In these papers, the results are applied to certain small quantum
groups, Hecke algebras, Nichols algebras, and more. The theory has been further adapted
to prove representation type results for Lie superalgebras [26].

In this paper, we transport these methods to finite tensor categories and their finite
module categories, applying the support variety theory developed in [6, 7]. Our main
result is Theorem 3.3, stating that under a cohomological finite generation condition, such
a module category is of wild representation type if it has an object of complexity at least
three. Here, we define wild representation type in Section 2 as it is defined for categories
of modules; each such category is indeed equivalent to a category of modules for a finite
dimensional algebra. The proof of the theorem follows the plan of earlier proofs: support
varieties are used to identify a one parameter family of nonisomorphic indecomposable
objects (of some fixed length), each of complexity at least two. Among the key ingredients
are objects generalizing Carlson’s L¢-modules, their action on the module category, and
an application of Crawley—Boevey’s results to our category setting (Lemma 2.4).

As mentioned above, finite tensor categories and their finite module categories are known
to be equivalent to categories of modules for finite dimensional algebras. We recall the
needed details in Remark 2.1(3) below and use this fact in Lemma 2.4. One distinction
between our work here and past results on finite dimensional algebras is in the hypotheses;
finiteness conditions here are imposed on the cohomology of the acting category. Any of its
finite module categories then enjoys the representation type consequences of that action.

Several classes of examples are included to illustrate the theory: in Example 2.5, we
work in positive characteristic p and explore some local algebras, focusing particularly on
some connected Hopf algebras of dimension p?. In Examples 3.5 and 3.6, we describe how
the theory applies to higher Verlinde categories and crossed product categories.

2. REPRESENTATION TYPE AND COMPLEXITY

Throughout this section, we fix an algebraically closed field k. We start by recalling
the notion of representation type of a finite dimensional k-algebra A. Unless otherwise
specified, whenever we speak of modules, we mean finitely generated left modules. The
category of such A-modules is denoted by mod A.

The algebra A has finite representation type if it has only finitely many isomorphism
classes of indecomposable modules. In this case, then, one can classify all the indecompos-
able modules by simply listing them. If A does not have finite representation type, then it
is of infinite representation type. A classification of the indecomposable modules may still
be possible, if A has tame representation type. This means that the representation type
is infinite, but for each integer d > 1 the following holds: almost all the indecomposable
modules of dimension d belong to one of a finite number of one-parameter families. Specif-
ically, for each d > 1 there exists a finite set By, ..., By, of A-k[z]-bimodules satisfying
the following: each B; is free of rank d as a module over k[z], and every A-module of
dimension d — except possibly finitely many — is isomorphic to B; ®yy k[z]/(x — a) for
some ¢ and « € k. Note that since k is algebraically closed, the k[z]-modules of the form
k[x]/(xz — «) are precisely the simple ones.

If A is of infinite representation type but not tame, then a classification of indecom-
posable modules is beyond reach. Denote by k(z,y) the free algebra generated by two
non-commuting variables x and y. The algebra A has wild representation type if there
exists an exact embedding from the category of finite dimensional k(x,y)-modules into
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mod A, in such a way that the image of an indecomposable k(x, y)-module is indecompos-
able in mod A. It is well-known (see [32, Theorem XIX.1.11]) that this is equivalent to the
following: for every finite dimensional k-algebra B, there exists such an embedding from
mod B into mod A. In other words, a finite dimensional k-algebra is wild if its module
category contains the module category of every finite dimensional k-algebra.

It turns out that the two kinds of algebras of infinite representation type that we have
discussed are actually all there are. This is a highly nontrivial fact, and was proved by
Drozd (see [12] and [11]). Specifically, he proved that if a finite dimensional algebra over
an algebraically closed field is of infinite representation type, then it is either tame or wild,
and these are mutually exclusive.

We now turn to the categories that are of interest to us: finite tensor categories and
their module categories. For a detailed explanation of the terminology and concepts that
follow, we refer to [17]. A finite tensor category over k is a triple (¢,®,1), where &
is a locally finite k-linear abelian category having finitely many isomorphism classes of
simple objects, and each of these has a projective cover. Moreover, the tensor product ®
is a bifunctor

ExC -2 ¢

which is bilinear on morphisms and associative up to functorial isomorphisms. Further-
more, the object 1 € % is a unit object with respect to the tensor product, and the triple
(¢,®,1) is a monoidal category. Finally, the unit object is simple, and % is rigid in the
sense that every object has a left and a right dual. A whole range of important properties
follow from the latter, and here are three of them: the category % is quasi-Frobenius (that
is, the projective and the injective objects coincide), the projective objects form a two-sided
ideal, and the tensor product is bi-exact (see [17, Proposition 6.1.3, Proposition 4.2.12,
Proposition 4.2.1]).

Now let (¢,®,1) be such a finite tensor category, and (.Z,*) a left module category
over . Thus .# is a locally finite k-linear abelian category, together with a bifunctor
(the module product)

ECx M M

which, as with ®, is bilinear on morphisms and associative up to functorial isomorphisms:
(A®B)« M ~ Ax (B+« M) for A,B € ¢ and M € .#. Furthermore, the unit object
1 € ¥ is a unit object also for the module product, and this product is exact in the first
argument. It follows from [17, Proposition 7.1.6] that the module product is also exact
in the second argument, and therefore bi-exact. Moreover, it follows from loc. cit. that
if P is a projective object in .#, then A x P is projective for every A € €. The module
category is called exact if the latter holds with opposite arguments: if @) is a projective
object in €, then Q * M is projective for every M € .#. When this holds, then .Z is
quasi-Frobenius, by [17, Corollary 7.6.4], and it also has enough projective objects, by [17,
Lemma 7.6.1]. Finally, we say that ./ is finite if it has finitely many isomorphism classes
of simple objects.

The typical example of a finite tensor category is mod H, where H is a finite-dimensional
Hopf algebra over k. The tensor product is then not necessarily commutative. However,
if G is a finite group, then the tensor product in mod kG is commutative up to natural
isomorphism, and in a strong sense, making this a symmetric finite tensor category (that
is, the natural isomorphism squares to the identity). Note that every finite tensor category
is trivially a finite exact module category over itself, with the tensor product as module
product.
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In the following remark, we collect some facts that will be of use to us throughout. Let
us therefore fix a finite tensor category (¢, ®,1), together with a finite exact ¢-module
category (A ,x).

Remark 2.1.

(1) One of the defining properties of (¢, ®, 1) is that every simple object S has a pro-
jective cover. This is defined in [17] as an epimorphism p: Q) — S with ) projec-
tive, and such that the following holds: if p’: Q' — S is an epimorphism with @’
projective, then there exists an epimorphism f: Q' — @ (necessarily split) with
p' = po f. One can show that every object admits such a cover, and that the cover
map is right minimal (see, e.g. [2, Sections 1.2, 1.4]). Moreover, the same is true
for objects in .#. To see this, take any object M € .#, and let p: P — M be
an epimorphism with P projective of minimal length. By an argument similar to
the proof of [2, Proposition 1.2.1], there exists an object N € .#, together with
a commutative diagram

Nl p_ 9 N
q q
M

in which the morphism ¢ is right minimal. This morphism must be an epimor-
phism, since p is and p = q o g. Moreover, by the right minimality of g, the
composition go f is an isomorphism, so that N is a direct summand of P. Thus N
is projective, and since we chose P to have minimal length we see that N ~ P, with
f and g isomorphisms. Therefore p is right minimal, and thus it also is a projective
cover in the sense above.

(2) Let Si,...,Sn be a complete set of representatives for the isomorphism classes of
simple objects in .#. Their projective covers P, ..., P, must be indecomposable,
and these are all the indecomposable projective objects in .Z, up to isomorphism.
Namely, an induction argument on length shows that every projective object in
A is a direct sum of (some of) the P;.

(3) By the above, the module category .# has projective generators, that is, projective
objects P with the property that every projective object in . is a direct summand
of a direct sum of copies of P; the object P;®- - -® P, is one such generator. Denote
the finite dimensional k-algebra End ,(P)°? by I'p. By an argument similar to
the proof of [2, Proposition I1.2.5], the functor

Y Hom_,4 (P,—)
is an equivalence of k-linear abelian categories. In particular, if P and P’ are
projective generators in .#, then I'p and I'pr are Morita equivalent, and therefore
have the same representation type.

mod FP

In light of the last remark, we make the following definition.

Definition 2.2. Let (¢,®,1) be a finite tensor category over an algebraically closed
field k, and (., *) a finite exact ¥-module category. The representation type of .4 is the
representation type of the finite dimensional k-algebra End_, (P)°P, where P is a projective
generator in . .
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Thus .# has finite representation type if the number of isomorphism classes of inde-
composable objects is finite; a typical example is a fusion category. If .#Z is tame, then
by definition almost all the indecomposable End_,(P)°P-modules of any fixed dimension
belong to a finite number of one-parameter families (with P a projective generator in .Z).
For every End_,(P)°P-module X, there are inequalities

0(X) <dimp X <ml(X)

where ¢(X) denotes the length, and m is the maximum dimension of the simple modules.
Therefore, for the category .# itself, tameness means the following: for any fixed length d,
there is a finite collection
{Mé}aek, SRR {Mgd}OtEk

of one-parameter families of objects (not all of which are necessarily of length d) such
that almost all the objects of .# of length d belong to these families (up to isomorphism).
Namely, just take all the one-parameter families of End_, (P)°P-modules of dimension at
most dm, and consider their images in .# under the equivalence.

If A is wild, then for every finite dimensional k-algebra B, there exists an exact embed-
ding mod B — mod End_,(P)°P that preserves indecomposability. Since mod End_, (P)°P
is equivalent to .#, we obtain such an embedding mod B — .# as well. In particular, this
means that given any finite exact module category .#’ over any finite tensor k-category
¢, there exists such an embedding .#’ — .#, since .#' is equivalent to the category of
modules over End_,/(P’)°P, for some (equivalently, every) projective generator P’ € .#'.
Therefore, when the module category .# is wild, then it contains every finite exact module
category.

Remark 2.3. When H is a finite dimensional Hopf algebra over k, then the representation
type of the finite tensor category mod H is the same as the representation type of H as
a k-algebra, since H is a projective generator in mod H.

Next, we recall a concept which will play a key role in the main result. As recalled
in Remark 2.1(1), every object M of .# admits a projective cover, and therefore also
a minimal projective resolution (P.,d.). This is unique up to isomorphism, and is a direct
summand in every projective resolution of M. The n™® syzygy of M is the image of d,,; we
denote it by Q", (M), and by Q. (X) for an object X € €. The complezity of M, denoted
cx_ g (M), is now defined to be

ex (M) = inf{c € NU {0} ] FbeR and m e Nwith £ 4(P,) <bn*! forall n>m}

where ¢_,(—) denotes the length of objects in .#. The following lemma shows that if for
a fixed length, there are infinitely many non-isomorphic objects in .# of complexity at
least two, then . is wild. This is an application of results of Crawley—Boevey [11] in this
category setting.

Lemma 2.4. Let k be an algebraically closed field, (¢, ®,1) a finite tensor category over k,
and (M ,*) a finite exact €-module category. Suppose there exists an integer d for which
the following holds: there exist infinitely many non-isomorphic indecomposable objects
M € A of length d with cx_z(M) > 2. Then # is of wild representation type.

Proof. Let Pi,..., P, be a complete set of representatives of the isomorphism classes
of indecomposable projective objects in .#, and denote the finite dimensional k-algebra
End 4(P1 @ --- @ P,)° by I'. By Remark 2.1(3), the category mod T is equivalent to .#,
hence I' is selfinjective since .# is quasi-Frobenius. Moreover, as P; ¢ P; when i # j,
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the algebra I' is basic, and therefore a Frobenius algebra by [33, Proposition 1V.3.9].
Denote by v its Nakayama automorphism, which is unique up to composition with an in-
ner automorphism. By [33, Proposition IV.3.13, Theorem IV.8.5], the Auslander—Reiten
translate 7 is naturally isomorphic to Q%(,(—)) as functors on the stable module cate-
gory mod T, where the latter is the functor that maps a module N to Q&(,N). Here ,N
is the twisted I'-module that equals N as a k-vector space, but with module operation
z-m=v(x)m for x € " and m € N.

Since .# is equivalent to modT', the assumptions in the statement imply that there
exists an integer d for which the following holds: there exist infinitely many non-isomorphic
indecomposable I'-modules N of length d, with cxp(N) > 2. Let m be the maximum of
the dimensions (as k-vector spaces) of the simple I-modules. Then dimy N < mfp(N) for
every N € modT, so there must exist an integer d’ for which the following holds: there
exist infinitely many non-isomorphic indecomposable I'-modules N with dim; N = d’, and
with exp(N) > 2. For each such module N, necessarily 7(N) # N. If not, then Q2(,N)
and N are isomorphic in mod I'; and since projective covers commute with automorphism
twistings of any kind, it follows that Q&(NN) ~ ,N. Then by induction Q¥ (N) ~ ,» N for
every n > 1, and consequently cxp(N) < 1, a contradiction. Therefore 7(N) % N. By [11,
Theorem D], T is of wild representation type. O

We end this section with a rather long example illustrating Lemma 2.4. For finite
dimensional Hopf algebras other than group algebras of finite groups, it is not generally
understood which ones are of tame representation type. Even for restricted enveloping
algebras of Lie algebras, there is at present no general classification; although for exam-
ple [19, 21] give classifications in many settings, it is usually assumed that the characteristic
is not two. Of the known cases, most tame Hopf algebras are special biserial, for example
blocks of restricted enveloping algebras of s[(2), or Drinfeld doubles of Taft algebras.

Example 2.5. Assume that the characteristic of the (algebraically closed) field & is p > 2,
and let A be a finite dimensional local k-algebra with two independent generators x and y.
That is,  and y are in the Jacobson radical rad(A) and are linearly independent modulo
rad(A)2. There is a one-parameter family {M) | A € k} of two dimensional A-modules,
with z and y acting on M, via the two matrices

0 A 0 1
0 0) = (6 o)
respectively. These modules are indecomposable since, for example, the latter is an inde-
composable Jordan block. One also checks that My % M, when A\ # u. Consequently, if
A is a Frobenius algebra, and cx4(M)) > 2 for each (or infinitely many) A € k, then A is
of wild representation type, as shown in the proof of Lemma 2.4.

Suppose, for example, that A = kG, the group algebra of a finite group G. If
cxa(My) =1, then My must be a periodic module; see [3, Theorem 5.10.4]. Since M)
is then also periodic when restricted to a subgroup, in particular an elementary abelian
subgroup of rank one, the dimension of M) must be divisible by p. This cannot happen
when p > 3, and so in this case cxa(My) > 2 for all A € k. The algebra A is therefore
wild when p > 3. More generally, for such p, a group algebra kG is wild whenever G has
a factor group isomorphic to C, x C,,. Namely, the group algebra of the latter is isomorphic
to k[z,y]/(«P,yP), and an algebra having a wild factor algebra is itself wild.
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Assume now that p = 2. The modules constructed above may then have complexity
one. For example, consider the algebra

k(z,y)/(2*,y*, zyzy — yryz)

which is isomorphic to the group algebra of the dihedral group of order 8. This algebra is
tame (see [14, Chapter III]), and in this case, the modules M) are periodic, of period two
(see [31, Theorem in Appendix]).

For our local algebra A and p = 2, we now construct a new one-parameter family
{Nx | A € k} of A-modules, this time of dimension three. Note first that both the
generators = and y are nilpotent; let us restrict ourselves to the case y?> = 0. If also
x? = 0, then A is special biserial, and therefore tame; see [35, Corollary 2.4]. Assume
therefore that x has nilpotency index a > 3, and also that x and y commute. Now define
Ny by letting x and y act via the two matrices

0 X 0 0 01
0 0 A and |0 O O
0 0 0 0 00

respectively. When restricted to the subalgebra generated by x, this module is indecom-
posable, hence it is also indecomposable over A. Moreover, as for the modules M), it can
be shown that Ny # N, when A # p. Finally, it can be shown that, since p = 2, these
modules are not periodic, and that our assumptions on the algebra A then forces them to
be of complexity at least two. The algebra is therefore wild. Note that A is isomorphic
to a factor algebra of the group algebra of any abelian 2-group of rank 2 other than the
group of order 4, and hence such group algebras are also wild.

As a concrete application, let us look at connected Hopf algebras of dimension p>.
An almost complete classification of these algebras was given in [29], the exception being
those for which the primitive space is a two dimensional abelian restricted Lie algebra.
We shall determine the representation type of those algebras from the classification that
are isomorphic to enveloping algebras of restricted Lie algebras; they are the ones labelled
by C5, C6 and C15 in [29], see [16, Proposition 6.1]. In each case, the Lie algebra L is
three dimensional, with a basis {z,y, 2z} satisfying [z,y] = 2.

For the algebra C5, the element z is central in L, and the p-map is trivial. Then
A = UPI(L) has the presentation

k(z,y)/(2P,y?, (zy — yz)P, xy — yx is central).

Let a be the ideal of A generated by the element zy — yz. Then A/a is isomorphic to
k[z,y]/(«P,yP), which again is isomorphic to the group algebra of C}, x C,. When p > 3,
this algebra is wild, and then so is A. When p = 2, then A is isomorphic to the group
algebra of the dihedral group of order 8, and therefore tame.

For the algebra C6, the commutator [x,y] is again central. In this case, the algebra
A = UPI(L) has the presentation

k(z,y)/(yf, 2P — (xvy — yx), (zy — yz)?P, vy — y is central).

As in the previous case, with a the ideal of A generated by the element zy—yx, the algebra
A/a is isomorphic to k[z,y|/(zP,yP). Thus A is wild when p > 3. When p = 2, then by
changing the generators from z,y to x 4+ y,y we see that also here A is isomorphic to the
group algebra of the dihedral group of order 8, and therefore tame.
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Finally, for the algebra C15, the Lie algebra is s(2), and its restricted enveloping algebra
is tame. It has one simple block, and all other blocks are Morita equivalent to Kronecker
algebras; see for example [25] and [15, p. 450].

3. THE MAIN RESULT

As in the previous section, we fix an algebraically closed field k. Furthermore, let us fix
a finite tensor category (¢, ®,1) over k, together with a finite exact ¥-module category
(A, ).

For objects M, N € .#, we shall denote the graded k-vector space @32, Ext", (M, N)
by Ext*,(M, N), and similarly for objects in . The cohomology ring of € is ExtZ(1,1),
which we denote by H*(%). Since the module product is exact in the first variable, there
is a homomorphism

H*(¢) -2 Bxt*, (M, M)

of graded k-algebras, induced by — x M. This makes Ext*, (M, N) into a right H*(%¢)-
module, via ¢y followed by Yoneda composition. Similarly, it becomes a left H*(%)-
module via py. By [7, Corollary 2.4], the left and the right module structures coincide up
to a sign for homogeneous elements. In particular, by taking .# = ¢ and M = N =1,
we see that the cohomology ring H* (%) is graded-commutative; this was proved in a more
general setting in [34, Theorem 1.7]. It was conjectured by Etingof and Ostrik in [18]
that H*(%) is always finitely generated as a k-algebra, and that ExtZ (X, X) is a finitely
generated H*(%)-module for every object X € ¥. This conjecture is still open, and so we
therefore make the following definition.

Definition 3.1. The finite tensor category (%, ®, 1) satisfies the finiteness condition Fg
if H*(%) is finitely generated, and ExtZ (X, X) is a finitely generated H*(%)-module for
every object X € .

Note that this finiteness condition only involves the objects of . A priori, then, it has
nothing to do with the module category .# and the cohomology of its objects. However,
by [28, Proposition 3.5], when Fg holds for &, then .# satisfies a finiteness property on
cohomology as well: for every object M € .#, the H*(%¢)-module Ext*, (M, M) is finitely
generated as a module.

When Fg holds for ¥, then we obtain a quite powerful theory of support varieties for
the objects of .Z, as explored in [6, 7]. In the proof of the main result below, we shall
make use of these varieties, so we recall here some definitions.

Definition 3.2.
(1) We define

(%) = {H;E%) %f the characteristic of k is two,
H**(¥¢) if not.

Furthermore, we define mgp to be HT (%), that is, the ideal in H' (%) generated by
the homogeneous elements of positive degrees.

(2) For an ideal a C H'(%), we denote by Z(a) the set of all maximal ideals in H*(%)
containing a.

(3) For an object M € .#, we define aps to be the annihilator ideal of Ext*, (M, M)
in H'(¢), and the support variety V. (M) to be {mo} U Z(ax).
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Some comments are in order here. First, note that H'(%) is commutative in the or-
dinary sense, since H*(%) is graded-commutative. The latter also implies that when the
characteristic of k is not 2, then the homogeneous elements of odd degrees square to zero.
So when passing from H*(%) to H'(%), we gain ordinary commutativity and get rid of
only nilpotent elements. We do not lose anything in relation to the support variety theory;
note that the definition of the finiteness condition Fg is equivalent to the version where
we replace H* (%) by H'(%).

Next, note that since k is algebraically closed, the degree zero part of H'(%), which is
Homy (1, 1), is just k, because the unit object is simple. Therefore mg is a maximal ideal
in H'(%), and it is the unique graded maximal ideal. Now given any object M € .#, the
annihilator ideal ay; is a graded ideal of H' (%), and is therefore contained in mgy as long
as Ext*, (M, M) is nonzero. The latter is the case if and only if M itself is nonzero, and
so we see that the explicit inclusion of mg in the definition of the support variety V., (M)
only matters when M = 0.

Finally, note that when the assumption Fg holds, then the complexity of the objects
of . is an invariant with several nice properties, as shown in [7, Theorem 2.11]. For
example, the complexity of an object M € . is finite and equal to the dimension of the
support variety V (M), which by definition is Kdim H*(%¢")/ajs (here Kdim denotes the
Krull dimension). In particular, cx_4 (M) is at most Kdim H*(%).

Now to the main result. It states that if Fg holds and .# contains an object of complex-
ity three or more, then .# is of wild representation type. Compare with [9, Theorem 4.1]
for selfinjective algebras: if I' is a finite dimensional selfinjective algebra over k that has
a module M with complexity at least three, and Exty (M, M) contains a finitely generated
subalgebra over which it is a finitely generated module, then I' has wild representation
type. Compare also with [23, Theorem 2.1], an analogous result for categories of modules
of selfinjective algebras satisfying instead a finiteness condition on Hochschild cohomology.

Theorem 3.3. Let k be an algebraically closed field, (¢,®,1) a finite tensor category over
k, and (M ,*) a finite exact €-module category. If Fg holds, and there exists an object
M € A with cx_4(M) > 3, then the category M is of wild representation type.

Proof. Suppose Fg holds and there is an object of complexity at least 3 in .#. By the
reduction of complexity result [7, Theorem 2.11(6)], there exists an object M € .# with
cx_y (M) = 3. Furthermore, as explained in the paragraph following [7, Corollary 3.2], the
set of minimal primes lying over the annihilator ideal ay; in H'(%) is finite, and they are
all graded; let us denote them by ty,...,t,. Then V. ,(M) = Z(v1)U---UZ(r,), and since
Kdim H* (%) /ayr = 3, one of these primes, say t1, is of coheight three.

Since tp is graded, it is of the form ({1, ..., ;) for some homogeneous nonzero elements
(i € H(¥), say of positive degrees n;. FEach (; corresponds to a nonzero morphism
Q7 (1) — 1, which must necessarily be an epimorphism since 1 is a simple object. Denote
the kernel of this morphism by L¢,. By [7, Theorem 2.11(3)], there are equalities

V(L @@ L)« M) =Z(C1)N---NZ(G) N V.4 (M)
=Z(C1y. 5 C) NV, 4 (M)
= Z(t1) N V.4 (M)
=Z(v)
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and so we see that the object (L¢, ® -+ ® L¢,) * M is also of complexity 3. By replacing
M with this object, we may without loss of generality suppose that V 4 (M) is irreducible,
that is, there is a unique minimal (graded) prime p lying over ap; in H'(%).

Consider the ring H*(%¢)/p. Since its Krull dimension is three, the Noether normaliza-
tion lemma applies: there is a polynomial ring S = k[w;, wa, ws] C H(%)/p over which
H'(%)/p is a finitely generated module. Moreover, we may suppose that the elements
w1, ws, ws are homogeneous, and have positive degrees. The ideal p is contained in the
ideal my generated by all homogeneous elements of positive degree, and so the degree
zero part of H'(%¢)/p is k. Now from standard commutative algebra (see, for example,
[1, Chapter 5]), we obtain some important properties. First of all, since the ring extension
is integral, the going-up property holds, and the contraction map Spec H'(%¢)/p — Spec S
is surjective. Moreover, since both S and H'(¢")/p are integral domains, and S is inte-
grally closed in its field of fractions (it is a unique factorization domain), the going-down
property holds as well.

Let g1 be a prime ideal in H' (%) /p with q1NS = (w1). By the going-up property, there is
a chain of primes q; C q2 C q3 in H'(¢")/p with q2NS = (w1, w2) and q3NS = (w1, we, w3).
Each g; is of the form p;/p for a prime ideal p; C H'(%'), and so we obtain a chain

pCp1 Ch2 CPp3

in SpecH'(%). Now, as elements of H'(¢")/p, write each of w; and wy as w; = n; + p for
some homogeneous element 7, € H' (%) of positive degree. Then since w; € q; \ {0} and
wy € g2\ q1, we see that n; € p1\p and 72 € pa\ p1. Choose positive integers s, t such that
the homogeneous elements 75,74 are of the same degree, and let o € k be any element.
Finally, set n = nj + an and consider the object

My = Ly+ M

where L, € ¢ is defined in the same way as the objects L, from the beginning of the
proof. We shall prove that cx_,(M,) = 2 for every « € k.
First note that there are equalities

Z(am,) =V.y(Ma) = Z() N V.40 (M) = Z(n) N Z(ar) = Z(an + (), (1)

where the second equality is by [7, Theorem 2.11(3)]. By Hilbert’s Nullstellensatz (see
e.g. [13, Theorem 1.6] or [27, Theorem 25]), we see that /@y, = v/ay + (), where \/a
denotes the radical of an ideal a C H*(%¢"). Therefore the complexity of M,, which equals
Kdim H* (%) /au,,, is the same as Kdim H* (%) /(aps + (1)). Furthermore, as p is the unique
minimal prime in H'(%) lying over ayy, the latter equals Kdim H*(%)/(p+(n)). As this last
ring is isomorphic to (H'(%)/p)/(w5 + aw}), it suffices to show that the Krull dimension of
(H(€)/p)/(w§ +aw}) is two. For this, note that since H'(%’)/p is an integral domain, and
the element w{ + aw} is nonzero (the elements wy and wy are algebraically independent),
Krull’s Principal Ideal Theorem (see [13, Chapter 10] or [27, Theorem 18]) implies that
every minimal prime in H'(¢)/p lying over w$ + aw} has height one. Combined with
the fact that every maximal ideal of H*(%)/p is of height three (see [13, Corollary 13.4]),
we see that the Krull dimension of (H'(%€)/p)/(w$ + awl) must be two. This shows that
cxX gy (My) = 2.

In general, the complexity of a direct sum of objects equals the maximum of the complex-
ities of the summands. Therefore, the indecomposable summands of M, are of complexity
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at most two, and at least one summand is of complexity two. For each o € k, choose an in-
decomposable summand N, of M,, with cx 4(N,) = 2. We shall prove that N, % Ny
when a # 5.

Suppose that N, is isomorphic to Ng, with o # 3. Then
Z(an,) = V.g(Na) = V.y(Ng) = Z(an,),

giving \/an, = ,/an, as a consequence of Hilbert’s Nullstellensatz. Choose a chain pi C
phy C ph in SpecH'(¥) with ay, C pi; this is possible since Kdim H'(%¢")/an, = 2. Note
that ay, is also contained in p} since \/an, = /@N,. Now since N, is a direct summand
of My, the H'(¢)-module Ext*, (N4, No) is a direct summand of Ext*,(M,, M, ), giving
ays, C an,. From (f) above and Hilbert’s Nullstellensatz, we then obtain

Vo + (o +anb) = /aw, C Van,

and in particular 7 + anb € \/ay, . Similarly, since /Ay, = V/ON,, we see that nf + B €
VN, - Consequently, both ni + anb and nj + Bnh are elements of p}j. As o # 3, both 7§
and 1%, and therefore also the elements 7y and 77, must belong to p.

From the inclusions ays, C ay, C p}, and the fact that the prime ideal p is the unique
minimal prime containing az,, we see that p C pj. The chain p| C p) C p4 therefore
corresponds to a chain q} C g5 C g5 in Spec(H' (%) /p), with w1, ws € g} since 11,72 € pi.
Then g} N S is a prime ideal in S containing both w; and wsy, and so there is a chain
0 C (w1) C (g4 NS) in Spec S. By the going-down property, there is a corresponding chain
0 C q4 C ¢} in Spec(H'(€)/p), with q; NS = (wy). This gives a chain

0CdyCqr Cdy Cay
in Spec(H'(¥)/p), so that Kdim H'(¢")/p > 4. However, the Krull dimension of H'(¢)/p
is three, and so we have reached a contradiction. This shows that N, % Ng when a # (.
Finally, consider the length of each object V,. First of all, since this object is a summand
of M, we obtain the inequality ¢ ,(Ny) < ¢ 4(M,). Now recall that M, = Lys yomt * M,
where Lys ¢ is the kernel of an epimorphism Q% (1) — 1 in ¢, with n the degree of
n§ + anb. The module product — % M is exact, so from the exact sequence

0—L t — (1) —1—0

n; +amn,

in ¥, we obtain an exact sequence
0— My, — Qp(1)« M — M — 0

in .#. Consequently, we see that € ,(No) < £4(Q%(1) * M) for every o € k. As k is
infinite, this implies that there exists an integer d with the property that ¢ 4(N,) = d for
infinitely many elements « € k. Therefore, by Lemma 2.4, the module category .# is of
wild representation type. O

When Fg holds, by [6, Theorem 4.1], the complexity of the unit object 1 € € equals the
Krull dimension of H'(%), and cx¢(X) < cx¢(1) for every object X € ¥. Consequently,
we see that Kdim H*(%) > 3 if, and only if, there exists an object X € € with cx¢(X) > 3.
We therefore obtain the following corollary of Theorem 3.3.

Corollary 3.4. Let k be an algebraically closed field and (¢, ®,1) a finite tensor category
over k. If Fg holds, and Kdim H*(¢) > 3, then the category € is of wild representation

type.
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We end by illustrating the above theorem and corollary with examples of higher Verlinde
categories and crossed product categories.

Example 3.5 (Higher Verlinde categories). Let k be an algebraically closed field of posi-
tive characteristic p, and let n be a positive integer. Let ¢ = Very,» be a Verlinde category
(see for example [4, 10] for definitions). These are incompressible finite tensor categories
of moderate growth. Their importance is due to the result of Coulembier, Etingof, and
Ostrik [10] that every pretannakian category of moderate growth has a tensor functor
to an incompressible category of moderate growth. In positive characteristic, the latter
are conjectured to be precisely the subcategories of these Verlinde categories (including
Ver,~) as classified in [5, Corollary 4.6]. The n = 1 case Ver,, is semisimple for all p, being
the semisimplification of the category of representations of Z/pZ. Benson and Etingof [4]
proved generally that H*(Very») is finitely generated of Krull dimension n — 1. By our
Corollary 3.4 then, Ver,» is of wild representation type for all p and all n > 4. Likewise,
by Theorem 3.3, any finite exact Ver,»-module category having an object of complexity
at least 3 is of wild representation type, as long as n > 4. Corollary 3.4 does not apply to
the nonsemisimple Verlinde categories Ver,2 and Ver)s.

Example 3.6 (Crossed product categories). In [8], we studied crossed product categories
% x G where € is a finite tensor category and G is a finite group acting by tensor autoe-
quivalences. As abelian categories, these are equivalent to the Deligne products ¢ X Vecg,
where Vecg is the category of G-graded finite dimensional vector spaces over k. The
crossed product category € x G is a finite exact ¥-module category. Thus Theorem 3.3
applies to € x G.
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