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Global dimensions of local geodesic ghor algebras

Karin Baur ™ and Charlie Beil “*

ABSTRACT. A ghor algebra is a path algebra with relations of a dimer quiver on a compact surface.
We show that the global dimension of any cyclic localization of a geodesic ghor algebra on a genus
g > 1 surface is bounded above by 2g + 1. This number coincides with the Krull dimension of the
center of the ghor algebra. We further show that the bound is an equality if and only if the point of
localization sits over the noetherian locus of the center.

1. INTRODUCTION

Ghor algebras are a type of noncommutative algebra constructed from oriented graphs
on surfaces, called dimer quivers. In this article we establish new connections between their
representation theory, the topology of surfaces, and nonnoetherian algebraic geometry.

Algebras constructed from dimer quivers were introduced in physics in 2005 [18, 19].
Since then, they have found numerous applications to both mathematics and physics; see
for example [3, 12, 13, 15, 17, 20, 22, 23] and references therein.

A dimer quiver @ is a quiver that embeds in a surface 3, such that each connected
component of ¥\ @ is simply connected and bounded by an oriented cycle, called a unit
cycle. The dimer algebra of @ is then the quotient kQ/I of the path algebra kQ by the
ideal

I =(p—q| 3Jae Qg such that pa,ga are unit cycles) C kQ, (1.1)

where p, g are paths and @) is the set of arrows of ). Dimer algebras on a torus have
exceptional algebraic and homological properties (see for example [6, 13, 14, 16]). In
particular, let A = kQ/I be a noetherian dimer algebra on a torus, let R be its center,
and let m be the maximal ideal at the origin of the algebraic variety Max R of R. Then
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the Krull dimension of R and the global dimension of the localization Ay := A ®g Rm
coincide,

gldim Ay, = 3 = dim R = ht(m). (1.2)

However, this remarkable relationship between global dimension and Krull dimension dis-
appears on higher genus surfaces.

Indeed, if kQ/I is a dimer algebra on any surface of genus > 2, then its center is
the polynomial ring in one variable, Z(kQ/I) = k[o] (Lemma 2.6). Thus, there can be
no interesting relationship of the form (1.2). We therefore desire a new kind of algebra,
constructed from dimer quivers, that is able to maintain such a relationship on higher
genus surfaces. The purpose of this article is to identify a class of algebras with this
property.

The algebras we will consider are quotients of dimer algebras called “ghor algebras”,
introduced in [8]. A ghor algebra A is the path algebra of a dimer quiver @ on a surface ¥,
modulo relations determined by the perfect matchings of Q); precise definitions will be given
in Section 2. A ghor algebra is intimately related to the topology of the surface its quiver
is embedded in. For example, homotopic paths in @) are identified in A, up to unit cycles.

On a torus, the dimer and ghor algebra of the same quiver are equal if and only if either
is noetherian, if and only if the dimer algebra is a so-called noncommutative resolution,
if and only if the dimer algebra is cancellative on paths [6, 14, 16]. In stark contrast to
dimer algebras, however, there are nonnoetherian ghor algebras which are noncommutative
resolutions (a property that may hold for all ghor algebras) [5, 8].

In this article we will restrict our attention to ghor algebras that are geodesic, meaning
that they have enough “straight line paths”. This is a very natural property as it generalizes
the key notion of cancellativity (or “consistency”) of dimer algebras on a torus to surfaces
of arbitrary genus.

Let A be a geodesic ghor algebra, and let R be its center. An essential role in our
study will be played by the cycle algebra S of A, defined in (2.3). This is a noetherian
subalgebra of k[P] generated by the cycles in @, where P is the set of perfect matchings
of . The center R, in turn, is a subalgebra of S [2, Theorem 3.8].

If the surface is a torus, then R = S [6, Theorem 1.1]. On higher genus surfaces,
however, R is almost never noetherian, and so R is properly contained in S. Nevertheless,
the geometry of R can be understood from the geometry of S [2, Theorem 4.8].! For
this reason, S is called a depiction of R. Specifically, Max R may be identified with
the algebraic variety Max S, except that some positive dimensional subvarieties of Max S
become closed points [4]. The complement of these subvarieties is called the noetherian
locus, denoted Ug/r C Max S, and is the open dense set where R and S locally coincide,

Us/r = {n € Max S| Rynr = Sn} = {n € Max S| Rynp is noetherian}. (1.3)

Localized at points in this locus, A becomes an endomorphism ring of a module over its
center [2, Theorem 5.3].

Our main result is a bound on the global dimension in terms of the topology of the
surface.?

Theorem A (Theorem 6.3). Let ¥ be a smooth genus g > 1 surface. Let A = kQ/kern
be a geodesic ghor algebra on % with center R and cycle algebra S. Then for each maximal

IFor this statement, the ground field k is assumed to be uncountable.
2The algebra homomorphism 7 in the statement of the theorem is defined in (2.1) below.
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ideal n € Max S, the global dimension of the cyclic localization A, is bounded above by the
Krull dimensions of R and S,

gldim A, < dim R =dim S =rank H;(2) +1=2¢+1, (1.4)
with equality if, and only if for g > 2, n is in the noetherian locus Ug/p C Max S.

We note that the theorem holds for any surface obtained by identifying the opposite
sides, and all of the vertices, of a regular polygon with an even number of sides. In
particular, it also holds for genus g > 1 surfaces with a pinched handle. In the pinched
case, equality in (1.4) is equivalent to n being in Ug,p for any genus g > 1.

We conjecture that the strict inequality gldim A, < dim R over the nonnoetherian locus
Max S\ Ug/r generalizes the relation (1.2) to

gldim A, = ght(nN R) < 2¢g+ 1,

where ght(nN R) is the so-called “geometric height” of the maximal ideal nN R of R. This
new notion of height, introduced in [4], corresponds to the codimension of the correspond-
ing positive dimensional point in Max R.3

2. PRELIMINARIES: GEODESIC GHOR ALGEBRAS

Throughout, k is an algebraically closed field.

Let ¥ be a compact orientable surface of genus g > 0, either smooth or pinched at
one point (i.e., with two points identified). We allow pinching so that we have a surface
of Euler characteristic x(X) = —n for each positive integer n € N, rather than just the
even integers that come from smooth surfaces, where x(X) = 2 — 2g. This generality is
important for ghor algebras because the Krull dimension of their centers is directly related
to the Euler characteristic of X; see [2, Theorem 4.12].

The surface ¥ may be obtained by identifying the opposite sides, and all of the vertices,
of a convex 2N-gon P, where N = 2¢ if ¥ is smooth, and N = 2¢g + 1 if ¥ is pinched.?
P is then a so-called fundamental polygon of ¥. Furthermore, if N = 2, that is, X is
a torus, then its cover X1 is R?. If N > 3, then its cover X1 is the hyperbolic plane H?.
In either case, X7 is tiled by regular 2N-gons P, with 2N 2N-gons meeting at each corner
of each 2/N-gon.

Let @ be a dimer quiver on ¥: each connected component of 3\ @ is simply connected
and bounded by an oriented cycle called a unit cycle. @ then has an (infinite) covering
quiver QT , obtained by lifting @) to the universal cover ¥ of X.

To define the ghor algebra of (), some combinatorial notions are needed: a perfect
matching of Q) is a set of arrows x C @)1 such that each unit cycle contains precisely one
arrow in x. A perfect matching x is then simple if, given any pair of vertices i,j € Qo,
there is a path from ¢ to j which avoids all arrows of x (that is, @ \ = is the support of
a simple kQ-module of dimension vector 19°). Examples of perfect matchings are given
in Figure 2.1. Denote by P, S the set of perfect and simple matchings of @, and by k[P],
k[S] the polynomial rings with generating sets P, S.

In the following, let e;; € M, (k) be the n x n matrix with a 1 in the i;j'" slot and zeros
elsewhere.

3Specifically, for p € Spec R, ght(p) is the infimum of heights of ideals sitting over p over all depictions
of R.

41f we only require the opposite sides of P to be identified, but not all the vertices, then all the vertices
will nevertheless be automatically identified if N is even, but not if N is odd. If N = 2g 4+ 1 is odd, then
the resulting surface will be a smooth genus g surface just as in the even case.
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FiGURE 2.1. The dimer quiver () and its perfect matchings for Exam-
ple 2.2.

Definition 2.1 ([5, 8]). The ghor algebra of a dimer quiver @ is the quotient A :=
kQ/ kern by the kernel of the algebra homomorphism?®

defined on the vertices i € Qg and arrows a € J1 by
n(e:) = eii n(a) =enwyi@ I 2 (2.1)
z€P 1 x3a

Using simple matchings, we define the algebra homomorphism 7 : kQ — M, (k[S])
similar to n except that P is replaced by the smaller set S in (2.1).

For i,j € Qo and p € e;jkQe; (or, by abuse of notation, p € ejAe;), denote by 7(p) resp.
7(p) the single nonzero matrix entry of 7n(p) resp. 7(p). We will often write p for 7(p)
or 7(p). Then, for x € P and an arrow a € @)1, we have

r3a <= z[a.

Recall the definition of a dimer algebra in (1.1). Ghor algebras A = kQ/kern are
quotients of dimer algebras kQ/I since I C kern. Indeed, if pa, ga are unit cycles with
a € Q1 an arrow, then the paths p and ¢ are labeled by monomials p, ¢ that include
precisely one variable for each perfect matching which does not contain a,

Whence, n(p) = enp) 1P = 1(q). Therefore p — g is in kern.
We illustrate how dimer algebras and ghor algebras differ in the following example.

5The word “ghor” is Klingon for surface.
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Example 2.2. Consider the ghor algebra A = kQ/kern on a torus with fundamental
polygon shown in Figure 2.1(i). To describe A explicitly, observe that @ has five perfect
matchings: three which are simple, labeled z,y, z in (ii); and two which are not, labeled
u,v in (iii). The matching u resp. v is not simple because @ \ u resp. @ \ v has a source
at vertex 2 resp. 3. These matchings yield the monomial labeling of arrows given in (iv).
A is then obtained by identifying any two paths with coincident tails, coincident heads,
and equal monomial labelings.

For example, the orange path baad and green path b'aad’ in (v), drawn on the cover
Q™ , have equal monomial labelings,

baad = (xu)zzy = (yu)zzx = baad’,

and are therefore equal in A since the variables x,y, z, u,v commute. These two paths,
however, are clearly not equal in the dimer algebra kQ/I.
The algebra homomorphism 7 in (2.1) is explicitly given by n(e;) = e;; and

2 0 0 0 0 0 0 0 0
n(a@)=10 0 0], nd)=[zu 0 0], n)=|yu 0 0],
000 0 0 0 0 00

000 0 0 0 00y 00
ne)=10 0 of, n)={0 0 0, nd=[0 0 0], nd)={0 0 0.
0 v 0 0 zv 0 00 0 00 0

Note that the row resp. column of each nonzero matrix entry is specified by the head resp.
tail of the corresponding arrow (with Qo = {1,2,3}). The algebra homomorphism 7 is
then obtained by setting v = v =1 in 7.

Again let Q) be a dimer quiver on ¥, and let P be a fundamental 2N-gon of ¥.. Label the
sides of P counterclockwise around P, {1,...,2N}. Let p be a cycle in @, and denote by
m; the number of times p transversely intersects side j of P. Let €1,...,enx be a standard

basis for ZV. We call
N

[P :=_(mj —mjin)e; € ZV,
j=1
the class of p.

Recall that Hy(X) := H;(X,Z) is the free abelian group on cycles modulo homology
relations: two cycles p, ¢ are homologous if there is an oriented surface in ¥ whose boundary
is p — ¢ (i.e. cutting the surface along p and backwards along ¢ cuts the surface in two).5
Figure 2.2 (i) shows an example of two cycles p, ¢ that are homologous but not homotopic.
If ¥ is smooth (that is, N is even), then [p] is the homology class of p in Hy(X) = ZV. In
contrast, if ¥ has a pinched handle (that is, N is odd), then [p] is not the homology class
of p.

A special class of ghor algebras are those possessing enough “straight line paths”:

Definition 2.3 ([2, Definitions 3.3 & 4.5]). Let A = kQ/kern be a ghor algebra.

(i) We call a cycle p € kQ geodesic if there does not exist a cyclic permutation of
a representative of p + ker n whose lift to QT has a cyclic subpath.
(i) We call A geodesic if for any path p, 7(p) < 1 implies that p is a cycle with [p] = 0.

SNote that the concatenation of cycles p, ¢ in kQ is written multiplicatively, pg, whereas the concate-
nation of cycles in Hy(X) is written additively, p + g.
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54 52

S3

() (i)

FIGURE 2.2. A geodesic ghor algebra on a genus 2-surface 3, obtained by
identifying the opposite sides of the octagon. (i) The two cycles p,q are
geodesics, and homologous but not homotopic. (ii) A set of geodesic cycles
S1,...,Sg that spans H;(X) over N.

Observe that the orange and green cycles in Figure 2.1(v) are not geodesics. In fact,
there are no geodesic cycles at vertex 3 with homology class equal to that of the orange
and green cycles. Correspondingly, the ghor algebra A itself is not geodesic since 7(c) = 1.
In contrast, the ghor algebra on a genus 2 surface in Figure 2.2, and the ghor algebra on
a pinched torus in Figure 3.1, are both geodesic [1, Sections 3.2 & 3.3].

It was shown in [8, Proposition 4.28, Theorem 4.31] that noetherian ghor algebras on
a torus (i.e., Calabi—-Yau dimer algebras) are geodesic. If A is geodesic, then kern = ker 7
[2, Corollary 3.7]. In this case, it suffices to consider the smaller set of simple matchings,
rather than all perfect matchings, to determine the relations of A.

Notation 2.4. We denote by o; a unit cycle at vertex i € Q9. Observe that the monomial
7(0;) resp. 7(o;) is the product of all perfect resp. simple matchings, and thus does not
depend on i (see Example 2.5 below). Consequently, all of the unit cycles at a fixed vertex
are equal in A. To shorten notation, we write o for the monomial 77(o;) or 7(0;), depending
on the context.

Example 2.5. For the ghor algebra given in Example 2.2, we have ¢ = xyzuv since, for

example,
00 2\ /0 0 O 0 00
n(o1) = n(d)n(c)n®)={0 0 0){0 0 0){yu 0 0
0 0 0/\0 2zv O 0 00

zyzuv 0 0 c 0 0
= 0 0 0]=10 0 0].
0 0 0 0 00

By cyclically permuting oy = d’'c'b/, we similarly have

0 0 O 00 0
n(oa) = )n(d)n(d) = (0 o 0), n(o3) = n(d)n®)n(d) = (0 0 0).
0 0 0 0 0 o
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Geodesic ghor algebras reflect the topology of the surface in which they are embedded:
suppose A is geodesic, and let p, g be cycles in Q. Then by [2, Theorem 3.4],

pl=[qd <= p= go' for some ¢ € Z. (2.2)

In particular, if ¥ is smooth, then p and g are homologous if and only if p = go* for some
LeZ.

The main tools we will use in our study of ghor algebras are the two subalgebras of the
polynomial ring k[S],

R = k[Nicq,7(esAe;)] and S := k[Ujeq,T(esAe;)]. (2.3)

By [2, Theorem 3.8], R is isomorphic to the center of A. We call the finitely generated
overring S of R the cycle algebra of A.

We conclude with a lemma that motivates why we consider ghor algebras in place
of dimer algebras on surfaces with nonzero curvature. Specifically, we are interested in
relationships between the geometry of the center of the algebra and the topology of the
surface, and the lemma shows that the center of a dimer algebra on a curved surface X
has no relation to any topological properties of 3, such as its genus.

Lemma 2.6. Let kQ/I be a dimer algebra on a surface ¥ of genus g > 2. Then its center
Z(kQ/I) is the polynomial ring in one variable, Z(kQ/I) = k[o].

Proof. First observe that the sum o of unit cycles > .., 0; is in Z := Z(kQ/I) by the
dimer relations I in (1.1). Thus, k[o] is isomorphic to a subalgebra of Z.

Let z € Z \ k be another central element, and fix i € Qp. We may assume that p = ze;
is a cycle since ze; = ze? = e;ze;, and I is generated by differences of paths.

(i) Assume to the contrary that [p] # 0 in Hy(X). Since g > 2 and [p] # 0, there is a
cycle q € e;(kQ/I)e; for which the cycles pg and gp are homologous but not homotopic.
Thus, since each generator of I is a homotopy relation between paths in @, we have pq # ¢p
in kQ/I. But then p is not in Ze;, a contradiction.

(ii) So assume to the contrary that [p] = 0, but p # o} for any n > 1. It suffices to
suppose that, in the cover of ¥, no representative of p lifts to a cycle p* that intersects
itself. Let R, be the compact region in the cover bounded by a lift p* of a representative
such that R, contains a maximal number of unit cycles. By possibly cyclically permuting
p, we may assume that there is an arrow a € Q1 whose lift a™ has tail at t(p™), lies
outside of Ry, and for which ap contains no unit cycle subpath (modulo I). Then, by
the maximality of R,, ap cannot be homotopic to a path p’a using the dimer relations I.
Consequently p cannot be in Ze;, again a contradiction. ]

3. FINITE DIMENSIONAL AND SIMPLE REPRESENTATIONS OF GHOR ALGEBRAS

Let A be a k-algebra and V a finite dimensional left A-module. Recall that such a
module V' admits a composition series, that is, a filtration
0O=VwcWicVhacC---CV,=V,

with simple factors V;/V;_1. We denote the representation of A that defines its action on
Vj by p;j : A — Endi(V;). Set p := py.

The projective dimension of V is bounded above by the projective dimensions of the
simple factors V;/V;_1:

pdu (V) <max{pdy(V;/Vj-1)|j € 1,4} (3.1)
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Indeed, for each j € [1,/] there is a short exact sequence 0 — V;_; = V; = V;/V;_1 — 0,
whence a long exact sequence

0 — Hom(V;/V;_1,—) — Hom(V}, —) — Hom(Vj_1,—)
— Ext*(V}/Vj_1,—) — Ext*(V}, —) — BExt'(Vj_1,—) — ...
Thus, pd4(V;) < max{pd,(V;-1),pds(V;/V;-1)}. The bound (3.1) then follows.
Lemma 3.1. If V is indecomposable, then for each j € [1,¢] we have
anny(V;/Vj_1) = anngz (V1) € Max Z.

Proof. Let z € Z be a nonzero central element of A; then z is an endomorphism of V.
Since V' is indecomposable and of finite length, p(z) is either a scalar multiple of the
identity or nilpotent, by [21, Theorem 19.17].

If p(z) is a scalar multiple of the identity, say p(z) = « for some « € k, then z — « is in
anny(V;/V;_1) for each j € [1,/].

So suppose p(z) is nilpotent. Since V;/V;_; is simple, z acts on V;/V;_1 by either
a scalar multiple of the identity or by zero, by Schur’s lemma. But p(z) is nilpotent, and
so z cannot act by a scalar multiple of the identity on V;/V;_;. Thus, z acts by zero on
V;/Vj-1. Therefore z is in annz(V;/V;_1).

Finally, we show that annz(V}) is a maximal ideal of Z. The submodule V; C V is
simple, so the image p1(Z) is the base field k£ by Schur’s lemma. Consequently, the kernel
of the map Z 2% k is a maximal ideal of Z. But this kernel is the annihilator ann z(V1),
and therefore annz (V1) is a maximal ideal of Z. O

Thus, in determining global dimension, it suffices to look at simple modules:
Proposition 3.2. Let V be a finite dimensional indecomposable A-module. Then
pd4 (V) < max{pdy(U) | U simple and annz(U) = annz(V)}.
Proof. We have

pda(V) 2 max{pda(Vi/Vi—y) | j € [1. 4}

(1)
< max{pd4(U) | U simple and anny(U) = annyz(V)},
where (1) holds by (3.1), and (11) follows from Lemma 3.1. O

Now let A = kQ/ kern be a ghor algebra on a surface 3, let V be a left A-module, and
let 0 C V3 C --- C Vp =V be a composition series of V. In the following we show that
each simple factor V;/V;_; has k-dimension at most |Qo|.

Lemma 3.3. Let V' be a simple A-module. Then for each i € Qq, the k-dimension of e;V
is at most 1, dime;V < 1.

Proof. For each i € (), the subspace ¢;V of V is a simple e; Ae;-module. The lemma then
follows since e; Ae; is a commutative k-algebra and k is an algebraically closed field. [

Example 3.4. Let A be the ghor algebra on a pinched torus ¥ given in Figure 3.1. The
figure shows the support of four families of isomorphism classes of simple A-modules, each
parameterized by a subvariety of the algebraic variety Max S. In each example, an arrow
is represented by a nonzero scalar if and only if it is highlighted in blue. In the first
example, there is a one-dimensional vector space at every vertex. In the second and third
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FiGURE 3.1. The support of some simple modules, drawn in blue, over a
ghor algebra on a pinched torus.

examples, a vertex supports a nonzero vector space if and only if it is incident with a blue
arrow. In the last example, the only nonzero vector space is at the blue vertex. We will
call such a one-dimensional module a vertexr simple module.

4. CYCLIC LOCALIZATIONS

Let A be a k-algebra with prime center R. The central localization of A at a prime
ideal p € Spec R is the tensor product

Ay = A®R R,. (4.1)

The algebras we consider here are (isomorphic to) matrix rings A = [A;];; € Mu(B),
where B is an integral domain k-algebra that contains R.” Note that each Aij; € B is
a k-vector space, and each A; := A;; is a k-algebra. The central localization (4.1) may be
written

Ap = ([ARylij) © My (Frac B).

In the nonnoetherian setting, so-called cyclic localizations are more amiable than central
localizations. For example, cyclic localizations of ghor algebras remain path algebras
modulo relations, in contrast to their central localizations; this is shown in Lemma 4.4
below. Cyclic localizations were introduced in [5, Definition 3.1], and are used there and
in [7] to study homological properties of certain nonnoetherian matrix rings.

Definition 4.1. Let B be an integral domain k-algebra, and let A = [A;;]; ; € M, (B) be
a matrix ring. The cycle algebra of A is the union S = k[UJ; A;], and the cyclic localization
of A at a prime q € Spec S is the algebra

Ay = <[Aij(Aj)qﬂAj]iyj> C M, (Frac B).

Remark 4.2. Observe that the cyclic and central localizations coincide whenever the
center R is given by the intersection R = k[N;4;], and R = S. In particular, if R = S,
then A; = A; for each i,j € [1,n], and so A; = R for each i € [1,n]. Furthermore, under
mild assumptions, R = S if and only if R is noetherian, if and only if A is a finitely
generated R-module [4, Theorem 4.1.2].

"Here we are taking R to be a subalgebra of B, and the center of A to be R14 = R 1,, which we simply
identify with R itself.
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Now let A be a ghor algebra with cycle algebra S, and fix a prime ideal q € Spec S.

Definition 4.3. We call a path p locally invertible in A if there is an element ¢ €
€¢(p)Aqn(p) Such that
gp = eyp) and  pg = ey
Lemma 4.4. Every subpath of a locally invertible cycle in Aq is locally invertible.
Proof. Let p be a locally invertible cycle and let a be a subpath of p. By possibly cyclically
permuting p, it suffices to suppose that p factors into paths p = aq. Set
a l:= q ]Tl.

Then o~ ! is a path from €t(q) = €h(a) 1O €n(g) = €t(a), and al=gopt=al O

We call an element of a localization Aq a path if it is a concatenation of arrows and
inverse arrows in Ag. If a € Q1 is an arrow and ¢ € > is path for which ac is a unit
cycle, then we call ¢ the complementary arc to a.
Lemma 4.5. Let p,q be paths in a cyclic localization Aq. If

t(p") =t(¢") and h(p")=h(g"), (4.2)

then p = go™ for some n € Z.

Proof. Fix alocally invertible arrow a € ()1, and denote by c its complementary arc. Then

a‘lat(c) = c. Thus, if ¢ is a path in Ay consisting of precisely £ > 0 inverse arrows a !,

then qaf( g isa path in A. Furthermore, if p is a path in A for which (4.2) holds, then

+ +
t((qoty)) ") = tlg") =t(p") and h((gof,)" ) =h(g") =h(p").
Therefore there is an n € Z such that go‘*" = p, by (2.2). O

5. THE FIRST SYZYGY

Throughout, let A be a geodesic ghor algebra and V a simple left A-module. By cycle
we mean a nontrivial cycle, and by cyclic subpath we mean a proper subpath that is a cycle.

For each path p € @Y>¢, denote by p € k the scalar representing p with V' viewed as
a representation of @), i.e. p is the scalar by which p acts. Set

n:=anngV :={g € S| if s € ¢;Ae; satisfies T(s) = g, then sV = 0}.
Lemma 5.1. The annihilator n is a mazimal ideal of S.

Proof. The cycle algebra S is finitely generated over k since there are only a finite number
of cycles in Q without cyclic subpaths. Thus, S has a finite generating set consisting of
monomials; let g be a monomial in this generating set. Let ¢, j € Qg be vertices for which
there are cycles s; € e;Ae;, sj € ejAej such that 7(s;) = 7(s;) = g.
Suppose €; # 0 and set ¢ : = 5; € k. Then s; — ce; annihilates V', and
T(s;i —cej) = g —c.
If €; # 0 as well, then 5; = ¢ since V' is simple, by Schur’s lemma. If instead €; = 0, then
both s; and e; annihilate V. In either case, s; — ce; also annihilates V', and
T(sj — cej) = g — ¢ = T(s; — cej).

Therefore, g — ¢ is in n. But the field k is algebraically closed, and so n is a maximal ideal
of S by Hilbert’s Nullstellensatz. O
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Recall the noetherian locus Ug/g defined in (1.3).

Proposition 5.2. Let V be a simple A-module of dimension vector dimV = 190, Set
n:=anngV € MaxS and m :=nNR € Max R. Then Ry = Sy, and the corresponding
central and cyclic localizations coincide, Ay = An. In particular, n is in the noetherian
locus Ugjp C Max S of R.

Proof. Fix i € Qp. Since V is simple and dimV = 190, there is a cycle t € e; Ae; which
passes through each of Q such that ¢ # 0. Since t passes through each vertex,  is in R.
Thus, since t # 0, 1 is in Rm. Whence, t 1 is in Am = A ®p Ru.

Let s € A be any cycle. Factor ¢ into paths t = taey(,)t1. Then 5 = sty is in Ru.
Thus S C Rn C Sy, and so S, = Rn. Consequently,

?(eiAnei) C U ?(ejAnej) =S, =Ryu C ?(eiAmei) - ?(eiAnei).
JEQo
But then 7(e;Ane;) = T(e;Ame;). Therefore Ay = Ap. O

Let {e; | i € Qo, € # 0} be a basis for V, where e;e; = d;; whenever €; # 0. Consider
the module epimorphisms over A and over the cyclic localization A,

§:A—V, 6u:Ay—V,

defined on paths by p — pey () = Pey(y), and extended k-linearly to A and Ay respectively.

The kernels of the maps d and §, are the first syzygies of projective resolutions of V
over A and A,. Since the relations of A are binomial on the paths of (), there are two
types of generators for the kernels:

(a) binomial generators, which are elements of the form pg — gp for paths p,q € ejAqe;
satisfying p # 0 # ¢; and
(b) monomial generators, which are paths p satisfying p = 0.

Proposition 5.3. As left ideals of Ay,

a{Pa—p | p.a € Au paths with t(p) = t(q),h(p) = h(q), and P #0#q)

s € A a cycle with no cyclic subpaths and s # O>.

= An<3 — S€y(s)

Proof. Let p,q be paths in A, with t(p) = t(q), h(p) = h(q), and p # 0 # q. It suffices to
omit the scalars p, q, s € k and show that p — ¢ is in the left ideal

J = An<s — ey(s) | 8 € A a cycle with no cyclic subpaths and s # O>.

In Ay, each arrow supported on V is locally invertible, by Lemma 4.4. Fix i € Qo. Let
s,t be cycles in e;Ae; with § # 0 # ¢t. Then

ts—e=t(s—e)+ (t—e) € J,

s —e=—s"1(s—e;) € J,

s2—ei=—s s te)(s—e) €

It thus follows by induction that

An<s” —ey(s) | s € A acycle with 5 # 0; n € Z> C J (5.1)
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Now suppose s, t factor into paths s = sas1, t = toty in A, with h(s;) = h(¢1). Then (5.1)
implies
tits) — e = (sat1) (s —ei) + ((sat1) ™t —e;) € J. (5.2)
Whence,
s1—t1 =1 (t;lsl — ei) e J (53)
Furthermore, if ¢; factors into paths ¢;1 = r9r1 in A, and s3 € €z‘A€h(r1) is another path
supported on V', then (5.2) implies

83r5181 — e; = 831 (tflsl —ei) + (s3r1 —e;) € J.

Therefore, by induction, if r is any cycle in the localization Ay with 7 # 0, then r—e(,) € J.

Consequently, (5.3) implies that for our original paths p,q € Ay, their difference p — ¢ is
in J. ([l

Lemma 5.4. Ifi,j € Qo are vertices for which ¢; # 0 # ¢;, then
?(eiAnei) = ?(ejAnej).
Proof. Let s be a cycle in ejAqe;. Since V is simple, there are paths ¢t; € e;Ae; and

ta € ejAe; such that t %0 # 9. Set t := tot; (similar to the proof of Proposition 5.2).
Then the cycle t~'tyst; is in e;Ane; and has 7-image 3. O]

Proposition 5.5. As left ideals of Ay,

A“<p‘p € An a path withp =0 and ey, # O>
C a(s| s €A a cycle with no cyclic subpaths and 3 = 0).

Proof. Consider a path p = aq; € Awitha = 0 # g1 and €,y # 0. Set i := t(p). Since V' is
simple and ¢€y,(,) # 0, there is a path g2 € e;Aey(q) such that gz # 0. Set s := gaaq1 € e;Ae;.
We may assume that s has no cyclic subpaths by Lemma 5.4. Furthermore, ¢ is a locally
invertible path in A,, by Lemma 4.4. Therefore p = ¢~ 's is in Ays. O

Denote by &; the set of paths p in Aye; with no cyclic subpaths such that ey, = 0,
and where p is minimal with respect to this property.

Proposition 5.6. Fixi € Qq. As left ideals of Ay,

An<p ‘ p S Anei a path with gh(p) = 0>
C Aldp, s —3ei | p € Piss € ejAe; a cycle with no cyclic subpaths).

Proof. Let p € Ane; be a path for which e},,) = 0. Let s be a cycle in e;Aye;. We claim
that ps™ is in the left ideal (p, s — se;) C Ay. First observe that

ps = p(s —3e;) +3p € a,(p, s — 3e;).
Then, by induction,
ps" = p(s" — 3" e) (s — Fey) 4+ 3(ps™ ) + 3 Hps) — 3"p € A lp, s — Fe;).
The proposition then follows from Lemma 5.4. U
Theorem 5.7. As left ideals of Ay,

ker 5n = A,,< 91 S — §et(5)

1€ Qo; s € A a cycle with no cyclic subpaths>.
Proof. Follows from Propositions 5.3, 5.5, and 5.6. O
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F1GURE 6.1. The setup for the Berenstein—Douglas complex and its gen-
eralization in (6.3). Here, aj,b; € Q1 are arrows; u;,v; € Q> are paths;
and bjuja;, bj_1vja; are unit cycles.

6. PROJECTIVE RESOLUTIONS OF THE SIMPLE MODULES

Alongside cluster algebras, one of the main driving forces for the wide mathematical
interest in quivers with potential, as well as the construction of Calabi—Yau algebras,
was a specific projective resolution introduced by two physicists, Berenstein and Douglas
[9, Section 5.5].8 We first recall this resolution for the special case of (vertex simple
modules over) dimer algebras on a torus. We will then generalize the resolution to the
setting of geodesic ghor algebras on higher genus surfaces using a Koszul-like complex.

Let A = kQ/I be a dimer algebra, where I is the ideal of relations (1.1). We keep the
notation from Section 5 and write p € k for the scalar representing a path p in a given
simple A-module. Let V be the vertex simple A-module at ¢, that is, dimg V = 1 with
€j = 0;;. The Berenstein—Douglas complex of V is the projective complex

0 — Ae; M @ Aet(bk)

bp€e; Q1
uy —vo 0 0
0 (%) —U3 0
0 0 U3 0
a1
o 00 ow | Ln]

> @ Aeh(aj) ——= Ag¢; i) V —0,
a;€Q1e;
where bjujaj, bj_1vja; are counterclockwise and clockwise unit cycles at i respectively, as
illustrated in Figure 6.1, and d(p) =p-1 € k =V [9, Section 5.12].
On a torus, commutation relations of cycles in the quiver () are homotopy relations, and
so are accounted for in the Berenstein—Douglas complex. Indeed, for cycles p,q € e; Ae;,
we have

pg=qp <= pq is homotopic to ¢p.

8In fact, the notion of a quiver with potential was introduced by Berenstein in [10, 11].
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i =P

FIGURE 6.2. On a torus, commutation relations of cycles are homotopy
relations. The cycles p,q € e;Ae; are drawn on the torus cover R?, with
each square a fundamental domain.

This is illustrated in Figure 6.2. On genus g > 2 surfaces, however, commutation relations
of cycles are not homotopy relations in general, since such a surface has nonzero curvature.

We now construct a general projective resolution of simple modules over localized ge-
odesic ghor algebras. Let n be a maximal ideal of S, and fix a simple A,-module V. In
particular, anng V' = n. Recall the set of paths &Z; from Proposition 5.6. Set

Q6 2:{2'6620‘@2'750}.
To construct a projective resolution of V' we proceed in two steps:

Step (i): A modified Koszul part for non-homotopic homologous cycles. Recall that the
fundamental polygon of ¥ has 2N sides, and ¢ := [[,cs is the product of all simple
matchings as defined in Notation 2.4. Set

T:={(a1,...,an) | a; € {~1,0,1}} c Z" = H,(%,Z),
T° =T {0} CcZ"" = H|(%,Z) ® Zo.
Furthermore, for m € [1, N], set
T i={(a1,...,am) | a1,...,, € T linearly indep. over Z},
T7 = {(a1....,am) | a1,...,am € T linearly indep. over Z}.

Denote by kT, and kT the k-vector spaces with bases T,,, and T.%. For i € Q) and
m € [1, N], consider the finite rank projective left A,-modules

Ane; @3 kTS if dimV = 190
Pi — n€i Ok m L din ‘ Pi() _ Anei, (61)
Aye; @ kT, otherwise,
and connecting maps 0y, : Pjn — P m—1 defined by
m
(51m(ﬁ ® (al, o ,am)) = Z(—l)j+1,8(8j — §jei) (024 (041, RN &j, ce am), (62)
j=1

where s; is a geodesic cycle in e; Aze; with class [s;] = «;.
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For each (aj1,a9) € Th, let s be a geodesic cycle for which there are cycles ¢, t2, with
[t1] = a1, [t2] = ag, such that s is homotopic to t1ta. If s has a trivial subpath e; for which
e;j = 0, factor s into subpaths s = giop12 with p1o € &; in this case we say s disappears.

Let kZ2; be the k-vector space with basis &2;. Consider the complex

5
Py RER P1® P Aneng) @k p — Po,
pEP;

where
- if s di
5o(8 ® (a1, a2)) = Blqi2 ® p12 — g1 @ pa1) if s 1sz‘1ppears,
0i2(B ® (a1, 2)) otherwise,
and for S @ o € P, p € &,

n(B®a):=6(Bea), (B ®p) = fp.

Step (ii): A generalized Berenstein-Douglas part for homotopic paths. For i € @, order
the paths in &; counterclockwise around i, say p1,...,ps € &. For j € [1,4], let uj,vj,r;
be minimal paths as shown in Figure 6.1 (ii) satisfying the homotopy relations

Ujpj — Vj+1Pj+1 = 0, Tj—1V5 — TjUu; = 0. (6.3)

From these relations we can construct a generalization of the Berenstein—Douglas complex:

1
& &
0 — Aje; = @ Anet(rj) 2 @ Aneh(p) Kk P,
j pPEZ;

where
23(5) = B(r1,---570),
i2(Beyry)) = B(uj @ pj — vit1 @ pjt1)-
Remark 6.1. If V has dimension vector dimV = 190 (that is, maximal k-dimension by

Lemma 3.3), then &7; = @. In this case, then, the Berenstein-Douglas complex will not
be part of the projective resolution of V.

Steps (i) and (ii) together yield a projective complex of e;V,

Oim—
O—>Pm F’zn 1—1>'- Pz4 PZ3@Anez
613@613 .
——= Py P @Anet(r —> Py ® @ Aneh(p) Rk p —) Py — e,V — 0, (6.4)
j=1 pEZ;

where n = N + 1 if dimV = 190, and n < max{3, N} otherwise. A projective resolution
of V is then obtained by taking a direct sum of these complexes over i € Q.

Theorem 6.2. Let V' be a simple Ay-module. Then

N+1 if dimV = 1%o

dy V=
P, {< max{3, N}  otherwise.

Proof. Since the field k is algebraically closed and n, is a maximal ideal, the generators
for a minimal generating set of n, are of the form 5 — 3, where s is a cycle in A,, 5 € S, is
its corresponding monomial, and s € k is the scalar representing s. Thus, the Koszul-like
connecting maps (6.2) cover the relations between the annihilators of V' in Sy, namely n,.
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Suppose dimV # 190, Then for each i € Qf), &; # @. Consequently,
o; — 0.6 = 0; € A“<¢@i>.

Indeed, choose a path ap € &, with a € Q1. Since ap is in &, we have éy,) = 0 # p.
In particular, since €; # 0, ap itself is not a unit cycle. Let r € eq(,)Aney(q) be a path for
which ra is a unit cycle. Then

o; =p lpo; = pilah(p)p =plrap € 4 lap).

Furthermore, all commutation relations between o; and other cycles are homotopy re-
lations. Thus, to construct a minimimal projective resolution of e;V, it suffices to use T},
rather than 7.7 in (6.1).

Therefore, for any simple Ay-module V', (6.4) is a projective resolution by Theorem 5.7.

O

Theorem 6.3 (Theorem A). Let P be a conver 2N -gon, let 3 be the surface obtained by
identifying the opposite sides, and vertices, of P, and let A = kQ/kern be a geodesic ghor
algebra on X with center R and cycle algebra S. Then for each mazimal ideal n € Max S,

the global dimension of the cyclic localization A, is bounded above by the Krull dimensions
of R and S,

gldim A, <dimR=dimS =N +1,
with equality if, and only if for N > 3, n is in the noetherian locus Ug/r C Max S of R.

Proof. By [2, Theorem 4.12], we have dim R = dim S = N + 1. The theorem then follows
from Proposition 3.2 and Theorem 6.2. ]
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