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Lie superalgebras generated by reflections in Weyl
groups of classical type

Christopher Martin Drupieski and Jonathan Robert Kujawa ∗

Abstract. We consider the finite Weyl groups of classical type (W (Ar) for r ≥ 1, W (Br) = W (Cr)
for r ≥ 2, and W (Dr) for r ≥ 4) as supergroups in which the reflections are of odd superdegree.
Viewing the corresponding complex group algebras as Lie superalgebras via the graded commutator
bracket, we determine the structure of the Lie sub-superalgebras generated by the sets of reflections.
In each case, this Lie superalgebra is equal to the full derived subalgebra of the group algebra plus
the span of the class sums of the reflections.

1. Introduction

1.1. Overview. Let G be a finite reflection group. By declaring the reflections in G to
be of odd superdegree, one endows G with the structure of a supergroup, i.e., a group
equipped with a multiplicative grading by Z2 = Z/2Z. In turn, the complex group algebra
CG is endowed with the structure of an associative superalgebra, and then the graded
commutator bracket

[x, y] = xy − (−1)x·yyx

defines a Lie superalgebra structure on CG, which we denote Lie(CG). It is now natural
to ask for an explicit description of the Lie superalgebra structure on Lie(CG), and for
the structure of the (in general, proper) Lie sub-superalgebra g generated by the set of
reflections in G.

The ungraded (non-super) analogues of the preceding questions were considered by
Marin [13] for the case G = Sn of the symmetric group on n letters. In that paper and
its sequels, Marin and others used the structure of the Lie algebra generated by the set
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of transpositions to obtain new results on the representation theory of braid groups and
Iwahori–Hecke algebras in type A. More recently, the authors of this paper determined the
structure of the Lie sub-superalgebra of Lie(CSn) generated by the set of transpositions [4].
When the authors have given talks on that work, the first question from the audience
has invariably been, “What about Weyl groups of other types?” This paper and its
companion [5] answer that question for Weyl groups of types BC and D, in the super and
non-super settings, respectively. In particular, the current paper provides a new, vastly
streamlined, more conceptual approach to the Lie superalgebra calculations carried out
in [4]: while some modest case-by-case verifications are still required for each Lie type, the
overall approach is uniform across types, and many tedious calculations are now avoided.

1.2. Main results. Let G be a finite reflection group as above. The simple CG-super-
modules exist in two flavors: a simple CG-supermodule W is of type M if W is simple as
an ungraded CG-module, and is of type Q if W is reducible as an ungraded CG-module.
Let IrrM (G) and IrrQ(G) be complete sets (up to homogeneous isomorphism) of the simple
CG-supermodules of types M and Q, respectively. Then the graded Artin–Wedderburn
isomorphism (see Corollary 2.5) restricts to a Lie superalgebra isomorphism

Lie(CG) ∼=

 ⊕
W ∈IrrQ(G)

q(W )

⊕

 ⊕
W ∈IrrM (G)

gl(W )

; (1.1)

see Section 2.2 for an explanation of the notation q(W ) and gl(W ). The problem of
describing the Lie superalgebra Lie(CG) thus reduces to the problem of describing the
simple CG-supermodules of types M and Q. If G is a Weyl group of classical type, the
simple CG-supermodules can all be described in terms of (bi-)tableaux combinatorics.
This is summarized for type BC in Section 3.4, for type A in Section 4, and for type D in
Section 5.4.

The problem of describing the Lie superalgebra g ⊆ Lie(CG) generated by the set of
reflections in G is rather more subtle, though for Weyl groups of classical type, the overall
description is uniform. Let D(CG) = D(Lie(CG)) denote the derived Lie sub-superalgebra
of Lie(CG). Say that a reflection s in G is long (resp. short) according to the length of the
corresponding root (i.e., the root, unique up to the scalar ±1, determining the hyperplane
through which s is a reflection). If G is a Weyl group of simply-laced type (ADE), then
all reflections are long. Let Cℓ and Cs be the sets of all long and short reflections in G,
respectively. Then Cℓ is a conjugacy class in G, as is Cs if Cs is nonempty. Let Cℓ and Cs

be the corresponding class sums in CG, where by definition Cs is taken to be zero if Cs is
empty. We prove in Theorems 3.18, 4.1, and 5.20 that

g = D(CG) + C · Cℓ + C · Cs. (1.2)
Coupled with (1.1) and the description of derived subalgebras in Section 2.2, this gives a
complete description of g. In particular, it shows that the Lie superalgebra g is equal to
most of Lie(CG). This is in contrast to the non-graded (ordinary Lie algebra) situation
investigated in [5, 13], where the analogous Lie algebras are roughly half the dimension of
Lie(CG), illustrating the divergence between the graded and non-graded settings.

The overall strategy for proving (1.2) is by induction on the rank n of the Weyl group
G = Gn. An important role in the argument is played by the even subgroup G0 ⊆ G,
defined to be the kernel of the linear character κ : G → {±1} that evaluates to −1 on
all reflections in G, and by the underlying even Lie algebra g0 = g ∩ CG0. Under some
mild general hypotheses, the Lie algebra g0 is seen to be reductive (Proposition 2.12),
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and hence its derived subalgebra D(g0) is a semisimple complex Lie algebra. Further, if
g0 contains an appropriate set of group generators for G0, then D(g0) is able to detect
isomorphisms among (most) simple CG0-modules (Proposition 2.14) and among (most)
simple CG-supermodules (Corollary 2.15). The key step in the induction argument is then
carried out through an analysis of the branching rule for the restriction of simple modules
from (Gn)0 to (Gn−1)0. Using the dimensional rigidity of the simple complex Lie algebras,
one shows for each simple CG0-module V that the image of g0 in End(V ) is all of sl(V ).
From this one deduces for each simple CG-supermodule W that, modulo the operators
Cℓ and Cs, the image of g in End(W ) is the full derived algebra of either q(W ) or gl(W )
(Lemma 2.19). Finally, one applies the graded Artin–Wedderburn isomorphism and the
semisimplicity of D(g0) to deduce that g contains all of D(CG).

1.3. Outline of the paper. In Section 2 we establish necessary results on the represen-
tation theory of finite supergroups and their associated Lie superalgebras. In particular,
in Sections 2.3 and 2.5 we identify an axiomatic framework under which the inductive
strategy described above can be carried out. Section 2.4 provides a brief digression into
the example of the dihedral groups, where the structure of the Lie superalgebra g can
most easily be made explicit.

Sections 3, 4, and 5 are devoted to verifying the general axiomatic framework for the
Weyl groups of classical types BC, A, and D, respectively. In those sections we record the
classification of the simple (super)modules, the branching rules for the even subgroups,
and other useful facts that may also be of independent interest for the study of the (graded)
representation theory of the classical Weyl groups. Readers who are more familiar with the
representation theory of the symmetric groups may find it enlightening to read Section 4
before delving into the more complicated bookkeeping required for types BC and D in
Sections 3 and 5. (Since type A is not the primary focus of this paper—as we al-
ready treated it by different methods in [4]—we have opted to present it after the more-
thoroughly explained type BC, with some proofs in type A referring back to arguments
discussed at more length in the context of type BC.)

The last section of the paper, Section 5.6, is devoted to verifying one piece of the
axiomatic framework (axiom E) for the Weyl group Dn of type D. This is the most difficult
of the classical types to handle, on account of the fact that the branching rule from (Dn)0 to
(Dn−1)0 is not in general multiplicity free. Interestingly, the case in this paper that requires
the most special treatment (handled in Section 5.6.3) arises from the same simple module
that required special treatment in our companion Lie algebra paper (see [5, Section 5.7]),
though the methods applied to resolve that case in each paper are quite different.

1.4. Further directions. For the sake of completeness, it would be interesting to de-
termine if (1.2) can be extended to Weyl groups of all exceptional types. The groups
W (E6), W (E7), and W (E8) are currently out of reach by direct calculation (at least to
the authors) and some theory will be needed, but the conceptual approach developed in
this paper should be helpful in resolving those cases. Likewise, the questions and some of
the techniques considered here make sense for the affine Weyl groups. Going forward, it
would be especially interesting to follow in the footsteps of Marin and apply the results of
this paper and its prequels to the representation theory of the associated Iwahori–Hecke
algebras and Artin braid groups. In particular, the graded (super) representation theory
of these objects warrants investigation.
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2. Preliminaries

We adopt the general notational and terminological conventions for vector superspaces
and semisimple superalgebras as laid out in [4, Section 2]. If A is a superalgebra, then we
may write |A| for the algebra obtained by forgetting its Z2-grading.

2.1. Supergroups. Recall that a finite group G is a supergroup if it admits a multi-
plicative grading G = G0 ∪ G1 by Z2. This is equivalent to the existence of a group
homomorphism κ : G → {±1} such that G0 = ker(κ) and G1 = G\G0. We will assume
that G0 ̸= G, and hence that G0 is an index-2 subgroup of G. The Z2-grading on G extends
by linearity to a Z2-grading on the group algebra CG, making CG into a superalgebra.
Since CG is semisimple as an ordinary algebra, it is also semisimple as a superalgebra;
see [3, Section 2] or [4, Lemma 2.2.11].

Let {Sλ : λ ∈ Λ} be a complete set of simple CG-modules up to isomorphism. By abuse
of notation, let κ also denote the one-dimensional CG-module afforded by κ. Then for
each λ ∈ Λ, one has Sλ ⊗ κ ∼= Sλ′ for a unique λ′ ∈ Λ, and the map λ 7→ λ′ defines an
involution on Λ. Schur’s lemma implies for each λ ∈ Λ that, up to mutual rescaling, there
exist unique linear maps ϕλ

κ : Sλ → Sλ′ and ϕλ′
κ : Sλ′ → Sλ (corresponding to CG-module

isomorphisms Sλ ⊗ κ ∼= Sλ′ and Sλ′ ⊗ κ ∼= Sλ) such that for all g ∈ G, v ∈ Sλ, and
w ∈ Sλ′ ,

ϕλ
κ(g · v) = κ(g)g · ϕλ

κ(v), ϕλ′
κ (g · w) = κ(g)g · ϕλ′

κ (w), (2.1)

ϕλ′
κ ◦ ϕλ

κ = idSλ , ϕλ
κ ◦ ϕλ′

κ = idSλ′ . (2.2)

In the case λ = λ′, this specifies the map ϕλ
κ : Sλ → Sλ up to scalar multiplication by ±1.

In the literature, the map ϕλ
κ is called an associator for Sλ; cf. [9, 10].

Example 2.1 (The symmetric group). Let n ≥ 2. The symmetric group Sn is a super-
group via the sign character ε′′ : Sn → {±1}. The even subgroup (Sn)0 of Sn is then the
alternating group An. The simple CSn-modules are labeled by integer partitions λ ⊢ n.
Given λ ⊢ n, let λ∗ ⊢ n be its conjugate (or transpose) partition, and let Sλ be the sim-
ple Specht module for CSn labeled by λ. Then the trivial CSn-module is S[n], and the
sign module (i.e., the module afforded by ε′′) is S[1n]. By abuse of notation, we may also
denote S[1n] by ε′′. Then for each λ ⊢ n, one has Sλ ⊗ ε′′ ∼= Sλ∗ . An explicit associator
ϕλ : Sλ → Sλ for λ = λ∗ is given in [10, Theorem 2.2]; see also [9, Eq. 9].

Given a CG0-module W and an element t ∈ G1, let tW = {tw : w ∈ W} be the conjugate
CG0-module, in which the action of an element h ∈ G0 is defined by h · tw = t[(tht−1) · w].
Up to isomorphism, the conjugate module does not depend on the choice of element t ∈ G1.
We say that two CG0-modules W and W ′ are conjugate if W ′ ∼= tW for some t ∈ G1.

If V is a CG-module, then we write ResG
G0̄

(V ) for the CG0-module obtained by restric-
tion. The simple CG0-modules are now obtained as follows:

Lemma 2.2 (cf. [6, Proposition 5.1]). With assumptions and notation as above, each
simple CG0-module arises uniquely (up to isomorphism) in one of the following two ways:

(1) If λ ̸= λ′, then ResG
G0̄

(Sλ) ∼= ResG
G0̄

(Sλ′) is simple and isomorphic to its conjugate.
(2) If λ = λ′, then ResG

G0̄
(Sλ) is (canonically, by uniqueness of isotypical components)

the direct sum of two simple, conjugate, non-isomorphic CG0-submodules Sλ+ and
Sλ−, equal to the +1 and −1 eigenspaces of (a fixed choice of) ϕλ

κ : Sλ → Sλ.
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Then applying [3, Lemma 2.3] and [3, Corollary 2.8] as in [4, Section 3.1], one deduces:

Proposition 2.3. With assumptions and notation as above, each simple CG-supermodule
occurs uniquely, up to homogeneous isomorphism, in one of the following two ways:

(1) If λ ̸= λ′, then there exists a type Q simple CG-supermodule W λ = W λ′ such that
W λ = Sλ ⊕ Sλ′ as a |CG|-module, with

W λ
0 =

{
u + ϕλ

κ(u) : u ∈ Sλ
}

and W λ
1 =

{
u − ϕλ

κ(u) : u ∈ Sλ
}

,

and with odd involution Jλ : W λ → W λ defined by Jλ(u ± ϕλ
κ(u)) = u ∓ ϕλ

κ(u).
(2) If λ = λ′, then there exists a type M simple CG-supermodule W λ such that W λ =

Sλ as a |CG|-module, with W λ
0 = Sλ+ and W λ

1 = Sλ−.
Each simple CG-supermodule is uniquely determined up to an even isomorphism by its
summands as a CG0-module and by the superdegrees in which those summands are con-
centrated.

Remark 2.4.
(1) Each simple CG-supermodule is even-dimensional.
(2) For λ ̸= λ′ and c ̸= 0, the CG-supermodule structure on Sλ ⊕ Sλ′ defined by

the pair (ϕλ
κ, ϕλ′

κ ) is isomorphic to that defined by (c · ϕλ
κ, 1

c · ϕλ′
κ ) via the map

(u, v) 7→ (u, c · v).
(3) For λ ̸= λ′, if u1, . . . , un is a basis for Sλ, then {ui + ϕλ

κ(u) : 1 ≤ i ≤ n} and
{ui − ϕλ

κ(u) : 1 ≤ i ≤ n} are bases for W λ
0 and W λ

1 , respectively.
(4) For λ ̸= λ′, the map Jλ can be interpreted as defining an even CG-supermodule

isomorphism from W λ to the parity shifted module Π(W λ).
(5) For λ = λ′, the CG-supermodule W λ is odd-isomorphic to Π(W λ) but not even-

isomorphic because the CG0-module summands of Sλ are not isomorphic. Fixing
W λ up to an even isomorphism depends in our notation on a fixed choice for the
map ϕλ

κ. If one replaces ϕλ
κ with −ϕλ

κ, then W λ is replaced by Π(W λ).

Given a finite supergroup G, let Irr(G) be the set of isomorphism classes of the simple
CG-modules, and let Irrs(G) be the set of isomorphism classes (up to homogeneous iso-
morphism) of the simple CG-supermodules. Then Irrs(G) = IrrM (G) ∪ IrrQ(G), where
IrrM (G) (resp. IrrQ(G)) is the set of isomorphism classes of the type M (resp. type Q)
simple CG-supermodules. Given W ∈ Irr(G) (resp. W ∈ Irrs(G)), we may abuse notation
and write W : CG → End(W ) to denote the corresponding module structure map. Thus
if W ∈ Irr(G) and g ∈ G, then W (g) ∈ End(W ) denotes the map u 7→ g.u.

Recall that if V is a vector superspace equipped with an odd involution J , then
Q(V ) = Q(V, J) = {θ ∈ End(V ) : J ◦ θ = θ ◦ J} (2.3)

is a simple subsuperalgebra of End(V ). Now [4, Theorem 2.2.11] gives:

Corollary 2.5. Let G be a finite supergroup. Then the sum of the simple supermodule
structure maps W : CG → End(W ) induces a superalgebra isomorphism

CG ∼=

 ⊕
W ∈IrrQ(G)

Q(W )

⊕

 ⊕
W ∈IrrM (G)

End(W )

. (2.4)

In particular, for W ∈ IrrQ(G), the structure map W : CG → End(W ) has image
in Q(W ).
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Remark 2.6. Applying [4, Lemma 2.2.14], one sees that, on restriction to the even sub-
spaces, (2.4) restricts to the usual Artin–Wedderburn isomorphism for CG0:

CG0
∼=

⊕
V ∈Irr(G0̄)

End(V ).

More precisely, for W ∈ IrrM (G), the supermodule structure map W : CG → End(W )
restricts to the surjective CG0-module structure map W : CG0 → End(W ), while for
W ∈ IrrQ(G) with W = Sλ ⊕ Sλ′ as |CG|-modules and Sλ ∼= Sλ′ as CG0-modules,
the structure map W : CG → End(W ) restricts to map CG0 → End(Sλ) ⊕ End(Sλ′),
x 7→ (Sλ(x), Sλ′(x)), whose image is a diagonally embedded copy of End(Sλ) ∼= End(Sλ′).

2.2. Lie superalgebras arising from simple superalgebras of types M and Q.
Given a vector superspace V , write gl(V ) for the set End(V ) considered as a Lie super-
algebra via the super commutator [x, y] = xy − (−1)x·yyx. Fixing a homogeneous basis
for V , and making the identification V ∼= Cm|n := Cm ⊕ Π(Cn) for some m, n ∈ N via this
choice of basis, gl(V ) identifies with the matrix Lie superalgebra

gl(m|n) :=
{[

A B
C D

]
: A ∈ Mm(C), B ∈ Mm×n(C), C ∈ Mn×m(C), D ∈ Mn(C)

}
.

If V is a vector superspace equipped with an odd involution J : V → V , write q(V ) for
the set Q(V ) of (2.3) considered as a Lie superalgebra via the super commutator. Fixing
a basis {v1, . . . , vn} for V0, and setting v′

i = J(vi) for 1 ≤ i ≤ n, one then has V ∼= Cn|n,
and q(V ) identifies with

q(n) :=
{[

A B
B A

]
: A ∈ Mn(C), B ∈ Mn(C)

}
.

For an arbitrary Lie superalgebra g, we denote its derived subalgebra [g, g] by D(g).
Then D(gl(V )) is the special linear Lie superalgebra sl(V ), and

D(gl(m|n)) = sl(m|n) :=
{[

A B
C D

]
∈ gl(m|n) : tr(A) − tr(D) = 0

}
.

Now let V be a vector superspace equipped with an odd involution J : V → V , let
θ ∈ q(V ), and let θ = θ0 + θ1 be the decomposition of θ into its homogeneous components.
Then J ◦ θ1 = θ1 ◦ J restricts to an even linear map (J ◦ θ1)|V0̄ : V0 → V0. Identifying V0
and V1 via J , this is equal to the even linear map (θ1 ◦ J)|V1̄ : V1 → V1. Now define the
odd trace of θ, denoted otr(θ), by

otr(θ) = tr
(
(J ◦ θ1)|V0̄

)
= tr

(
(θ1 ◦ J)|V1̄

)
,

i.e., the trace of the linear maps (J ◦ θ1)|V0̄ or (θ1 ◦ J)|V1̄ , and define sq(V ) ⊆ q(V ) by

sq(V ) = {θ ∈ q(V ) : otr(θ) = 0}.

Then one can show that D(q(V )) = sq(V ), and

D(q(n)) = sq(n) :=
{[

A B
B A

]
∈ q(n) : tr(B) = 0

}
.

Lemma 2.7.
(1) If m ≥ 2, then sl(m|m) is generated as a Lie superalgebra by sl(m|m)1.
(2) If m ≥ 3, then sq(m) is generated as a Lie superalgebra by sq(m)1.
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Proof. It is an exercise to show that various matrix units (or sums of two matrix units)
spanning the even parts of the Lie superalgebras can be obtained as Lie brackets of odd
elements. □

2.3. Lie superalgebras generated by odd elements. Let G be a finite supergroup,
and write Lie(CG) for the superalgebra CG considered as a Lie superalgebra via the super
commutator

[x, y] = xy − (−1)x·yyx.

Then (2.4) restricts to a Lie superalgebra isomorphism

Lie(CG) ∼=

 ⊕
W ∈IrrQ(G)

q(W )

⊕

 ⊕
W ∈IrrM (G)

gl(W )

. (2.5)

Set D(CG) = D(Lie(CG)). Then making the identification (2.5), one has

D(CG) =

 ⊕
W ∈IrrQ(G)

sq(W )

⊕

 ⊕
W ∈IrrM (G)

sl(W )

. (2.6)

Let S ⊆ G1 be a subset of the odd elements of G, and let g be the Lie subsuperalgebra
of CG generated by the elements of the set S. In this section we will prove results under
various combinations of the following assumptions:

(A) The set S is a union of conjugacy classes in G, say S = C1 ∪ · · · ∪ Ct.
(B) There exists S′ ⊆ g0 such that G0 = ⟨S′⟩. In particular, S′ generates CG0 as an

algebra.
(C) The set S′ consists of a single conjugacy class of order-two elements in G0.

Lemma 2.8. Suppose (A) holds. For 1 ≤ i ≤ t, let Ti =
∑

c∈Ci
c ∈ g. Then

g ⊆ D(CG) + span{T1, . . . , Tt}. (2.7)

Proof. Since any Lie bracket between elements of CG is by definition equal to an element
of D(CG), it suffices to show that S ⊆ D(CG) + span{T1, . . . , Tt}. Let τ ∈ S with say
τ ∈ C1. Set C = C1 and T = T1. For each V ∈ Irr(G), the trace of the operator
V (c) : V → V is constant across elements c ∈ C, because all elements of C are conjugate.
Then tr(V (T )) = |C| · tr(V (τ)), and hence τ̃ := τ − 1

|C| · T is a traceless operator on V .
Now let W ∈ Irrs(G). Then W (τ̃) ∈ gl(W )1 = D(gl(W ))1 ⊂ D(gl(W )). If W is of

type Q, with say W = Sλ ⊕Sλ′ as in Proposition 2.3, and if one fixes a homogeneous basis
for W as in Remark 2.4(3) by fixing a basis for Sλ, then one sees that the matrix of W (τ̃)
is

W λ(τ̃) =
[

0 Sλ(τ̃)
Sλ(τ̃) 0

]
,

in which the off-diagonal blocks are the matrix of Sλ(τ̃) with respect to the chosen basis
for Sλ. In particular, Sλ(τ̃) is traceless by the previous paragraph, so W λ(τ̃) ∈ sq(W ) =
D(q(W )).

Finally, make the identifications (2.5)–(2.6). The observations of the previous paragraph
show for each W ∈ Irrs(G) that the projection W (τ̃) is an element of D(CG). Then
τ̃ ∈ D(CG), and hence τ = τ̃ + 1

|C| · T ∈ D(CG) + span{T1, . . . , Tt}. □
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Lemma 2.9. Suppose (A)–(B) hold. Let Z(g0) be the center of the Lie algebra g0. Then
Z(g0) = g0 ∩ Z(CG0), and the projection map p : CG0 → Z(CG0), defined by

p(z) = 1
|G0|

∑
g∈G0̄

gzg−1,

restricts to a projection map p : g0 → Z(g0). For this map, one has p(D(g0)) ⊆ D(g0).

Proof. Let z ∈ g0. The adjoint map adz : x 7→ [z, x] is a derivation on CG0. If z ∈ Z(g0),
then adz(s) = 0 for each s ∈ S′ ⊆ g0. Since CG0 is generated by the set S′ by (B), this
implies that adz(x) = 0 for all x ∈ CG0, and hence z ∈ Z(CG0). Then z ∈ Z(g0) if and
only if z ∈ Z(CG0).

Next, since the set S is a union of conjugacy classes by (A), it follows that g is closed
under conjugation by G. Conjugation is an even linear map, so g0 is also closed under
conjugation. Then p sends elements of g0 to elements of g0 ∩ Z(CG0) = Z(g0). Now
since g0 is closed under conjugation, it follows that D(g0) = [g0, g0] is also closed under
conjugation, and hence p(D(g0)) ⊆ D(g0). □

Remark 2.10. In general, D(g0) ⊂ D(g)0 but D(g0) ̸= D(g)0.

Lemma 2.11. Suppose (B) holds. Let W be a CG0-module. Then the following are
equivalent for a subspace V ⊆ W :

(1) V is a CG0-submodule.
(2) V is a submodule for the action of the Lie subalgebra g0 ⊆ CG0.

In particular, if W is a simple CG0-module, then W is simple as a g0-module.

Proof. This is immediate from (B). □

Proposition 2.12. Suppose (A)–(B) hold. Then:
(1) Each simple CG-supermodule is semisimple as a g0-module.
(2) The Lie algebra g0 is reductive. In particular, D(g0) is semisimple, g0 = Z(g0) ⊕

D(g0), and the projection map p : g0 → Z(g0) of Lemma 2.9 has ker(p) = D(g0).

Proof. Let W be a simple CG-supermodule. Then by the classification of the simple CG-
supermodules, the subspaces W0 and W1 are simple CG0-modules, and hence are simple
g0-modules by Lemma 2.11. Now the sum

⊕
W ∈Irrs(G) W is a faithful (by Corollary 2.5),

finite-dimensional, completely reducible g0-module. This implies by [2, Proposition 5 of
Chapter 1, Section 6, no. 4] that g0 is reductive, D(g0) is semisimple, and g0 = Z(g0) ⊕
D(g0). Finally, the projection map p sends D(g0) into D(g0) ∩ Z(g0) = {0}, implying that
ker(p) = D(g0). □

Lemma 2.13. Suppose (A)–(B) hold. Let W be a simple CG0-module. Then W is simple
as a D(g0)-module.

Proof. Let V ⊆ W be a nonzero D(g0)-submodule of W . Since Z(g0) ⊆ Z(CG0) by
Lemma 2.9, each element z ∈ Z(g0) acts on W as a scalar multiple of the identity, by
Schur’s Lemma. Then V is closed under the action of both Z(g0) and D(g0), and hence
closed under the action of g0, by Proposition 2.12. This implies by Lemma 2.11 that V is
a nonzero CG0-submodule of W . Then V = W , by the simplicity of W as a CG0-module,
so W is simple as a D(g0)-module. □
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Proposition 2.14. Suppose (A), (B), and (C) hold. Let V1 and V2 be two simple CG0-
modules of dimensions greater than 1. Then the following are equivalent:

(1) V1 and V2 are isomorphic as CG0-modules.
(2) V1 and V2 are isomorphic as modules over the Lie subalgebra g0 ⊆ CG0.
(3) V1 and V2 are isomorphic as modules over the Lie subalgebra D(g0) ⊆ CG0.

Proof. Our argument is an adaptation of the proof of [13, Proposition 2]. The fact that (1)
implies (2), and that (2) implies (3), is evident. We will show that (3) implies (1).

Suppose ϕ : V1 → V2 is an isomorphism of D(g0)-modules, and let ρ1 : CG0 → End(V1)
and ρ2 : CG0 → End(V2) be the structure maps for V1 and V2, respectively. Then for all
x ∈ D(g0), one has ϕ◦ρ1(x) = ρ2(x)◦ϕ, or equivalently, ρ2(x) = ϕ◦ρ1(x)◦ϕ−1. Let s ∈ S′,
and let T = p(s), where p : g0 → Z(g0) ⊆ Z(CG0) is the projection map of Lemma 2.9.
The elements of the set S′ form a single conjugacy class in G0 by (C), so T is independent
of the choice of s. Since T ∈ Z(CG0), Schur’s lemma implies that ρ1(T ) = c1 · idV1 and
ρ2(T ) = c2 · idV2 for some scalars c1, c2 ∈ C, which also do not depend on the choice of s.
One has p(s − T ) = p(s) − p(T ) = T − T = 0, so s − T ∈ D(g0) by Proposition 2.12. Then

ρ2(s) − c2 · idV2 = ρ2(s − T ) = ϕ ◦ ρ1(s − T ) ◦ ϕ−1

= ϕ ◦ ρ1(s) ◦ ϕ−1 − ϕ ◦ (c1 · idV1) ◦ ϕ−1

= ϕ ◦ ρ1(s) ◦ ϕ−1 − c1 · idV2 ,

or equivalently,
ρ2(s) = ϕ ◦ ρ1(s) ◦ ϕ−1 + ω · idV2 , (2.8)

where ω = c2 − c1. Squaring both sides of (2.8), and applying the assumption (C) that
s2 = 1 for each s ∈ S′, it follows that −2ω · ϕ ◦ ρ1(s) ◦ ϕ−1 = ω2 · idV2 . The scalar ω
does not depend on the choice of s, so if ω ̸= 0, we would deduce first for all s ∈ S′, and
then for all s ∈ G0 by multiplicativity (using (B)), that ρ1(s) is a nonzero scalar multiple
of idV1 . Since dim(V1) ≥ 2 by assumption, this would contradict the simplicity of V1 as a
CG0-module. Then ω = 0, and (2.8) implies first for all s ∈ S′, and then for all s ∈ G0 by
multiplicativity, that ϕ◦ρ1(s) = ρ2(s)◦ϕ, and hence ϕ is a CG0-module isomorphism. □

Corollary 2.15. Suppose (A), (B), and (C) hold. Let V1 and V2 be two simple CG-super-
modules of dimensions greater than 2. Then the following statements (in which “isomor-
phic” is taken to mean “isomorphic via a homogeneous isomorphism”) are equivalent:

(1) V1 and V2 are isomorphic as CG-supermodules.
(2) V1 and V2 are isomorphic as CG0-supermodules.
(3) V1 and V2 are isomorphic as supermodules over the Lie subalgebra g0 ⊆ CG0.
(4) V1 and V2 are isomorphic as supermodules over the Lie subalgebra D(g0) ⊆ CG0.

Proof. By Proposition 2.3, each simple CG-supermodule is uniquely determined by its
summands as a CG0-module, and by the homogeneous degrees in which those summands
are concentrated. Then passing to the homogeneous subspaces of V1 and V2, the result
follows by Proposition 2.14. □

2.4. Example: Dihedral groups. In this section let G = Dm be the dihedral group of
order 2m:

Dm =
〈
r, s : rm = s2 = (sr)2 = 1

〉
=
{

1, r, r2, . . . , rm−1, s, sr, sr2, . . . , srm−1
}

.

The dihedral group is a supergroup in which G0 = ⟨r⟩ is the cyclic subgroup generated by r,
and G1 = S = {s, sr, . . . , srm−1} is the set of reflections in Dm. If m is odd then S consists
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of a single conjugacy class, which we also denote C1, while if m is even then S consists of
the two conjugacy classes C1 = {s, sr2, . . . , srm−2} and C2 = {sr, sr3, . . . , srm−1}.

Proposition 2.16. Let G be the dihedral group Dm of order 2m (m ≥ 3), and let g be
the Lie sub-superalgebra of Lie(CG) generated by the set S of reflections in G. Then the
inclusion (2.7) is an equality, i.e., g = D(CDm) + span{T1, T2}, where T2 is taken to be
zero if m is odd.

Proof. The argument is by dimension comparison. First suppose m = 2k is even. Then
by [4, Section 2.4], there are k −1 simple CG-supermodules of type M and two simple CG-
supermodules of type Q. This implies by (2.7) –(2.6) that dim(g) ≤ [2m−(k−1)−2]+2 =
3k + 1. On the other hand, g contains the m odd reflections of the set S, as well as the
even elements [s, sri] = ri + rm−i for 0 ≤ i ≤ k. Then dim(g) ≥ m + k + 1 = 3k + 1, so
the inclusion (2.7) must be an equality.

Now suppose m = 2k + 1 is odd. Then by [4, Section 2.4], there are k simple CG-
supermodules of type M, and one simple CG-supermodule of type Q. Then dim(g) ≤
[(2m − k − 1] + 1 = 3k + 2. On the other hand, g contains the m odd reflections of the
set S, as well as the even elements [s, sri] = ri + rm−i for 0 ≤ i ≤ k. Then dim(g) ≥
m + (k + 1) = 3k + 2, so again by dimension comparison, the inclusion (2.7) must be an
equality. □

The proof shows that for G = Dm (m ≥ 3), one has g1 = span{s, sr, . . . , srm−1}, and

g0 =

span
{

e, r + rm−1, r2 + rm−2, . . . , rk−1 + rk+1, rk
}

if m = 2k is even,

span
{

e, r + rm−1, r2 + rm−2, . . . , rk + rk+1
}

if m = 2k + 1 is odd.

In particular, g0 = Z(g0) and D(g0) = 0. Assumptions (B) and (C) are not satisfied, since
for m ≥ 3 the Lie algebra g0 does not contain any generators for G0. One can check that
D(CG) is spanned by g0 together with all odd elements of the form [srj , ri] = srj+i−srj−i.
(Note that j + i and j − i are of the same parity.) If m = 2k + 1 is odd, then also
s − sr = [srk+1, rk] ∈ D(CG). It follows that

D(CG)1 =

span
{
sr2i − s, sr2i+1 − sr : 1 ≤ i ≤ k − 1

}
if m = 2k is even,

span
{
sr − s, sr2 − s, sr3 − s, . . . , srm−1 − s

}
if m = 2k + 1 is odd.

2.5. Further Lie superalgebra structure. As in Section 2.3, let S ⊆ G1 be a subset of
the odd elements of G, and let g be the Lie subsuperalgebra of Lie(CG) generated by S. In
addition to assumptions (A), (B), and (C) from Section 2.3, we will impose combinations
of the assumptions (D), (E), and (F) stated below. In practice, if G is a Weyl group of
rank n, then the subgroup H in assumption D will be a Weyl group of the same Coxeter
type of rank n − 1 and for which, by induction, we will already know that (2.7) is an
equality. Assumption (F) helps to simplify some arguments, and will be satisfied as long
as the rank of G is not too small. The one assumption that requires some true case-by-case
work to verify is (E).

(D) There exists a subsupergroup H ⊆ G and a subset SH ⊆ S such that:
• (A) and (B) hold for H and the Lie subsuperalgebra h ⊆ Lie(CH) generated

by SH ;
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• h0 = D(CH)0, and hence (as a consequence of Remark 2.6), the analogue
of (2.6) for the group H restricts to an isomorphism

D(h0) ∼=
⊕

V ∈Irr(H0̄)
sl(V ), (2.9)

induced by the sum of the simple CH0-module structure maps

V : CH0 −→ End(V );

• there are no simple CH0-modules of dimension 2; and
• if V is a simple CG0-module with dim(V ) > 1, then ResG0̄

H0̄
(V ) contains some

simple CH0-module W with dim(W ) > 1.
(E) For each V ∈ Irr(G0), the module structure map V : CG0 → End(V ) restricts to

a surjective Lie algebra map ρV : D(g0) →→ sl(V ).
(F) There are no simple |CG|-modules of dimension 2.

Let V be a CG0-module with structure map ρ : CG0 → End(V ). There are two
evident ways to define an action of the Lie algebra D(g0) ⊆ CG0 on the dual space
V ∗ = Hom(V,C). The first is the restriction from CG0 to D(g0) of the usual CG0-module
structure, defined for g ∈ G0, ϕ ∈ V ∗, and v ∈ V by (g.ϕ)(v) = ϕ(g−1.v). We denote this
D(g0)-module structure on V ∗ by V ∗,Grp. The second structure, which we denote V ∗,Lie,
is via the contragredient action of a Lie algebra, defined for x ∈ D(g0), ϕ ∈ V ∗, and v ∈ V
by (x.ϕ)(v) = −ϕ(x.v). Fixing a basis for V and the corresponding dual basis for V ∗, the
structure maps ρGrp and ρLie for V ∗,Grp and V ∗,Lie are related to ρ by ρGrp(x) = ρ(ı(x))T

and ρLie(x) = −ρ(x)T , where ı : CG0 → CG0 is linear extension of the group inversion
map σ 7→ σ−1, and uT is the transpose of a matrix u.

Lemma 2.17. Suppose (A)–(D) hold. Let V and W be simple CG0-modules of dimensions
greater than 1. Then W ̸∼= V ∗,Lie.

Proof. First we will show that if V and W are simple CH0-modules of dimension greater
than 1, then W ̸∼= V ∗,Lie as D(h0)-modules. There are two cases: V ∼= W or V ̸∼= W .
In the first case we may assume that V = W . The structure maps ρ : D(h0) → End(V )
and ρLie : D(h0) → End(V ∗,Lie) have the same kernel, and hence both factor, via the
identification (2.9), through the projection D(h0) →→ sl(V ). Then V ̸∼= V ∗,Lie, because
dim(V ) ≥ 3 by (D), and the natural module for sl(V ) is self-dual only if dim(V ) ≤ 2.
In the case V ̸∼= W , we see from (2.9) that the image of the structure map D(h0) →
End(V ) ⊕ End(W ) is of dimension dim(sl(V )) + dim(sl(W )) > dim(sl(V )). On the other
hand, if W ∼= V ∗,Lie, then up to a change of basis for W , the structure map is of the form
x 7→ (ρ(x), −ρ(x)T ), and hence its image is of dimension dim(sl(V )). Thus W ̸∼= V ∗,Lie.

Now let V and W be simple CG0-modules of dimension greater than 1, and suppose W ∼=
V ∗,Lie as D(g0)-modules. Let V =

⊕r
i=1 Vi and W =

⊕s
j=1 Wj be decompositions of V

and W into simple CH0-modules. By (D) and Lemma 2.13, these are also decompositions
of V and W into simple D(h0)-modules. Then V ∗,Lie =

⊕r
i=1(Vi)∗,Lie is a decomposition

of V ∗,Lie into simple D(h0)-modules. Now since W ∼= V ∗,Lie as D(g0)-modules, it follows
for each j that Wj

∼= (Vi)∗,Lie as D(h0)-modules for some i (depending on j). But by (D),
at least one of the Wj is of dimension greater than 1, so this isomorphism contradicts the
previous paragraph. Thus, W ̸∼= V ∗,Lie. □
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Lemma 2.18. Suppose (A)–(E) hold. Then
D(g0) = D(D(CG)0).

In particular, the sum of the structure maps of the simple CG0-modules induces an iso-
morphism

D(g0) ∼=
⊕

V ∈Irr(G0̄)
sl(V ). (2.10)

Proof. First, g0 ⊆ D(CG)0 by Lemma 2.8, and hence D(g0) ⊆ D(D(CG)0). Next, it
follows from Remark 2.6 that (2.6) restricts to an isomorphism between D(D(CG)0) and
the right-hand side of (2.10). In particular,

dim(D(D(CG)0)) =
∑

V ∈Irr(G0̄)
dim(sl(V )).

We will show by dimension comparison that D(g0) = D(D(CG)0).
Recall from Proposition 2.12 that D(g0) is a semisimple Lie algebra. Given V ∈ Irr(G0),

let ρV : D(g0) → End(V ) be the module structure map for the action of D(g0) on V .
By (E), the image of ρV is sl(V ). Let gV = ker(ρV ), and let gV be the orthogonal
complement of gV with respect to the Killing form on D(g0). Then gV and gV are ideals in
D(g0), D(g0) = gV ⊕gV , and ρV induces a Lie algebra isomorphism gV ∼= im(ρV ) = sl(V ).
In particular, if dim(V ) = 1, then gV = 0. We want to show that the (nonzero) simple
ideals gV for V ∈ Irr(G0) are distinct. Equivalently, we want to show that if gV = gW ̸= 0,
then V = W . This will imply that the sum of the gV is a direct sum, and will then imply
by dimension comparison that D(D(CG)0) = D(g0) =

⊕
V ∈Irr(G0̄) g

V .
Let V, W ∈ Irr(G0) such that gV = gW ̸= 0. Since sl(V ) ∼= gV = gW ∼= sl(W ), then

dim(V ) = dim(W ) > 1. Fixing bases, we may write V = Cm = W for some m. Then the
composite map

sl(Cm)
ρ−1

V−−→ gV = gW ρW−−→ sl(Cm)
is a Lie algebra automorphism. Lie algebra automorphisms of sl(Cm) come in two forms:

(1) X 7→ gXg−1 for some g ∈ GL(Cm), or
(2) X 7→ −(gXtg−1) for some g ∈ GL(Cm), where Xt denotes the transpose of X;

see [11, IX.5]. If ρW ◦ ρ−1
V is of the second form, then the D(g0)-module structure on Cm

afforded by ρW is isomorphic to the dual of the D(g0)-module structure afforded by ρV ,
i.e., W ∼= V ∗,Lie as D(g0)-modules, contradicting Lemma 2.17. Then ρW ◦ ρ−1

V must be of
the first form, meaning the D(g0)-module structures on Cm afforded by ρV and ρW are
isomorphic, and hence V = W by Proposition 2.14. □

Lemma 2.19. Suppose (A)–(F) hold. Then for each W ∈ Irrs(G), the image of g under
the supermodule structure map W : CG → End(W ) is

W (g) =
{
sq(W ) + span{W (T1), . . . , W (Tt)} if W is of type Q,
sl(W ) if W is of type M,

(2.11)

where T1, . . . , Tt ∈ g1 are the class sums defined in Lemma 2.8.

Proof. The “⊆” direction of (2.11) follows from Lemma 2.8. For the reverse inclusion,
first recall that each W ∈ Irrs(G) is even-dimensional. Condition (F) implies that if
W ∈ IrrM (G), then dim(W ) ≥ 4, and implies that if W ∈ IrrQ(G), then either dim(W ) = 2
or dim(W ) ≥ 6.
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Suppose for the moment that W ∈ IrrQ(G) and dim(W ) = 2. Then sq(W ) = C · idW .
The homogeneous subspaces of W are isomorphic one-dimensional CG0-modules, on which
G0 must act by a common linear character, say κ. Let τ ∈ S. Then τ2 = 1

2 · [τ, τ ] ∈ g, and
W (τ2) = κ(τ2) · idW because τ2 ∈ G0. Since κ(τ2) ̸= 0, this implies that (2.11) is true if
W ∈ IrrQ(G) and dim(W ) = 2.

Now suppose that W ∈ Irrs(G) and dim(W ) > 2. Then either W ∈ IrrM (G) with
dim(W ) ≥ 4, or W ∈ IrrQ(G) with dim(W ) ≥ 6. Since W (g) is a Lie subsuperalgebra of
End(W ), to finish the proof it then suffices by Lemma 2.7 to show that

W (g) ⊇
{
sq(W )1 if W ∈ IrrQ(G),
sl(W )1 if W ∈ IrrM (G).

(2.12)

First suppose W ∈ IrrQ(G), with W = Sλ ⊕ Sλ′ as a |CG|-module, Sλ ∼= Sλ′ as CG0-
modules, and dim(Sλ) ≥ 3. Lemma 2.18 implies that W (g) contains the Lie subalgebra
D(sq(W )0) ∼= sl(Sλ), over which sq(W )1 identifies with the adjoint representation of
sl(Sλ). In particular, D(sq(W )0) acts irreducibly on sq(W )1. Now choose some τ ∈ S

such that τ does not act as a scalar multiple of the identity on Sλ; this is possible because
otherwise it would follow that g0 acts trivially on Sλ, contradicting Lemma 2.11 and the
assumption dim(Sλ) ≥ 3. Then with notation and reasoning as in the proof of Lemma 2.8,
the operator W (τ − 1

|C| ·T ) ∈ W (g) is a nonzero element of sq(W )1. Then by the simplicity
of sq(W )1 as a D(sq(W )1)-module, we must have sq(W )1 ⊆ W (g), and hence sq(W ) ⊆
W (g).

Now suppose W ∈ IrrM (G), with W = Sλ+ ⊕ Sλ− as a CG0-module. In this case,
Lemma 2.18 implies that W (g) contains the Lie subalgebra D(sl(W )0) ∼= sl(Sλ+)⊕sl(Sλ−),
over which

sl(W )1
∼= Hom

(
Sλ+

, Sλ−)⊕ Hom
(
Sλ−

, Sλ+) (2.13)
is the sum of two simple, non-isomorphic modules. If τ ∈ S, then W (τ) ∈ W (g) is
an element of sl(W )1 having nonzero components in both summands of (2.13). Then it
follows from the uniqueness of isotypical components that the D(sl(W )0)-submodule of
W (g) generated by W (τ) must contain all of sl(W )1, and hence sl(W )1 ⊆ W (g). □

3. Type BC representation theory

In Sections 3 and 5 we recall some classical results for Weyl groups of types BC and D,
and then interpret those results in the context of supergroups. A somewhat more detailed
(but still brief) recollection of the classical results can also be found in [5, Sections 2–3];
see also [8]. To avoid trivialities, assume throughout this section that n ≥ 2.

3.1. Weyl groups of type B. Let Bn = W (Bn) be the Weyl group of type Bn. It is the
wreath product Z2 ≀Sn, i.e., a semidirect product Zn

2 ⋊Sn in which Sn acts on Zn
2 by place

permutation. For 1 ≤ i ≤ n let ti be a multiplicative generator for the ith factor in Zn
2 .

Each element of Bn can then be uniquely written in the form ti1
1 . . . tin

n σ with σ ∈ Sn and
ij ∈ {0, 1} for each j.

For 1 ≤ i ≤ n−1, let si = (i, i+1) ∈ Sn. Then for n ≥ 2, the pair (Bn, {s1, . . . , sn−1, tn})
is a Coxeter system of type Bn, and the set of reflections in Bn is

{(i, j), titj(i, j) : 1 ≤ i < j ≤ n} ∪ {ti : 1 ≤ i ≤ n}. (3.1)
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Let ε, ε′, and ε′′ be the group homomorphisms Bn → {±1} defined on generators by
ε(ti) = −1, ε′(ti) = −1, ε′′(ti) = +1,

ε(sj) = −1, ε′(sj) = +1, ε′′(sj) = −1.
(3.2)

The map ε is the sign character of Bn.

3.2. Simple modules for Weyl groups of type B. The simple CBn-modules are la-
beled by bipartitions of n, i.e., by ordered pairs of integer partitions (λ, µ) such that
|λ| + |µ| = n. Let BP(n) be the set of all bipartitions of n, and write S(λ,µ) for the sim-
ple CBn-module labeled by (λ, µ). The trivial character and the characters ε, ε′, and ε′′

afford the one-dimensional CBn-modules labeled by ([n], ∅), (∅, [1n]), (∅, [n]), and ([1n], ∅),
respectively. More generally, if λ ⊢ n, then

S(λ,∅) = InfBn
Sn

(Sλ) and S(∅,λ) = InfBn
Sn

(Sλ) ⊗ ε′,

where InfBn
Sn

(V ) denotes the inflation of a CSn-module to CBn along the canonical quotient
map Bn →→ Sn. By [8, Theorem 5.5.6(c)], one has

S(λ,µ) ⊗ ε ∼= S(µ∗,λ∗), S(λ,µ) ⊗ ε′ ∼= S(µ,λ), S(λ,µ) ⊗ ε′′ ∼= S(λ∗,µ∗). (3.3)

Lemma 3.1 (cf. [5, Lemma 2.2.1]). Let (λ, µ) ∈ BP(n).
(1) dim(S(λ,µ)) =

( n
|λ|
)

· dim(Sλ) · dim(Sµ), where Sλ is the simple CSn-module labeled
by λ.

(2) The only 1-dimensional CBn-modules are those labeled by ([n], ∅), (∅, [1n]), (∅, [n]),
and ([1n], ∅), i.e., the trivial module and the modules afforded by ε, ε′, and ε′′,
respectively.

(3) For n ≥ 5, if dim(S(λ,µ)) ̸= 1, then dim(S(λ,µ)) ≥ n − 1.
(4) If n is even and λ ⊢ n/2, then dim(S(λ,λ∗)) = dim(S(λ,λ)) =

( n
n/2
)

· dim(Sλ)2.

For (λ, µ) ∈ BP(n), let T(λ, µ) be the set of all standard bitableaux of shape (λ, µ), i.e.,
the set of all ordered pairs T = (T+1, T−1) such that T+1 and T−1 are standard tableaux
of shapes λ and µ, respectively, whose boxes have collectively been filled by the integers
1, 2, . . . , n. Given T ∈ T(λ, µ), let ρT (i) ∈ {±1} be the subscript of the tableau (T+1
or T−1) in which the integer i is located, and let resT (i) be the residue (or content, in the
terminology of [14]) of the box (in either T+1 or T−1) in which the integer i is located.
Given T ∈ T(λ, µ) and σ ∈ Sn, the (not necessarily standard) bitableau σ · T of shape
(λ, µ) is defined by applying σ to the entries of T . The next theorem is a consequence
of [14, Theorem 6.12].

Theorem 3.2. Let (λ, µ) ∈ BP(n). Then there exists an orthonormal basis

B(λ,µ) = {cT : T ∈ T(λ, µ)} (3.4)

for S(λ,µ) such that the action of the generators si, tj ∈ Bn for 1 ≤ i < n and 1 ≤ j ≤ n is
as follows: given T ∈ T(λ, µ), set ri = resT (i + 1) − resT (i), and let S

(λ,µ)
T be the span in

S(λ,µ) of cT .
(1) tj · cT = ρT (j) · cT .
(2) Suppose i and i + 1 are not in the same tableau in T . Then S := si · T is standard,

si leaves S
(λ,µ)
T ⊕ S

(λ,µ)
S invariant, and the matrix of si with respect to the basis

{cT , cS} is [ 0 1
1 0 ].
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(3) If i and i + 1 are the same tableau in T , in the same row (ri = +1) or in the same
column (ri = −1), then si · cT = ri · cT .

(4) Suppose i and i + 1 are in the same tableau in T , but not in the same row or
the same column. Then |ri| ≥ 2, the bitableau S := si · T is standard, si leaves
S

(λ,µ)
T ⊕ S

(λ,µ)
S invariant, and the matrix of si with respect to the basis {cT , cS} is r−1

i

√
1 − r−2

i√
1 − r−2

i −r−1
i

.

Remark 3.3. Let (λ, µ) ∈ BP(n) and T ∈ T(λ, µ). The vector cT is a simultane-
ous eigenvector for the action of the generalized Young–Jucys–Murphy (YJM) elements
X1, . . . , Xn ∈ CBn, which are defined by Xi =

∑i−1
k=1[(k, i) + tkti(k, i)]. The element Xi

acts on cT with eigenvalue 2 · resT (i); see [14, Theorem 6.5]. Then Xn :=
∑n

i=1 Xi acts on
S(λ,µ) as scalar multiplication by 2 · res(λ, µ), where res(λ, µ) := res(λ) + res(µ) is the sum
of the residues of the boxes in the Young diagrams of λ and µ.

Given λ ⊢ n and ν ⊢ (n − 1), write ν ≺ λ if the Young diagram of ν can be obtained by
removing a box from the Young diagram of λ. In this case, let res(λ/ν) denote the residue
of the box that is removed from λ to obtain ν. For (λ, µ) ∈ BP(n) and (ν, τ) ∈ BP(n−1),
write (ν, τ) ≺ (λ, µ) if either ν ≺ λ and τ = µ, or ν = λ and τ ≺ µ. For (λ, µ) ∈ BP(n)
and T ∈ T(λ, µ), let bT (n) denote the box in T in which the integer n is located, and let
T/bT (n), or simply T/n, denote the standard bitableau obtained from T by removing the
box bT (n). Identify Bn−1 with the subgroup of Bn generated by the set {s1, . . . , sn−2, tn−1}.
Then for (λ, µ) ∈ BP(n), one has

ResBn
Bn−1

(
S(λ,µ)) =

⊕
(ν,τ)≺(λ,µ)

[ ⊕
T ∈T(λ,µ)

T/n∈T(ν,τ)

S
(λ,µ)
T

]
∼=

⊕
(ν,τ)≺(λ,µ)

S(ν,τ). (3.5)

The fact that the summand indexed by (ν, τ) is isomorphic as a CBn−1-module to S(ν,τ)

can be seen from Theorem 3.2.
Given (λ, µ) ∈ BP(n), let R(λ, µ) = (R+1, R−1) be the row major bitableau of shape

(λ, µ), i.e., the standard bitableau of shape (λ, µ) in which R+1 (resp. R−1) is filled with
the integers 1, . . . , |λ| (resp. |λ|+1, . . . , n) in row major order. For T ∈ T(λ, µ), let σT ∈ Sn

be the permutation that maps R(λ, µ) to T . The length of T is defined by ℓ(T ) = ℓ(σT ),
the length of σT as an element of the Coxeter group Sn. If σ ∈ Sn and σ · T ∈ T(λ, µ),
then

(−1)ℓ(σ·T ) = (−1)ℓ(σ) · (−1)ℓ(T ) = ε′′(σ) · ε′′(σT ).
Given a standard λ-tableau T , let T ∗ be its transpose, which is then a standard λ∗-tableau.
For T = (T+1, T−1) ∈ T(λ, µ), set T ∗ = (T ∗

+1, T ∗
−1) ∈ T(λ∗, µ∗) and T ♮ = (T−1, T+1) ∈

T(µ, λ).

Lemma 3.4. Let (λ, µ) ∈ BP(n), and let π ∈ Sn be the n-cycle (1, 2, . . . , n). Then

σR(λ,µ)♮ = π|λ|, (3.6)
σR(µ∗,λ∗)♮ = [σR(λ,µ)♮ ]−1 = σR(µ,λ)♮ , (3.7)

σR(λ∗,µ∗)∗ = [σR(λ,µ)∗ ]−1 = π|λ| ◦ σR(µ∗,λ∗)∗ ◦ π−|λ|. (3.8)
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Proof. The equality (3.6) is straightforward to check. Then σR(µ∗,λ∗)♮ = π|µ∗| = π|µ| =
σR(µ,λ)♮ , giving (3.7). Next, if σ = σR(λ,µ)∗ maps R(λ∗, µ∗) to R(λ, µ)∗, then σ also maps
R(λ∗, µ∗)∗ to [R(λ, µ)∗]∗ = R(λ, µ), and hence σ−1 maps R(λ, µ) to R(λ∗, µ∗)∗, giving the
first equality in (3.8). Now let σ = σR(µ∗,λ∗)∗ be the permutation that maps R(µ, λ) to
R(µ∗, λ∗)∗. Then σ◦π−|λ| maps R(λ, µ)♮ to R(µ∗, λ∗)∗, and so maps R(λ, µ)∗ = [R(λ, µ)♮]♮∗
to [R(µ∗, λ∗)∗]♮∗ = R(µ∗, λ∗)♮. Then π|λ| ◦ σ ◦ π−|λ| maps R(λ, µ)∗ to R(λ∗, µ∗), implying
the second equality in (3.8). □

Let ≈ be the equivalence relation on BP(n) generated by (λ, µ) ≈ (µ, λ) and (λ, µ) ≈
(λ∗, µ∗). Lemma 3.4 implies that the cycle types of σR(λ,µ)♮ and σR(λ,µ)∗ are constant across
equivalence classes. Say σR(λ,µ)♮ is of cycle type (a1, . . . , ar) and set ε′

(λ,µ) =
∏r

j=1 iaj−1 ∈
{±1, ±i}. Similarly, define ε′′

(λ,µ) in terms of the cycle type of σR(λ,µ)∗ , and set ε(λ,µ) =
ε′

(λ,µ) · ε′′
(λ,µ). Then

[ε′
(λ,µ)]

2 = (−1)ℓ(R(λ,µ)♮), [ε′′
(λ,µ)]

2 = (−1)ℓ(R(λ,µ)∗),

and
[ε(λ,µ)]2 = (−1)ℓ(R(λ,µ)♮)+ℓ(R(λ,µ)∗).

Remark 3.5. Let (λ, µ) ∈ BP(n) such that (λ, µ) = (λ∗, µ∗), and let d(λ) and d(µ) be
the lengths of the main diagonals of the Young diagrams of λ and µ, respectively.

(1) One sees that σR(λ,µ)∗ = σ1 · σ2, where σ1 is a product of (|λ| − d(λ))/2 disjoint
transpositions of the set {1, . . . , |λ|}, and σ2 is a product of (|µ| − d(µ))/2 disjoint
transpositions of the set {|λ| + 1, . . . , n}. Then ε′′

(λ,µ) = i(n−d(λ)−d(µ))/2.
(2) If ν is a partition such that ν = ν∗, then it is possible to add or remove (but not

both) a box of residue zero from the Young diagram of ν to obtain the diagram
of a partition τ such that τ = τ∗. It follows that (λ, µ) is uniquely an element of
a family of bipartitions (λ0, µ0), (λ1, µ0), (λ0, µ1), and (λ1, µ1) such that λ1 ≺ λ0,
µ1 ≺ µ0, and λi = λ∗

i and µi = µ∗
i for i ∈ {0, 1}. Applying (1), one sees that the

value of ε′′
(λ,µ) is constant across this family.

Remark 3.6. Suppose n is even and λ ⊢ n/2.
(1) One sees that σR(λ,λ)∗ = σ1·σ2, where σ1 is a permutation of the set {1, . . . , n/2}, σ2

is a permutation of {n/2 + 1, . . . , n}, and σ2 = πn/2 ◦σ1 ◦π−n/2. Similarly, one sees
that σR(λ,λ∗)∗ = σ3·σ4, where σ4 is conjugate to σ−1

3 . Then [ε′′
(λ,λ)]

2 = 1 = [ε′′
(λ,λ∗)]

2.
(2) One sees that σR(λ,λ)♮ and σR(λ,λ∗)♮ are each the product of n/2 disjoint transpo-

sitions. Then ε′
(λ,λ) = in/2 = ε′

(λ,λ∗).

Lemma 3.7. The following families of linear maps, for (λ, µ) ∈ BP(n), satisfy the con-
ditions (2.1) and (2.2) for the group G = Bn and the characters ε, ε′, and ε′′, respectively:

ϕ
(λ,µ)
ε′ : S(λ,µ) −→ S(µ,λ) defined by cT 7−→ cT ♮ , (3.9)

ϕ
(λ,µ)
ε′′ : S(λ,µ) −→ S(λ∗,µ∗) defined by cT 7−→ ε′′

(λ,µ) · (−1)ℓ(T ) · cT ∗ , (3.10)

ϕ(λ,µ)
ε : S(λ,µ) −→ S(µ∗,λ∗) defined by cT 7−→ ε(λ,µ) · (−1)ℓ(T ♮) · cT ♮∗ . (3.11)

Proof. Up to scalar multiples, the maps defined here are equal to the maps of the same
names defined in [5]. This implies by [5, Lemmas 2.4.3–2.4.4, and Remark 2.4.5] that
each family satisfies (2.1), and (3.9) evidently satisfies (2.2). To see that the family (3.10)
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satisfies (2.2), observe by (2.1) that the composite ϕ
(λ∗,µ∗)
ε′′ ◦ ϕ

(λ,µ)
ε′′ is a CBn-module ho-

momorphism, and hence by Schur’s lemma is a scalar multiple of the identity. Letting
R = R(λ, µ), one sees that(

ϕ
(λ∗,µ∗)
ε′′ ◦ ϕ

(λ,µ)
ε′′

)
(cR) = ε′′

(λ,µ) · (−1)ℓ(R∗) · ε′′
(λ∗,µ∗) · (−1)ℓ(R) · cR

= [ε′′
(λ,µ)]

2 · (−1)ℓ(R∗) · cR = cR,

and hence ϕ
(λ∗,µ∗)
ε′′ ◦ϕ

(λ,µ)
ε′′ = idS(λ,µ) . Similarly one checks that ϕ

(µ∗,λ∗)
ε ◦ϕ

(λ,µ)
ε = idS(λ,µ) . □

Remark 3.8. For (λ, µ) ∈ BP(n), one has ϕ
(λ,µ)
ε = ε′

(λ,µ) · ϕ
(µ,λ)
ε′′ ◦ ϕ

(λ,µ)
ε′ .

Remark 3.9. Using (3.6), one sees that ϕ
(µ,λ)
ε′′ ◦ ϕ

(λ,µ)
ε′ = (−1)|λ|·(n−1) · ϕ

(λ∗,µ∗)
ε′ ◦ ϕ

(λ,µ)
ε′′ .

Remark 3.10. For λ ⊢ n with λ = λ∗, the map ϕ
(λ,∅)
ε′′ : S(λ,∅) → S(λ,∅) can be identified

with the associator ϕλ defined by Geetha and Prasad [9, Eq. 9].

3.3. The even subgroup of the type B Weyl group. We now consider Bn as a super-
group via its sign character ε : Bn → {±1}. Making the identification Bn = Zn

2 ⋊ Sn,
one has

B0 = (Bn)0 = ker(ε) =
[
(Zn

2 )0 ⋊ An
]

∪
[
(Zn

2 )1 ⋊S1
]
.

Here (Zn
2 )0 (resp. (Zn

2 )1) is the subset of elements that are a product of an even (resp.
odd) number of the generators t1, . . . , tn, and S1 = (Sn)1 is the set of odd permutations
in Sn.

Recall the CBn-module isomorphism S(λ,µ) ⊗ ε ∼= S(µ∗,λ∗) from (3.3). Let ∼ be the
equivalence relation on BP(n) generated by (λ, µ) ∼ (µ∗, λ∗). Write [λ, µ] for the equiv-
alence class of (λ, µ), and let BP[n] be the set of all equivalence classes under ∼. Then
BP[n] = E[n] ∪ F [n], where

E[n] = {[λ, µ] : (λ, µ) ̸= (µ∗, λ∗)} = {[λ, µ] : µ ̸= λ∗},

F [n] = {[λ, µ] : (λ, µ) = (µ∗, λ∗)} = {[λ, λ∗] : λ ⊢ n/2}.
(3.12)

One has F [n] ̸= ∅ only if n is even. Now applying Lemma 2.2 for (G, κ) = (Bn, ε), one
gets:

Lemma 3.11. Up to isomorphism, each simple CB0-module arises uniquely via either:
(1) If [λ, µ] ∈ E[n], then S[λ,µ] := ResBn

B0̄
(S(λ,µ)) ∼= ResBn

B0̄
(S(µ∗,λ∗)) is simple and self-

conjugate.
(2) If [λ, λ∗] ∈ F [n], then S[λ,λ∗] := ResBn

B0̄
(S(λ,λ∗)) is the direct sum of two simple,

conjugate, non-isomorphic CB0-modules S[λ,λ∗,+] and S[λ,λ∗,−], equal to the ±1
eigenspaces of ϕ

(λ,λ∗)
ε .

Lemma 3.12. Let n ≥ 5.
(1) The only one-dimensional CB0-modules are those labeled by [[n], ∅] and [[1n], ∅],

i.e., the restrictions of the trivial module and the module afforded by ε′′.
(2) If [λ, µ] ∈ BP[n] and dim(S[λ,µ]) ̸= 1, then dim(S[λ,µ]) ≥ n − 1.
(3) If [λ, λ∗] ∈ BP[n], then dim(S[λ,λ∗,±]) = 1

2 ·
( n

n/2
)

· dim(Sλ)2 ≥ 1
2 ·
( n

n/2
)
.

Proof. Apply Lemma 3.1. □
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Lemma 3.13. Restriction from (Bn)0 to (Bn−1)0 is multiplicity free. Specifically:

(1) If [λ, µ] ∈ E[n], then

Res(Bn)0̄
(Bn−1)0̄

(
S[λ,µ]) ∼=

[ ⊕
(ν,τ)≺(λ,µ)

(ν,τ )̸=(τ∗,ν∗)

S[ν,τ ]
]

⊕
[ ⊕

(ν,τ)≺(λ,µ)
(ν,τ)=(τ∗,ν∗)

S[ν,τ,+] ⊕ S[ν,τ,−]
]
.

(2) If [λ, λ∗] ∈ F [n], then

Res(Bn)0̄
(Bn−1)0̄

(
S[λ,λ∗,±]) ∼=

⊕
ν≺λ

S[ν,λ∗].

Proof. The formula in (1) follows immediately from (3.5) and Lemma 3.11. For (2), note
that ν ≺ λ if and only if ν∗ ≺ λ∗, and observe that

ResBn
Bn−1

(
S(λ,λ∗)) ∼=

⊕
ν≺λ

[
S(ν,λ∗) ⊕ S(λ,ν∗)

]
.

This restriction is multiplicity free, so the CBn−1-module decomposition of S(λ,λ∗) is
canonical. For ν ≺ λ, one sees that ϕ

(λ,λ∗)
ε (S(ν,λ∗)) is a CBn−1-submodule of S(λ,λ∗)

isomorphic to S(ν,λ∗) ⊗ ε, and hence ϕ
(λ,λ∗)
ε (S(ν,λ∗)) = S(λ,ν∗). Then ϕ

(λ,λ∗)
ε leaves the

subspace S(ν,λ∗) ⊕ S(λ,ν∗) invariant. This subspace decomposes nontrivially into +1 and
−1 eigenspaces for ϕ

(λ,λ∗)
ε , and the eigenspaces are then nonzero C(Bn−1)0-modules. Since

S(ν,λ∗) ∼= S[ν,λ∗] ∼= S(λ,ν∗) as C(Bn−1)0-modules, it follows that S[λ,λ∗,+] and S[λ,λ∗,−] each
contain one factor of S[ν,λ∗]. □

3.4. Simple supermodules in type B. Applying Proposition 2.3 and (3.3), one now
gets:

Proposition 3.14. Up to homogeneous isomorphism, each simple CBn-supermodule oc-
curs in exactly one of the following ways:

(1) For each [λ, µ] ∈ E[n], there exists a type Q simple CBn-supermodule W [λ,µ] such
that W [λ,µ] = S(λ,µ) ⊕ S(µ∗,λ∗) as a |CBn|-module, with

W
[λ,µ]
0 =

{
u + ϕ(λ,µ)

ε (u) : u ∈ S(λ,µ)
}

, W
[λ,µ]
1 =

{
u − ϕ(λ,µ)

ε (u) : u ∈ S(λ,µ)
}

,

and odd involution J (λ,µ) defined for u ∈ S(λ,µ) by J (λ,µ)(u ± ϕ
(λ,µ)
ε (u)) = u ∓

ϕ
(λ,µ)
ε (u).

(2) For each [λ, λ∗] ∈ F [n], there exists a type M simple CBn-supermodule W [λ,λ∗] such
that W [λ,λ∗] = S(λ,λ∗) as a |CBn|-module, with W

[λ,λ∗]
0 = S[λ,λ∗,+] and W

[λ,λ∗]
1 =

S[λ,λ∗,−].

Each simple CBn-supermodule is uniquely determined, up to an even isomorphism, by
its summands as a CB0-module, and by the superdegrees in which those summands are
concentrated.
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Then applying Corollary 2.5, one gets:

Corollary 3.15. The sum of the simple CBn-supermodule structure maps induces a super-
algebra isomorphism

CBn
∼=

 ⊕
[λ,µ]∈E[n]

Q
(
W [λ,µ])⊕

 ⊕
[λ,λ∗]∈F [n]

End
(
W [λ,λ∗]).

In particular, for [λ, µ] ∈ E[n], the map W [λ,µ] : CBn → End(W [λ,µ]) has image in
Q(W [λ,µ]).

Lemma 3.16. Suppose n ≥ 5.
(1) Let [λ, µ] ∈ E[n]. If [λ, µ] = [[n], ∅] or [λ, µ] = [[1n], ∅], then dim(W [λ,µ]) = 2.

Otherwise,
dim

(
W [λ,µ]) ≥ 2n − 2.

(2) Let [λ, λ∗] ∈ F [n]. Then dim(W [λ,λ∗]) =
( n

n/2
)

· dim(Sλ)2 ≥
( n

n/2
)
.

Proof. Apply Lemma 3.1. □

Proposition 3.17. Let n ≥ 3.
(1) If [λ, µ] ∈ E[n], then

ResBn
Bn−1

(
W [λ,µ]

)
∼=
[ ⊕

(ν,τ)≺(λ,µ)
(ν,τ )̸=(τ∗,ν∗)

W [ν,τ ]
]

⊕
[ ⊕

(ν,τ)≺(λ,µ)
(ν,τ)=(τ∗,ν∗)

W [ν,τ ] ⊕ Π
(
W [ν,τ ])].

(2) If [λ, λ∗] ∈ F [n], then

ResBn
Bn−1

(
W [λ,λ∗]) ∼=

⊕
ν≺λ

W [ν,λ∗].

Proof. The formulas are obtained by considering W [λ,µ] as a |CBn−1|-module using (3.5),
noting that (ν, τ) ≺ (λ, µ) if and only if (τ∗, ν∗) ≺ (µ∗, λ∗), and from the fact that the
simple CBn−1-supermodules are determined (up to even isomorphism) by their restrictions
to C(Bn−1)0 and by the superdegrees in which the simple C(Bn−1)0-module summands
are concentrated. First one observes that the formulas in (1)–(2) are true at the level
of |CBn−1|-modules. This implies by the multiplicity of the composition factors that the
restriction formulas in (1)–(2) are also true at the level of CBn−1-supermodules, except
perhaps in case (1) if there exists some (ν, τ) ≺ (λ, µ) such that (ν, τ) = (τ∗, ν∗).

There exists at most one (ν, τ) ≺ (λ, µ) such that (ν, τ) = (τ∗, ν∗). If such a (ν, τ)
exists, then the multiplicity-two |CBn−1|-composition factor of S(ν,τ) in S(λ,µ) ⊕ S(µ∗,λ∗)

must correspond to supermodule summands W [ν,τ ] and Π(W [ν,τ ]), because the type Q
supermodule W [λ,µ] is even-isomorphic to Π(W [λ,µ]), but W [ν,τ ] is not even-isomorphic to
itself for [ν, τ ] ∈ F [n]. □

3.5. The Lie superalgebra of reflections in type B. For n ≥ 2, let bn ⊆ Lie(CBn)
be the Lie superalgebra generated by the set (3.1) of all reflections in Bn. When the value
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of n is clear from the context, we may write b0 = (bn)0. In this context, (2.5)–(2.6) take
the forms

Lie(CBn) ∼=

 ⊕
[λ,µ]∈E[n]

q
(
W [λ,µ])⊕

 ⊕
[λ,λ∗]∈F [n]

gl
(
W [λ,λ∗]), (3.13)

D(CBn) ∼=

 ⊕
[λ,µ]∈E[n]

sq
(
W [λ,µ])⊕

 ⊕
[λ,λ∗]∈F [n]

sl
(
W [λ,λ∗]). (3.14)

Let Xn =
∑n

j=1 Xj =
∑n

j=1
∑j−1

i=1 [(i, j) + titj(i, j)] be the sum in CBn of the YJM
elements, and let Tn =

∑n
j=1 tj . The set (3.1) is a union of two conjugacy classes in Bn.

Then
bn ⊆ D(CBn) + C · Xn + C · Tn, (3.15)

by Lemma 2.8. Our goal in this section is to prove the following theorem:

Theorem 3.18. Let n ≥ 2. Then bn = D(CBn) + C · Xn + C · Tn.

Lemma 3.19. If n ∈ {2, 3, 4, 5}, then bn = D(CBn) + C · Xn + C · Tn.

Proof. By dimension comparison in GAP [7]; see Appendix A for more details. □

Lemma 3.20. For n ≥ 5, the set
C(21n−3,1) := {ti(j, k), titjtk(j, k) : i, j, k distinct} (3.16)

is a conjugacy class S′ in B0 such that S′ ⊆ b0 and B0 = ⟨S′⟩.

Proof. The set S′ = C(21n−3,1) is a conjugacy class in Bn; the labeling corresponds to that
in [15, Section 2] or [14, Section 2]. If i, j, k, ℓ are distinct, then the element ti(j, k) ∈ S′ is
centralized by the element tℓ, which is in Bn but not B0. Then by the standard criterion,
S′ remains a conjugacy class in B0 (rather than splitting into a union of two conjugacy
classes in B0).

If i, j, k, ℓ are distinct, then

ti(j, k) = 1
2 · [ti, (j, k)] ∈ b0,

titjtk(j, k) = 1
2 · [ti, tjtk(j, k)] ∈ b0,

so S′ ⊆ b0. The group D0 is an index-2 subgroup of B0, and hence B0 is generated by D0
together with any single element of the form ti(j, k), i.e., by any element of B0 not in D0.
The group D0 is generated by all elements of the form

[ti(j, k)] · [titjtk(j, k)] = tjtk

for i, j, k distinct, and by the alternating group An, which for n ≥ 5 is generated by all
elements

[ti(j, k)] · [ti(ℓ, m)] = (j, k)(ℓ, m).
for i, j, k, ℓ, m distinct. Then for n ≥ 5, the group B0 is generated by the set S′. □

Proposition 3.21. Let n ≥ 5. Then (A)–(C) and (F) are satisfied for the supergroup
G = Bn, with S the set (3.1) of all reflections in Bn, and S′ the set (3.16). Consequently,
the results of Section 2.3 all hold in this context.

Proof. Apply Lemmas 3.20 and 3.1. □
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Lemma 3.22. Let n ≥ 6, let G = Bn, and let S be the set (3.1) of all reflections in Bn.
Suppose Theorem 3.18 is true for the value n−1. Then (D) is satisfied by the subsupergroup
H = Bn−1, with SH equal to the set of all reflections in Bn−1.

Proof. Condition (A) evidently holds for H, and (B) holds by Lemma 3.20. If Theo-
rem 3.18 is true for the value n − 1, then h = D(CH) + C · Xn−1 + C · Tn−1, and hence
h0 = D(CH)0. Finally, the last two bullet points in (D) are satisfied by Lemmas 3.12
and 3.13. □

Proposition 3.23. Let n ≥ 6, and suppose Theorem 3.18 is true for the value n − 1.
Then (E) holds for the supergroup G = Bn.

Proof. Set G = Bn and g = bn. Let V ∈ Irr(G0), and let ρV : D(g0) → End(V ) be the
restriction to D(g0) of the module structure map V : CG0 → End(V ). Then im(ρV ) ⊆
sl(V ). The map ρV is evidently a surjection of dim(V ) = 1, since then sl(V ) = 0, so
assume that dim(V ) > 1.

Let H = Bn−1, and let h ⊆ Lie(CH) be the Lie subsuperalgebra generated by the
set SH of reflections in H. By Lemma 3.22, H and SH satisfy (D). Then D(h0) is
semisimple by (2.9), and D(g0) is semisimple by Proposition 3.21. Let gV = ρV (D(g0))
and let hV = ρV (D(h0)). Then hV ⊆ gV are semisimple subalgebras of sl(V ), and gV acts
irreducibly on V (again by Proposition 3.21). The restriction of V to CH0 is multiplicity
free by Lemma 3.13; say V =

⊕t
i=1 Vi, where the Vi are pairwise non-isomorphic simple

CH0-modules. Then (2.9) implies that hV =
⊕t

i=1 sl(Vi), and hence each simple ideal
sl(Vi) of hV admits a composition factor Vi in V of multiplicity one.1 Write rk(L) for
the rank of a semisimple Lie algebra L. Then rk(hV ) ≤ rk(gV ). We want to show that
dim(V ) < 2 ·rk(hV ); this will imply first by [13, Lemme 15] that gV is a simple Lie algebra,
and then by [13, Lemme 13] that gV ∼= sl(V ), finishing the proof.

Since rk(hV ) =
∑t

i=1 rk(sl(Vi)) and since dim(V ) =
∑t

i=1 dim(Vi), then

2 · rk(hV ) − dim(V ) = 2 ·
(

t∑
i=1

dim(Vi) − 1
)

− dim(V ) =
t∑

i=1
[dim(Vi) − 2].

Since n ≥ 6, and hence n − 1 ≥ 5, we get by Lemma 3.12 that the only one-dimensional
CH0-modules are those labeled by [[n − 1], ∅] and [[1n−1], ∅], and all other simple CH0 are
of dimension at least 4. Thus, if dim(Vi) > 1 for all Vi, then 2 · rk(hV ) − dim(V ) > 0.

If S[[n−1],∅] occurs in V , then we see from Lemma 3.13 that either V ∼= S[[n−1,1],∅] or
V ∼= S[[n−1],[1]]; the possibility V ∼= S[[n],∅] is precluded by the assumption that dim(V ) > 1.
Similarly, if S[[1n−1],∅] occurs in V , then either V ∼= S[[2,1n−2],∅] or V ∼= S[[1n−1],[1]]. For
V ∼= S[[n−1,1],∅], one has ResG0̄

H0̄
(V ) ∼= S[[n−2,1],∅] ⊕ S[[n−1],∅] and dim(V ) = n − 1. Then

2 · rk(hV ) − dim(V ) = 2 ·
(
[(n − 2) − 1] + [1 − 1]

)
− (n − 1) = n − 5 > 0.

For V ∼= S[[n−1],[1]], one has ResG0̄
H0̄

(V ) ∼= S[[n−2],[1]] ⊕ S[[n−1],∅] and dim(V ) = n. Then

2 · rk(hV ) − dim(V ) = 2 ·
(
[n − 1] + [1 − 1]

)
− n = n − 2 > 0.

Similarly, one checks for V ∼= S[[2,1n−2],∅] or V ∼= S[[1n−1],[1]] that 2·rk(hV )−dim(V ) > 0. □

We can now prove Theorem 3.18.

1If dim(Vi) = 1, then sl(Vi) = 0, and we ignore that term for the purpose of this sentence.
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Proof of Theorem 3.18. The proof is by induction on n. The base cases n ∈ {2, 3, 4, 5}
are handled by Lemma 3.19, so let n ≥ 6, and suppose the theorem is true for the value
n − 1. By (3.15) one has bn ⊆ D(CBn) + C · Xn + C · Tn, and Xn, Tn ∈ bn, so it remains
to show that D(CBn) ⊆ bn. In the rest of the proof we identify CBn with its image under
the isomorphism (3.13).

First we will show that D(CBn)1 ⊆ bn. By (3.14), one has

D(CBn)1 =

 ⊕
[λ,µ]∈E[n]

sq
(
W [λ,µ])

1

⊕

 ⊕
[λ,λ∗]∈F [n]

sl
(
W [λ,λ∗])

1

,

∼=

 ⊕
[λ,µ]∈E[n]

sl
(
S[λ,µ])

⊕

 ⊕
[λ,λ∗]∈F [n]

Hom
(
S[λ,λ∗,+], S[λ,λ∗,−])⊕ Hom

(
S[λ,λ∗,−], S[λ,λ∗,+]),

and by Lemma 2.18, one has

D(b0) ∼=

 ⊕
[λ,µ]∈E[n]

sl
(
S[λ,µ])⊕

 ⊕
[λ,λ∗]∈F [n]

sl
(
S[λ,λ∗,+])⊕ sl

(
S[λ,λ∗,−]).

Then D(CBn)1 is a direct sum of pairwise non-isomorphic simple modules for the semisim-
ple Lie algebra D(b0). Since b1 is a D(b0)-submodule of D(CBn)1 + C · Xn + C · Tn, it
must contain some subset of the summands in D(CBn)1. Using Lemma 2.19, we see
that each of these summands is contained in the image of the corresponding projec-
tion map W [λ,µ] : bn → End(W [λ,µ]), and hence must have been contained in b1. Thus
D(CBn)1 ⊆ bn.

Now applying Lemmas 3.16 and 2.7, we deduce that

(1) sl(W [λ,λ∗]) ⊆ bn for each [λ, λ∗] ∈ F [n], and
(2) sq(W [λ,µ]) ⊆ bn for all [λ, µ] ∈ E[n], except perhaps for [λ, µ] = [[n], ∅] or [λ, µ] =

[[1n], ∅], i.e., sq(W ) ⊆ bn for all W ∈ Irrs(Bn) such that dim(W ) > 2.

It remains to show that sq(W [λ,µ]) ⊆ bn for [λ, µ] = [[n], ∅] and [λ, µ] = [[1n], ∅]. In
these cases one has sq(W [λ,µ]) = C · idW [λ,µ] . First, if τ ∈ Bn is any reflection, then
1CBn = τ2 = 1

2 · [τ, τ ] ∈ b. Under the isomorphism of Corollary 3.15, one has 1CBn =∑
[λ,µ]∈BP[n] idW [λ,µ] . Let

Ψ = 1CBn −
( ∑

[λ,µ]∈BP[n]
[λ,µ] ̸=[[n],∅]
[λ,µ] ̸=[[1n],∅]

idW [λ,µ]

)
= 1CBn −

( ∑
W ∈Irrs(Bn)
dim(W )>2

idW

)
. (3.17)

Then Ψ ∈ b, because it is a linear combination of elements known to be in b, and Ψ acts
as zero on all simple CBn-supermodules except for W [[n],∅] and W [[1n],∅], on which it acts
as the identity. Next consider the element t1s2 = 1

2 · [t1, s2] ∈ b0. Items (1)–(2) above
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imply that W [λ,µ](t1s2) ∈ b0 for all [λ, µ] /∈ {[[n], ∅], [[1n], ∅]}. Set

Φ = t1s2 −
( ∑

[λ,µ]∈BP[n]
[λ,µ]̸=[[n],∅]
[λ,µ] ̸=[[1n],∅]

W [λ,µ](t1s2)
)

. (3.18)

Then Φ ∈ b, and Φ acts as zero on all simple CBn-supermodules except for W [[n],∅] and
W [[1n],∅]. One checks that t1s2 (hence also Φ) acts on W [[n],∅] as the identity, and acts
on W [[1n],∅] as multiplication by −1. Then idW [[n],∅] = 1

2(Ψ + Φ) ∈ bn, and idW [[1n],∅] =
1
2(Ψ − Φ) ∈ bn. Thus, sq(W [λ,µ]) ⊆ bn for all [λ, µ] ∈ E[n], and we conclude that
D(CBn) ⊆ bn. □

4. The Lie superalgebra of transpositions

4.1. The symmetric group. Recall from Example 2.1 that the symmetric group Sn =
W (An−1) is a supergroup via the sign character ε′′ : Sn → {±1}. Its even subgroup is
the alternating group An. The simple CSn-modules are the Specht modules Sλ for λ ⊢ n.
And for each λ ⊢ n one has Sλ ⊗ ε′′ ∼= Sλ∗ . Recalling that the CBn-module S(λ,∅) is
the inflation to Bn of Sλ, and hence S(λ,∅) = Sλ as a CSn-module, an explicit choice of
associator ϕλ

ε′′ : Sλ → Sλ∗ satisfying (2.1)–(2.2) for each λ ⊢ n can be made by taking
ϕλ

ε′′ = ϕ
(λ,∅)
ε′′ . Let P(n) = {λ : λ ⊢ n} and let

En = {λ ∈ P(n) : λ ̸= λ∗}, Fn = {λ ∈ P(n) : λ = λ∗}.

Let ∼ be the equivalence relation on P(n) generated by λ ∼ λ∗. Then the simple CSn-
supermodules are labeled by elements of P(n)/∼. Now (2.5)–(2.6) take the forms

Lie(CSn) ∼=

 ⊕
λ∈En/∼

q(W λ)

⊕

⊕
λ∈Fn

gl(W λ)

, (4.1)

D(CSn) ∼=

 ⊕
λ∈En/∼

sq(W λ)

⊕

⊕
λ∈Fn

sl(W λ)

, (4.2)

where the sum over elements of En/∼ means that we take the sum over any complete set
of representatives in En under the relation ∼.

For n ≥ 2, the set of reflections in Sn is
S = {(i, j) : 1 ≤ i < j ≤ n},

i.e., the set of transpositions in Sn. Let s = sn be the Lie subsuperalgebra of Lie(CSn)
generated by the elements of the set S. The set S is a single conjugacy class in Sn. Let

Tn =
∑

1≤i<j≤n

(i, j)

be the sum in CSn of the transpositions. Then
sn ⊆ D(CSn) + C · Tn, (4.3)

by Lemma 2.8. Our goal in this section is to establish the following theorem:

Theorem 4.1. Let n ≥ 2. Then sn = D(CSn) + C · Tn.

Lemma 4.2. If n ∈ {2, 3, 4, 5}, then sn = D(CSn) + C · Tn.
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Proof. By dimension comparison in GAP [7]; see Appendix A for more details. □

Example 4.3 (n = 2). The set of reflections in S2 is S = {(1, 2)}. One has
[(1, 2), (1, 2)] = (1, 2)(1, 2) + (1, 2)(1, 2) = 2 · e,

and
[e, (1, 2)] = e · (1, 2) − (1, 2) · e = (1, 2) − (1, 2) = 0.

Then s2 = span{e, (1, 2)}, with s0 = span{e} = D(CS2) and s1 = span{(1, 2)} = C · T2.

Example 4.4 (n = 3). The set of reflections in S3 is S = {(1, 2), (2, 3), (1, 3)}. One finds
that

s0 = span{e, (1, 2, 3) + (1, 3, 2)},

s1 = span{(1, 2), (2, 3), (1, 3)},

D(CS3) = span{e, (1, 2, 3) + (1, 3, 2), (1, 2) − (1, 3), (1, 3) − (2, 3)},

T3 = (1, 2) + (2, 3) + (1, 3).

Lemma 4.5. For n ≥ 5, the set
S′ := {(i, j)(k, ℓ) : i, j, k, ℓ distinct} (4.4)

is a conjugacy class in An such that S′ ⊆ s0 and An = ⟨S′⟩.

Proof. The set S′ is a conjugacy class in Sn. If i, j, k, ℓ are distinct, then (i, j)(k, ℓ) is
centralized by (i, j), which is in Sn but not An. Then by the standard criterion, S′

remains a conjugacy class in An. If i, j, k, ℓ are distinct, then

(i, j)(k, ℓ) = 1
2 · [(i, j), (k, ℓ)] ∈ s0,

so S′ ⊆ s0. Finally, it is well-known for n ≥ 5 that An is generated by the set S′. □

Proposition 4.6. Let n ≥ 5. Then (A)–(C) and (F) are satisfied for the supergroup
G = Sn, with S the set of all transpositions in Sn, and S′ the set (4.4). Consequently,
the results of Section 2.3 all hold in this context.

Proof. Apply Lemma 4.5 and [12, Theorem 2.4.10]. □

Lemma 4.7. Let n ≥ 6, let G = Sn, and let S be the set of all transpositions in Sn.
Suppose Theorem 4.1 is true for the value n−1. Then (D) is satisfied by the subsupergroup
H = Sn−1, with SH equal to the set of all transpositions in Sn−1.

Proof. Condition (A) evidently holds for H, and (B) holds by Lemma 4.5. If Theorem 4.1
is true for the value n − 1, then h = D(CH) + C · Tn−1, and hence h0 = D(CH)0.
Finally, the last two bullet points in (D) are satisfied by [12, Theorem 2.5.15] and as a
consequence of the branching rule for restriction from An to An−1; see [9, Theorem 2]
or [4, Remark 3.4.4]. □

Proposition 4.8. Let n ≥ 6, and suppose Theorem 4.1 is true for the value n − 1.
Then (E) holds for the supergroup G = Sn.

Proof. The argument is entirely parallel to that given for the proof of Proposition 3.23,
using the multiplicity-free branching rule from An to An−1; see [9, Theorem 2] or [4,
Remark 3.4.4]. □

We can now prove Theorem 4.1.
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Proof of Theorem 4.1. The proof is entirely parallel to the proof of Theorem 3.18 given at
the end of Section 3.5, up through the definition of the operator Ψ in (3.17). In this case
one has

Ψ = 1CSn −
( ∑

W ∈Irrs(Sn)
dim(W )>2

idW

)
. (4.5)

For n ≥ 6 there is only one simple CSn-supermodule W with dim(W ) ≤ 2, namely
W = W [n], and one sees that the operator Ψ defined by (4.5) is equal to idW [n] , which
spans sq(W [n]). □

5. Type D representation theory

In this section let n ≥ 4.

5.1. Weyl groups of type D. The group Dn = W (Dn) is the kernel of the group
homomorphism ε′ defined in (3.2); in the terminology of Section 2.1, Dn is the even
subgroup of Bn with respect to the homomorphism ε′ : Bn → {±1}. Each element of Dn

is uniquely of the form ti1
1 . . . tin

n σ with σ ∈ Sn, ij ∈ {0, 1} for each j, and i1 + · · · + in

even. For 1 ≤ i ≤ n − 1, set ui = t1ti+1. Then each element of Dn is also uniquely of the
form ui1

1 . . . u
in−1
n−1 σ with σ ∈ Sn and ij ∈ {0, 1} for each j.

Set s̃n = tnsn−1tn. Then for n ≥ 4, the pair (Dn, {s1, . . . , sn−1, s̃n}) is a Coxeter system
of type Dn. The set of reflections in Dn is

{(i, j), titj(i, j) : 1 ≤ i < j ≤ n}. (5.1)

The character ε′′ : Bn → {±1} restricts to the sign character of Dn.

5.2. Simple modules for Weyl groups of type D. Recall from (3.3) that for (λ, µ) ∈
BP(n), one has S(λ,µ) ⊗ε′ ∼= S(µ,λ) as CBn-modules. Let BP{n} be the set of all unordered
pairs {λ, µ} of partitions such that |λ| + |µ| = n. Now applying Lemma 2.2 for (G, κ) =
(Bn, ε′), one gets:

Lemma 5.1. Up to isomorphism, each simple CDn-module arises uniquely via either:
(1) If {λ, µ} ∈ BP{n} and λ ̸= µ, then

S{λ,µ} := ResBn
Dn

(
S(λ,µ)) ∼= ResBn

Dn

(
S(µ,λ))

is simple and self-conjugate.
(2) If {λ, λ} ∈ BP{n}, then S{λ,λ} := ResBn

Dn
(S(λ,λ)) is the direct sum of two simple,

conjugate, non-isomorphic CDn-modules S{λ,+} and S{λ,−}, equal to the ±1 eigen-
spaces of ϕ

(λ,λ)
ε′ .

Remark 5.2. Suppose {λ, λ} ∈ BP{n}, and set T(λ, λ)+ = {T ∈ T(λ, λ) : ρT (1) = +1}.
Then

B{λ,±} = {cT ± cT ♮ : T ∈ T(λ, λ)+}

is a basis for S{λ,±}; cf. [5, Remark 3.2.2]. For T ∈ T(λ, λ), set S
{λ,±}
T = span{cT ± cT ♮}.

Then
S{λ,±} =

⊕
T ∈T(λ,λ)+

S
{λ,±}
T .
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Lemma 5.3 ([5, Lemma 3.2.4]). Let n ≥ 5.
(1) The only one-dimensional CDn-modules are those labeled by {[n], ∅} and {[1n], ∅},

i.e., the trivial CDn-module and the one-dimensional module afforded by the sign
character ε′′.

(2) If {λ, µ} ∈ BP{n} and dim(S{λ,µ}) ̸= 1, then dim(S{λ,µ}) ≥ n − 1.
(3) If {λ, λ} ∈ BP{n}, then dim(S{λ,±}) = 1

2 ·
( n

n/2
)

· dim(Sλ)2 ≥ 1
2 ·
( n

n/2
)
.

For {λ, µ} ∈ BP{n}, write {ν, τ} ≺ {λ, µ} if either (ν, τ) ≺ (λ, µ) or (ν, τ) ≺ (µ, λ).
Identify Dn−1 with the sub(super)group of Dn generated by {s1, . . . , sn−2, s̃n−1}, where
s̃n−1 = tn−1sn−2tn−1.
Lemma 5.4 ([5, Lemma 3.5.2]). Restriction from Dn to Dn−1 is multiplicity free. Specif-
ically:

(1) If {λ, µ} ∈ BP{n} and λ ̸= µ, then

ResDn
Dn−1

(
S{λ,µ}

)
∼=
[ ⊕

{ν,τ}≺{λ,µ}
ν ̸=τ

S{ν,τ}
]

⊕

 ⊕
{ν,ν}≺{λ,µ}

S{ν,+} ⊕ S{ν,−}

.

(2) If n is even and λ ⊢ n/2, then

ResDn
Dn−1

(
S{λ,±}) ∼=

⊕
ν≺λ

S{ν,λ}.

Proof. This can be deduced in precisely the same manner as Lemma 3.13. □

Remark 5.5. The explicit CBn−1-module decomposition of S(λ,µ) given in (3.5) restricts
to a CDn−1-module decomposition of S{λ,µ}. For λ ⊢ n/2, an analogous CDn−1-module
decomposition of S{λ,±} is given as follows; cf. [5, Remark 3.5.4]. Set T{ν, τ} = T(ν, τ) ∪
T(τ, ν). Then

S{λ,±} =
⊕
ν≺λ

[ ⊕
T ∈T(λ,λ)+
T/n∈T{ν,λ}

S
{λ,±}
T

]
∼=
⊕
ν≺λ

S{ν,λ}.

By [5, Remark 3.2.3], one has CDn-module isomorphisms

S{λ,µ} ⊗ ε′′ ∼= S{λ∗,µ∗} and S{λ,±} ⊗ ε′′ ∼=
{

S{λ∗,±} if n/2 is even,
S{λ∗,∓} if n/2 is odd.

(5.2)

Definition 5.6. Define linear maps satisfying (2.1) and (2.2) for (G, κ) = (Dn, ε′′) as
follows:

• If {λ, λ∗} ∈ BP{n} and λ ̸= λ∗, let ϕ
{λ,λ∗}
ε′′ be the restriction of

ϕ(λ,λ∗)
ε : S(λ,λ∗) −→ S(λ,λ∗).

• For all other {λ, µ} ∈ BP{n}, let ϕ
{λ,µ}
ε′′ be the restriction of

ϕ
(λ,µ)
ε′′ : S(λ,µ) −→ S(λ∗,µ∗).

• If n is even and λ ⊢ n/2, let

ϕ
{λ,±}
ε′′ :

{
S{λ,±} → S{λ∗,±} if n/2 is even,
S{λ,±} → S{λ∗,∓} if n/2 is odd.

be the restriction of ϕ
(λ,λ)
ε′′ to the summand S{λ,±} of S(λ,λ).
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Remark 5.7. First observe that if {λ, λ∗} ∈ BP{n} and λ ̸= λ∗, then {ν, τ} ̸= {ν∗, τ∗}
for all {ν, τ} ≺ {λ, λ∗}. Then making the identifications of Remark 5.5, and applying
Remark 3.5, one can see the following:

(1) If {ν, τ} ≺ {λ, µ} ∈ BP{n} with λ ̸= µ, {λ, µ} = {λ∗, µ∗}, and {ν, τ} = {ν∗, τ∗},
then the map ϕ

{λ,µ}
ε′′ restricts via Lemma 5.4 to ϕ

{ν,τ}
ε′′ .

(2) Supppose {λ, λ} ∈ BP{n} and ν ≺ λ with λ = λ∗ and ν = ν∗:
(a) If n/2 is even, then the map ϕ

{λ,±}
ε′′ restricts via Lemma 5.4 to ϕ

{ν,λ}
ε′′ .

(b) If n/2 is odd, then ϕ
{λ,±}
ε′′ restricts to a linear isomorphism from the summand

S{ν,λ} of S{λ,±} to the summand S{ν,λ} of S{λ,∓}.

5.3. The even subgroup of the type D Weyl group. We now consider Dn as a super-
group via its sign character ε′′ : Dn → {±1}. Making the identification Dn = (Zn

2 )0 ⋊Sn,
one has

D0 = (Dn)0 = ker(ε′′) = (Zn
2 )0 ⋊ An.

Let ≈ be the equivalence relation on BP{n} generated by {λ, µ} ≈ {λ∗, µ∗}. Write [[λ, µ]]
for the equivalence class of {λ, µ}, and let BP[[n]] be the set of all equivalence classes
under ≈. Then BP[[n]] = E[[n]] ∪ F [[n]], where

E[[n]] = {[[λ, µ]] : {λ, µ} ≠ {λ∗, µ∗}},

F [[n]] = {[[λ, µ]] : {λ, µ} = {λ∗, µ∗}}.
(5.3)

Now applying Lemma 2.2 for the pair (G, κ) = (Dn, ε′′), one gets:

Lemma 5.8. Up to isomorphism, each simple CD0-module occurs uniquely via either:
(1) If [[λ, µ]] ∈ E[[n]] and λ ̸= µ, then

S[[λ,µ]] := ResDn
D0̄

(
S{λ,µ}) ∼= ResDn

D0̄

(
S{λ∗,µ∗})

is simple and self-conjugate.
(2) Suppose n is even and [[λ, λ]] ∈ E[[n]].

(a) If n/2 is even, then the two CD0-modules

S[[λ,+]] := ResDn
D0̄

(
S{λ,+}) ∼= ResDn

D0̄

(
S{λ∗,+}),

and

S[[λ,−]] := ResDn
D0̄

(
S{λ,−}) ∼= ResDn

D0̄

(
S{λ∗,−})

are simple, self-conjugate, and non-isomorphic.
(b) If n/2 is odd, then the two CD0-modules

S[[λ,+]] := ResDn
D0̄

(
S{λ,+}) ∼= ResDn

D0̄

(
S{λ∗,−}),

and

S[[λ,−]] := ResDn
D0̄

(
S{λ,−}) ∼= ResDn

D0̄

(
S{λ∗,+})

are simple, self-conjugate, and non-isomorphic
(3) If [[λ, µ]] ∈ F [[n]] and λ ̸= µ, then S[[λ,µ]] := ResDn

D0̄
(S{λ,µ}) is the direct sum of two

simple, conjugate, non-isomorphic CD0-modules S[[λ,µ,+]] and S[[λ,µ,−]], equal to the
+1 and −1 eigenspaces of the map ϕ

{λ,µ}
ε′′ specified in Definition 5.6.
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(4) Suppose n is even and [[λ, λ]] ∈ F [[n]].
(a) If n/2 is even, then S[[λ,+]] := ResDn

D0̄
(S{λ,+}) and S[[λ,−]] := ResDn

D0̄
(S{λ,−}) are

each the direct sum of two simple, conjugate, non-isomorphic CD0-modules,

S[[λ,±]] = S[[λ,±,+]] ⊕ S[[λ,±,−]],

equal to the +1 and −1 eigenspaces of the maps ϕ
{λ,±}
ε′′ specified in Defini-

tion 5.6.
(b) If n/2 is odd, then

S[[λ,+]] := ResDn
D0̄

(
S{λ,+}) ∼= ResDn

D0̄

(
S{λ,−}) =: S[[λ,−]]

is simple and self-conjugate.
Remark 5.9. For [[λ, λ]] ∈ E[[n]] and n/2 odd, the isomorphism classes of S[[λ,+]] and
S[[λ,−]] depend individually on the choice of representative {λ, λ} for the equivalence class
[[λ, λ]], but as a pair they are independent of the choice.
Remark 5.10. Suppose n even and λ ⊢ n/2. Set S[[λ,λ]] = ResDn

D0̄
(S{λ,λ}) = S[[λ,+]]⊕S[[λ,−]].

• If λ ̸= λ∗, then S[[λ,λ]] is the sum of two non-isomorphic simple CD0-modules.
• If λ = λ∗ and n/2 is even, then S[[λ,λ]] = S[[λ,+,+]] ⊕ S[[λ,+,−]] ⊕ S[[λ,−,+]] ⊕ S[[λ,−,−]]

is the sum of four non-isomorphic simple CD0-modules.
• If λ = λ∗ and n/2 is odd, then S[[λ,λ]] is the sum of two isomorphic simple CD0-

modules.
Let ϕε′ = ϕ

(λ,λ)
ε′ and ϕε′′ = ϕ

(λ,λ)
ε′′ . Then ϕε′′ ◦ ϕε′ = (−1)n/2 · ϕε′ ◦ ϕε′′ by Remark 3.9. Let

S[[λ,λ,±]] be the ±1 eigenspace for ϕε′′ . Then it is straightforward to see, as subspaces of
S(λ,λ), that

S[[λ,λ,±]] = S[[λ,+,±]] ⊕ S[[λ,−,±]] if n/2 is even.
On the other hand, the decompositions S[[λ,λ,+]] ⊕ S[[λ,λ,−]] and S[[λ,+]] ⊕ S[[λ,−]] of S[[λ,λ]]

imply that
S[[λ,λ,+]] ∼= S[[λ,+]] ∼= S[[λ,−]] ∼= S[[λ,λ,−]] as CD0-modules if n/2 is odd.

Lemma 5.11. Let n ≥ 5.
(1) The only one-dimensional CD0-module is the trivial module S[[[n],∅]].
(2) If [[λ, µ]] ∈ BP[[n]] and dim(S[[λ,µ]]) ̸= 1, then dim(S[[λ,µ]]) ≥ n − 1.
(3) If [[λ, µ]] ∈ F [[n]] and λ ̸= µ, then dim(S[[λ,µ,±]]) = 1

2 · dim(S[[λ,µ]]) ≥ 1
2 · (n − 1).

(4) If [[λ, λ]] ∈ BP[[n]], then dim(S[[λ,±]]) = 1
2 ·
( n

n/2
)

· dim(Sλ)2 ≥ 1
2 ·
( n

n/2
)
.

(5) If [[λ, λ]] ∈ F [[n]] and n/2 is even, then

dim
(
S[[λ,±,+]]) = dim

(
S[[λ,±,−]]) = 1

4 ·
(

n

n/2

)
· dim(Sλ)2 ≥ 1

4 ·
(

n

n/2

)
.

Remark 5.12. There are no elements in BP[[5]] of the form [[λ, λ]], and the only elements
of the set F [[5]] are [[[3, 1, 1], ∅]] and [[[2, 2], [1]]]. Applying Lemma 3.1(1), one checks that

dim
(
S[[[3,1,1],∅]]) =

(
5
5

)
· dim

(
S[3,1,1]) · dim

(
S∅) = 1 · 5!

1 · 2 · 5 · 2 · 1 · 1 = 6,

dim
(
S[[[2,2],[1]]]) =

(
5
4

)
· dim

(
S[2,2]) · dim

(
S[1]) = 5 · 4!

1 · 2 · 3 · 2 · 1 = 10.

It follows for n = 5 that if V is a simple CD0-module and dim(V ) ̸= 1, then dim(V ) ≥ 3.
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Remark 5.13. The commutator subgroup [G, G] of a finite group G is equal to the inter-
section of the kernels of the degree-1 complex linear characters of G. Then Lemmas 3.1,
5.3, 3.12, and 5.11 imply for n ≥ 5 that [Bn, Bn] = [Dn, Dn] = [B0, B0] = [D0, D0] = D0.

Lemma 5.14.
(1) If [[λ, µ]] ∈ E[[n]] and λ ̸= µ, then

Res(Dn)0̄
(Dn−1)0̄

(
S[[λ,µ]]) ∼=

⊕
{ν,τ}≺{λ,µ}

S[[ν,τ ]],

with the understanding that S[[ν,τ ]] decomposes into a sum of two or more simple
modules if either {ν, τ} = {ν∗, τ∗} or ν = τ ; cf. Lemma 5.8(3) and Remark 5.10.

(2) If n is even and [[λ, λ]] ∈ E[[n]], then

Res(Dn)0̄
(Dn−1)0̄

(
S[[λ,±]]) ∼=

⊕
ν≺λ

S[[ν,λ]].

(3) Suppose [[λ, µ]] ∈ F [[n]] and λ ̸= µ.
(a) If µ = λ∗, so [[λ, µ]] = [[λ, λ∗]] and λ ̸= λ∗, then

Res(Dn)0̄
(Dn−1)0̄

(
S[[λ,λ∗,±]]) ∼=

⊕
ν≺λ

S[[ν,λ∗]].

(b) If µ ̸= λ∗, so λ = λ∗ and µ = µ∗, then

Res(Dn)0̄
(Dn−1)0̄

(
S[[λ,µ,±]]

)
∼=
[ ⊕

ν≺λ
res(λ/ν)>0

S[[ν,µ]]
]

⊕
[ ⊕

ν≺λ
res(λ/ν)=0

S[[ν,µ,±]]
]

⊕
[ ⊕

τ≺µ
res(µ/τ)>0

S[[λ,τ ]]
]

⊕
[ ⊕

τ≺µ
res(µ/τ)=0

S[[λ,τ,±]]
]
,

with the understanding from Remark 5.10 that if µ ≺ λ, then S[[µ,µ,±]] =
S[[µ,+,±]] ⊕ S[[µ,−,±]] if |µ| is even, and S[[µ,µ,±]] ∼= S[[µ,±]] if |µ| is odd (and
similarly if λ ≺ µ).

(4) Suppose n is even and [[λ, λ]] ∈ F [[n]].
(a) If n/2 is even, then for ♡ ∈ {+, −},

Res(Dn)0̄
(Dn−1)0̄

(
S[[λ,±,♡]]) ∼=

[ ⊕
ν≺λ

res(λ/ν)>0

S[[ν,λ]]
]

⊕
[ ⊕

ν≺λ
res(λ/ν)=0

S[[ν,λ,+]] ⊕ S[[ν,λ,−]]
]
.

(b) If n/2 is odd, then

Res(Dn)0̄
(Dn−1)0̄

(
S[[λ,±]]) ∼=

⊕
ν≺λ

S[[ν,λ]],

with the understanding from Lemma 5.8(3) that if ν = ν∗, then S[[ν,λ]] is the
direct sum of the two simple, non-isomorphic modules S[[ν,λ,+]] and S[[ν,λ,−]].

Proof. Apply definitions, Lemma 5.4, and Remark 5.7. □
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Remark 5.15. In general, restriction from (Dn)0 to (Dn−1)0 is not multiplicity free.
Repeated composition factors occur in the following situations:

(1) In case (1) of Lemma 5.14, if µ ≺ λ with |µ| odd and µ = µ∗ (and hence λ ̸= λ∗),
then the summand S[[µ,µ]] of S[[λ,µ]] is the sum of the isomorphic modules S[[µ,+]]

and S[[µ,−]]. Similarly, if λ ≺ µ with |λ| odd and λ = λ∗, then the summand S[[λ,λ]]

is the sum of the isomorphic modules S[[λ,+]] and S[[λ,−]].
(2) In case (4b) of Lemma 5.14, if ν ≺ λ with res(λ/ν) > 0, then also ν∗ ≺ λ, and the

summands S[[ν,λ]] and S[[ν∗,λ]] of S[[λ,±]] are isomorphic.

5.4. Simple supermodules in type D. Applying Lemma 2.3 for the pair (G, κ) =
(Dn, ε′′), and fixing the maps ϕ

{λ,µ}
ε′′ and ϕ

{λ,±}
ε′′ as in Definition 5.6, one now gets:

Proposition 5.16. Up to homogeneous isomorphism, each simple CDn-supermodule oc-
curs in exactly one of the following ways:

(1) For each [[λ, µ]] ∈ E[[n]] with λ ̸= µ, there exists a type Q simple CDn-supermodule

U [[λ,µ]] = S{λ,µ} ⊕ S{λ∗,µ∗},

with homogeneous subspaces and odd involution J{λ,µ} defined as in Lemma 2.3(1).
(2) Suppose n is even and [[λ, λ]] ∈ E[[n]].

(a) If n/2 is even, then there exist type Q simple CDn-supermodules

U [[λ,+]] = S{λ,+} ⊕ S{λ∗,+} and U [[λ,−]] = S{λ,−} ⊕ S{λ∗,−},

with homogeneous subspaces and odd involutions J{λ,±} defined as in Lem-
ma 2.3(1).

(b) If n/2 is odd, then there exist type Q simple CDn-supermodules

U [[λ,+]] = S{λ,+} ⊕ S{λ∗,−} and U [[λ,−]] = S{λ,−} ⊕ S{λ∗,+},

with homogeneous subspaces and odd involutions J{λ,±} defined as in Lem-
ma 2.3(1).

(3) For each [[λ, µ]] ∈ F [[n]] with λ ̸= µ, there exists a type M simple CDn-supermodule

U [[λ,µ]] = S{λ,µ}

with U
[[λ,µ]]
0 = S[[λ,µ,+]] and U

[[λ,µ]]
1 = S[[λ,µ,−]].

(4) Suppose n is even and [[λ, λ]] ∈ F [[n]].
(a) If n/2 is even, then there exist type M simple CDn-supermodules

U [[λ,+]] = S{λ,+} and U [[λ,−]] = S{λ,−},

with U
[[λ,±]]
0 = S[[λ,±,+]] and U

[[λ,±]]
1 = S[[λ,±,−]].

(b) If n/2 is odd, then there exists a type Q simple CDn-supermodule

U [[λ,λ]] = S{λ,+} ⊕ S{λ,−}

with homogeneous subspaces and odd involution J{λ,+} defined as in Lem-
ma 2.3(1).

Each simple CDn-supermodule is uniquely determined, up to an even isomorphism, by
its summands as a CD0-module, and by the superdegrees in which those summands are
concentrated.
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Remark 5.17. We are abusing notation in case (2b) in the same manner discussed in
Remark 5.9. If [[λ, λ]] ∈ E[[n]], or if [[λ, λ]] ∈ F [[n]] with n/2 even, we may write

U [[λ,λ]] = U [[λ,+]] ⊕ U [[λ,−]].

Then U [[λ,λ]] depends only on the equivalence class [[λ, λ]].

Lemma 5.18. Let n ≥ 5.

(1) Let [[λ, µ]] ∈ E[[n]] with λ ̸= µ. If [[λ, µ]] = [[[n], ∅]], then dim(U [[λ,µ]]) = 2. Other-
wise,

dim
(
U [[λ,µ]]) ≥ 2n − 2.

(2) If [[λ, λ]] ∈ E[[n]], then dim(U [[λ,±]]) =
( n

n/2
)

· dim(Sλ)2 ≥
( n

n/2
)
.

(3) If [[λ, µ]] ∈ F [[n]] and λ ̸= µ, then dim(U [[λ,µ]]) ≥ n − 1.
(4) If [[λ, λ]] ∈ F [[n]] and n/2 is even, then dim(U [[λ,±]]) = 1

2 ·
( n

n/2
)
·dim(Sλ)2 ≥ 1

2 ·
( n

n/2
)
.

(5) If [[λ, λ]] ∈ F [[n]] and n/2 is odd, then dim(U [[λ,λ]]) =
( n

n/2
)

· dim(Sλ)2 ≥
( n

n/2
)
.

Proposition 5.19. Let n ≥ 5.

(1) Suppose [[λ, µ]] ∈ E[[n]] with λ ̸= µ. Then

ResDn
Dn−1

(
U [[λ,µ]]) ∼=

[ ⊕
{ν,τ}≺{λ,µ}

{ν,τ}̸={ν∗,τ∗}

U [[ν,τ ]]
]

⊕
[ ⊕

{ν,τ}≺{λ,µ}
{ν,τ}={ν∗,τ∗}

U [[ν,τ ]] ⊕ Π
(
U [[ν,τ ]])].

(2) Suppose [[λ, λ]] ∈ E[[n]]. Then [[ν, λ]] ∈ E[[n − 1]] for all ν ≺ λ, and

ResDn
Dn−1

(
U [[λ,±]]) ∼=

⊕
ν≺λ

U [[ν,λ]].

(3) Suppose [[λ, µ]] ∈ F [[n]] with λ ̸= µ.
(a) Suppose [[λ, µ]] = [[λ, λ∗]] and λ ̸= λ∗. Then [[ν, λ∗]] ∈ E[[n − 1]] for all ν ≺ λ,

and

ResDn
Dn−1

(
U [[λ,λ∗]]) ∼=

⊕
ν≺λ

U [[ν,λ∗]].

(b) Suppose λ = λ∗ and µ = µ∗. Then

ResDn
Dn−1

(
U [[λ,µ]]) ∼=

[ ⊕
ν≺λ

res(λ/ν)≥0

U [[ν,µ]]
]

⊕
[ ⊕

τ≺µ
res(µ/τ)≥0

U [[λ,τ ]]
]
.
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(4) Let [[λ, λ]] ∈ F [[n]].
(a) Suppose n/2 is even. Then

ResDn
Dn−1

(
U [[λ,±]]) ∼=

⊕
ν≺λ

res(λ/ν)≥0

U [[ν,λ]].

(b) Suppose n/2 is odd. Then

ResDn
Dn−1

(
U [[λ,λ]]) ∼=

[ ⊕
ν≺λ

res(λ/ν)>0

U [[ν,λ]]
]⊕2

⊕
[ ⊕

ν≺λ
res(λ/ν)=0

U [[ν,λ]] ⊕ Π
(
U [[ν,λ]])].

Proof. Apply Lemma 5.14 and reasoning like that used to establish Proposition 3.17,
noting in case (1) that if {ν, ν} ≺ {λ, µ} with ν = ν∗ and |ν| odd, then the parity change
functor applied to U [[ν,ν]] is unnecessary but harmless because U [[ν,ν]] is of type Q (and hence
is isomorphic via an even isomorphism to its parity change module). Similar comments
apply to other instances of type Q simple supermodules. □

5.5. The Lie superalgebra of reflections in type D. Let dn ⊆ Lie(CDn) be the Lie
superalgebra generated by the set (5.1) of all reflections in Dn. When the value of n is
clear from the context, we may write d0 = (dn)0. In this context, (2.5)–(2.6) take the
forms

Lie(CDn) ∼=
[ ⊕

[[λ,µ]]∈E[[n]]
λ ̸=µ

q
(
U [[λ,µ]])]⊕

[ ⊕
[[λ,λ]]∈E[[n]]

q
(
U [[λ,+]])⊕ q

(
U [[λ,−]])]

⊕
[ ⊕

[[λ,µ]]∈F [[n]]
λ ̸=µ

gl
(
U [[λ,µ]])]⊕

[ ⊕
[[λ,λ]]∈F [[n]]

n/2 even

gl
(
U [[λ,+]])⊕ gl

(
U [[λ,−]])]

⊕
[ ⊕

[[λ,λ]]∈F [[n]]
n/2 odd

q
(
U [[λ,λ]])], (5.4)

D(CDn) ∼=
[ ⊕

[[λ,µ]]∈E[[n]]
λ ̸=µ

sq
(
U [[λ,µ]])]⊕

[ ⊕
[[λ,λ]]∈E[[n]]

sq
(
U [[λ,+]])⊕ sq

(
U [[λ,−]])]

⊕
[ ⊕

[[λ,µ]]∈F [[n]]
λ ̸=µ

sl(U [[λ,µ]])]⊕
[ ⊕

[[λ,λ]]∈F [[n]]
n/2 even

sl
(
U [[λ,+]])⊕ sl

(
U [[λ,−]])]

⊕
[ ⊕

[[λ,λ]]∈F [[n]]
n/2 odd

sq
(
U [[λ,λ]])]. (5.5)

Let Xn =
∑n

j=1 Xj =
∑n

j=1
∑j−1

i=1 [(i, j) + titj(i, j)] be the sum in CDn of the YJM
elements. The set (5.1) is a single conjugacy classes in Dn. Then

dn ⊆ D(CDn) + C · Xn, (5.6)

Ann. Repr. Th. 3 (2026), 3, p. 399–438 https://doi.org/10.5802/art.45

https://doi.org/10.5802/art.45


Lie superalgebras generated by reflections in Weyl groups of classical type 431

by Lemma 2.8. Our goal in this section is to prove the following theorem:

Theorem 5.20. Let n ≥ 4. Then dn = D(CDn) + C · Xn.

Lemma 5.21. If n ∈ {4, 5}, then dn = D(CDn) + C · Xn.

Proof. By dimension comparison in GAP [7]; see Appendix A for more details. □

Lemma 5.22. For n ≥ 5, the set
C(221n−4,∅) = {(i, j)(k, ℓ), titj(i, j)(k, ℓ), titjtktℓ(i, j)(k, ℓ) : i, j, k, ℓ distinct} (5.7)

is a conjugacy class S′ in D0 such that S′ ⊆ d0 and D0 = ⟨S′⟩.

Proof. The set S′ = C(221n−4,∅) is a conjugacy class in Bn; the labeling corresponds to
that in [15, Section 2] or [14, Section 2]. If i, j, k, ℓ, m are distinct, then the element
titj(i, j)(k, ℓ) ∈ S′ is centralized by tm, which is an element of Bn but not Dn. Then by
the standard criterion, S′ remains a conjugacy class in Dn (rather than splitting into a
union of two conjugacy classes in Dn). Similarly, titj(i, j)(k, ℓ) is centralized by (k, ℓ),
which is an element of Dn but not D0, so S′ is a conjugacy class in D0.

If i, j, k, ℓ are distinct, then

(i, j)(k, ℓ) = 1
2 · [(i, j), (k, ℓ)] ∈ d0,

titj(i, j)(k, ℓ) = 1
2 · [titj(i, j), (k, ℓ)] ∈ d0,

titjtktℓ(i, j)(k, ℓ) = 1
2 · [titj(i, j), tktℓ(k, ℓ)] ∈ d0,

so S′ ⊆ d0. The group D0 is generated as group by all elements of the form
[titj(i, j)(k, ℓ)] · [(i, j)(k, ℓ)] = titj

for i, j, k, ℓ distinct, and by the alternating group An, which for n ≥ 5 is generated by all
elements of the form (i, j)(k, ℓ) for i, j, k, ℓ distinct. Then for n ≥ 5, D0 is generated by
the set S′. □

Proposition 5.23. Let n ≥ 5. Then (A)–(C) and (F) are satisfied for the supergroup
G = Dn, with S the set (5.1) of all reflections in Dn, and S′ the set (5.7). Consequently,
the results of Section 2.3 all hold in this context.

Proof. Apply Lemmas 5.22 and 5.3. □

Lemma 5.24. Let n ≥ 6, let G = Dn, and let S be the set (5.1) of all reflections in Dn.
Suppose Theorem 5.20 is true for the value n−1. Then (D) is satisfied by the subsupergroup
H = Dn−1, with SH equal to the set of all reflections in Dn−1.

Proof. Condition (A) evidently holds for H, and (B) holds by Lemma 5.22. If Theo-
rem 5.20 is true for the value n − 1, then h = D(CH) +C · Xn−1, and hence h0 = D(CH)0.
Finally, the last two bullet points in (D) are satisfied by Lemmas 5.11 and 5.14. □

Proposition 5.25. Let n ≥ 6, and suppose Theorem 5.20 is true for the value n − 1.
Then (E) holds for the supergroup G = Dn.

Proof. We defer the proof to Section 5.6. □

We can now prove Theorem 5.20.
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Proof of Theorem 5.20. The proof is entirely parallel to the proof of Theorem 3.18 given
at the end of Section 3.5 up through the definition of the operator Ψ in (3.17). In this
case one has

Ψ = 1CDn −
( ∑

W ∈Irrs(Dn)
dim(W )>2

idW

)
. (5.8)

For n ≥ 6 there is only one simple CDn-supermodule W with dim(W ) ≤ 2, namely
W = W [[[n],∅]], and one sees that the operator Ψ defined by (5.8) is equal to idW [[[n],∅]] ,
which spans sq(W [[[n],∅]]). □

5.6. Proof of Proposition 5.25. Let n ≥ 6, and suppose Theorem 5.20 is true for the
value n − 1. Set G = Dn and g = dn. Then D(g0) is semisimple by Proposition 5.23.
Let V ∈ Irr(G0), let ρV : D(g0) → End(V ) be the restriction to D(g0) of the module
structure map V : CG0 → End(V ), and let gV = im(ρV ) ⊆ sl(V ). The map ρV is
evidently a surjection if dim(V ) = 1, since then sl(V ) = 0, so assume that dim(V ) > 1.
As in the proof of Lemma 2.18, we may identify gV with the orthogonal complement of
gV := ker(ρV ) with respect to the Killing form on D(g0). Then D(g0) = gV ⊕ gV , and
ρV : D(g0) → sl(V ) identifies with the projection map D(g0) →→ gV .

Let H = Dn−1, and let h ⊆ Lie(CH) be the Lie subsuperalgebra generated by the set SH

of reflections in H. Then H and the subset SH satisfy D, by Lemma 5.24. The Lie algebra
D(h0) is semisimple by (2.9), and D(h0) ⊆ D(g0) because h0 ⊆ g0. Let hV = ρV (D(h0)).
Then hV ⊆ gV are semisimple subalgebras of sl(V ), and gV acts irreducibly on V by
Proposition 5.23.

5.6.1. Multiplicity free restriction. If ResG
H(V ) is multiplicity free, then one can argue in a

manner entirely parallel to the proof of Proposition 3.23 to show that gV = sl(V ), applying
Lemma 5.11 and Remark 5.12 in lieu of Lemma 3.12, and applying Lemma 5.14 in lieu
of Lemma 3.13. In particular, the calculation when ResG

H(V ) contains a trivial factor
proceeds in precisely the same manner as in the proof of Proposition 3.23.

5.6.2. Non-multiplicity free restriction: Case (1) of Lemma 5.14. Now suppose ResG
H(V )

is not multiplicity free. By Remark 5.15, this can happen in one of two ways.
First suppose V = S[[λ,µ]] for some [[λ, µ]] ∈ E[[n]] with λ ̸= µ, and suppose that µ ≺ λ

with µ = µ∗ and |µ| odd. (The case when λ ≺ µ with |λ| odd and λ = λ∗ is entirely
similar.) Then

ResG
H(V ) =

[ ⊕
{ν,τ}≺{λ,µ}
{ν,τ}≠{µ,µ}

S[[ν,τ ]]
]

⊕
[
S[[µ,+]] ⊕ S[[µ,−]]

]
.

One has S[[µ,+]] ∼= S[[µ,−]] as CH-modules, and this is the only isomorphism among the
simple CH-factors in ResG

H(V ). Then the sum of the structure maps for the simple CH-
modules induces

hV ∼=
[ ⊕

{ν,τ}≺{λ,µ}
{ν,τ}≠{µ,µ}

sl
(
S[[ν,τ ]])]⊕

[
sl
(
S[[µ,±]])],

where sl(S[[µ,±]]) denotes the diagonally embedded copy of sl(S[[µ,+]]) ∼= sl(S[[µ,−]]) in
End(S[[µ,+]])⊕End(S[[µ,−]]). There exists τ ≺ µ, and for such τ the simple ideal sl(S[[λ,τ ]]) of
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hV has a composition factor S[[λ,τ ]] of multiplicity one in V . Say |µ| = m. Then |λ| = m+1,
n = 2m + 1 (so m ≥ 3 because n ≥ 6), and for τ ≺ µ one has

dim(S[[λ,τ ]]) =
(

2m

m + 1

)
· dim(Sλ) · dim(Sτ ) ≥

(
2m

m + 1

)
· dim(Sλ).

Since sl(k) has no non-trivial modules of dimension less than k, it follows that each non-
trivial sl(S[[λ,τ ]])-module is of dimension at least

( 2m
m+1

)
· dim(Sλ).

Now let gV = g1 ⊕ · · · ⊕ gt be the decomposition of the semisimple Lie algebra gV into
simple ideals. We want to show that t = 1. Since gV acts irreducibly on V , it follows
for each 1 ≤ i ≤ t that there exists a simple gi-module Vi such that V identifies with the
external tensor product of modules V1 ⊠ · · ·⊠Vt. Since gV ⊂ End(V ) acts faithfully on V ,
it follows for each i that Vi cannot be the trivial gi-module (else gi acts trivially on V ),
and hence dim(Vi) ≥ 2.

Fix τ ≺ µ, and set hτ = sl(S[[λ,τ ]]). Then each Vi becomes an hτ -module via the sequence
of canonical Lie algebra maps hτ ↪→ hV ⊆ gV →→gi. If Vi is trivial as an hτ -module, it would
follow that each hτ -composition factor in V would be of multiplicity at least dim(Vi) ≥ 2,
contradicting the observation that hτ has a composition factor in V of multiplicity one.
Thus each Vi must be a nontrivial hτ -module. Now if t ≥ 2, one has(

2m

m + 1

)
· dim(Sλ) ·

(
2m

m + 1

)
· dim(Sλ) ≥ 2m ·

(
2m

m + 1

)
· dim(Sλ) · dim(Sλ)

>
2m + 1

m
·
(

2m

m + 1

)
· dim(Sλ) · dim(Sµ)

=
(

2m + 1
m + 1

)
· dim(Sλ) · dim(Sµ)

= dim(V ),

where at the third line we observe that dim(Sµ) ≤ dim(Sλ) if µ ≺ λ. Then dim(V ) >
dim(V ), a contradiction, so it must be the case that t = 1 and gV is a simple Lie algebra.

Now observe that

2 · rk(hV ) − dim(V ) =
[ ∑

{ν,τ}≺{λ,µ}
{ν,τ}≠{µ,µ}

dim
(
S[[ν,τ ]])− 2

]
+ [−2].

The assumptions on λ and µ imply that the trivial CH-module does not occur in ResG
H(V ).

The assumptions also imply that n ≥ 7, and hence imply by Lemma 5.11 that dim(S[[ν,τ ]]) ≥
n − 1 ≥ 6 for each {ν, τ} ≺ {λ, µ} with {ν, τ} ≠ {µ, µ}. There exist such {ν, τ}, namely,
for τ ≺ µ one has {λ, τ} ≺ {λ, µ}, so 2 · rk(hV ) − dim(V ) > 0. Then gV ∼= sl(V ) by [13,
Lemme 13].

5.6.3. Non-multiplicity free restriction: Case (4b) of Lemma 5.14. Now suppose n is even,
n/2 is odd, [[λ, λ]] ∈ F [[n]], and V = S[[λ,+]] ∼= S[[λ,−]]. First we will show that gV is a simple
Lie algebra; the argument is an adaptation of an argument in the proof of [5, Lemma 5.7.1].
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Observe that since λ = λ∗, then ν ≺ λ if and only if ν∗ ≺ λ. Then

ResG
H(S[[λ,+]]) ∼=

[ ⊕
ν≺λ

res(λ/ν)>0

S[[ν,λ]] ⊕ S[[ν∗,λ]]
]

⊕
[ ⊕

ν≺λ
res(λ/ν)=0

S[[ν,λ,+]] ⊕ S[[ν,λ,−]]
]
.

If res(λ/ν) > 0, then S[[ν,λ]] ∼= S[[ν∗,λ]] as CH-modules, and these are the only isomorphisms
among the simple CH-module factors in ResG

H(V ). For ν ≺ λ, one has

dim
(
S[[ν,λ]]) =

(
n − 1
n/2

)
· dim(Sν) · dim(Sλ) ≥

(
n − 1
n/2

)
· dim(Sλ).

If ν ≺ λ and ν = ν∗, then ν is not either [n/2 − 1] or [1n/2−1], so dim(Sν) ≥ 2 and

dim
(
S[[ν,λ,±]]) = 1

2 · dim
(
S[[ν,λ]]) = 1

2 ·
(

n − 1
n/2

)
· dim(Sν) · dim(Sλ) ≥

(
n − 1
n/2

)
· dim(Sλ).

Then dim(W ) ≥
(n−1

n/2
)

· dim(Sλ) for each simple CH-module factor W in V .
The sum of the structure maps for the simple CH-modules induces an isomorphism

hV ∼=
[ ⊕

ν≺λ
res(λ/ν)>0

sl[[ν, λ]]
]

⊕
[ ⊕

ν≺λ
res(λ/ν)=0

sl
(
S[[ν,λ,+]])⊕ sl

(
S[[ν,λ,−]])], (5.9)

where sl[[ν, λ]] denotes the diagonal copy of sl(S[[ν,λ]]) ∼= sl(S[[ν∗,λ]]) in

End
(
S[[ν,λ]])⊕ End

(
S[[ν∗,λ]]).

Thus, if there exists ν ≺ λ with res(λ/ν) = 0, then the simple ideals sl(S[[ν,λ,+]]) and
sl(S[[ν,λ,−]]) of hV have simple factors S[[ν,λ,+]] and S[[ν,λ,−]], respectively, of multiplicity
one in V , and each remaining simple ideal sl[[ν, λ]] has a simple factor S[[ν,λ]] ∼= S[[ν∗,λ]] of
multiplicity two in V .

Now let gV = g1 ⊕ · · · ⊕ gt be the decomposition of the semisimple Lie algebra gV into
simple ideals. We want to show that t = 1. Since gV acts irreducibly on V , it follows
for each 1 ≤ i ≤ t that there exists a simple gi-module Vi such that V identifies with the
external tensor product of modules V1 ⊠ · · ·⊠Vt. Since gV ⊂ End(V ) acts faithfully on V ,
it follows for each i that Vi cannot be the trivial gi-module (else gi acts trivially on V ),
and hence dim(Vi) ≥ 2.

Each Vi is an hV -module via the sequence of canonical maps hV ↪→ gV →→ gi. Since
the nontrivial sl(k)-modules are all of dimension at least k, it follows for each i that if
Vi is a nontrivial hV -module (i.e., if gi is nontrivial for some simple ideal of hV ), then
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dim(Vi) ≥
(n−1

n/2
)

· dim(Sλ). If there are two values of i such that Vi is a nontrivial hV -
module, say i = 1 and i = 2, then

dim(V ) ≥ dim(V1) · dim(V2)

≥
(

n − 1
n/2

)
·
(

n − 1
n/2

)
· dim(Sλ) · dim(Sλ)

=
(

n − 1
n/2

)
· 1

2 ·
(

n

n/2

)
· dim(Sλ) · dim(Sλ)

=
(

n − 1
n/2

)
· dim(V )

> dim(V ),
a contradiction. Thus there is only one value of i, say i = 1, such that Vi is nontrivial
for hV . And since dim(Vi) ≥ 2 for each i, and each simple ideal of hV has a composition
factor of multiplicity at most 2 in V , it also follows that there is at most one value of
i such that Vi is trivial for hV , and if such a Vi exists then dim(Vi) = 2. Thus either
t = 1 (as desired), or t = 2 and V ∼= V1 ⊠ V2 with V1 a nontrivial hV -module and V2 a
2-dimensional trivial hV -module. In the latter case one has gV = g1 ⊕ g2, with g2 ∼= sl(2)
because dim(V2) = 2.

Observe that if x ∈ g0, and if s ∈ g0 ∩ G0 with s2 = 1, then

x − 1
2 · [s, [s, x]] = sxs. (5.10)

This implies that if I is an ideal in D(g0) (hence an ideal in g0), then sIs = I. Since g0
contains the set (5.7) of order-two generators for G0, it follows that each ideal in D(g0) is
invariant under conjugation by arbitrary elements of G0. And since V is a CG0-module,
it follows that the conjugation action on D(g0) passes to an action on the simple ideals
of gV ; recall the comment from the beginning of Section 5.6 that we may identify gV with
a subalgebra of D(g0).

Now suppose t = 2 as above. Then the conjugation action of G0 on g2 ∼= sl(2) defines
a group homomorphism ϕ : G0 → Aut(sl(2)) ∼= PGL(2,C) with finite image. Up to
isomorphism, the nontrivial finite subgroups of PGL(2,C) are:

• the cyclic groups Cm of order m,
• the dihedral groups Dm of order 2m,
• the alternating group A4,
• the symmetric group S4, and
• the alternating group A5;

see [1]. Further, since G0 is perfect by Remark 5.13, the image of ϕ must be perfect. This
implies that either ϕ is the trivial map, or im(ϕ) ∼= A5. Suppose the latter. Then any
simple CA5-module lifts, via ϕ, to a simple CG0-module. The alternating group A5 has
simple modules of dimension 3 by [12, Theorem 2.5.15], but applying Lemma 5.11 and
Lemma 3.1(1), one sees that if n ≥ 6 is twice an odd integer, then G0 = (Dn)0 has no
simple modules of dimension 3. This is a contradiction, so ϕ must be the trivial map.
Then each element x ∈ g2 is fixed under conjugation by all elements of G0. This implies
by Lemma 2.9 that g2 ⊆ Z(gV ), which is again a contradiction because g2 is a nonzero
ideal in gV , but gV is a semisimple Lie algebra and hence Z(gV ) = 0. Thus, it must be
the case that t = 1 and gV is simple.
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Now we will show that gV = sl(V ). From (5.9) one gets

rk(hV ) =
∑
ν≺λ

res(λ/ν)>0

[
dim

(
S[[ν,λ]])− 1

]
+

∑
ν≺λ

res(λ/ν)=0

[
dim

(
S[[ν,λ]])− 2

]
,

Let rλ be the number of removable boxes in the Young diagram of λ. Then

2 · rk(hV ) =
∑
ν≺λ
ν ̸=ν∗

[
dim

(
S[[ν,λ]])− 1

]
+
∑
ν≺λ
ν=ν∗

[
2 · dim

(
S[[ν,λ]])− 4

]
,

=
∑
ν≺λ

[
dim

(
S[[ν,λ]])− 1

]
+
∑
ν≺λ
ν=ν∗

[
dim

(
S[[ν,λ]])− 3

]
,

=
[
dim(V ) − rλ

]
+
∑
ν≺λ
ν=ν∗

[
dim

(
S[[ν,λ]])− 3

]
.

If ν ≺ λ with ν = ν∗, then dim(S[[ν,λ]]) ≥ 3 by Lemma 5.11, and evidently rλ < |λ| = n
2 .

One has

dim(V ) = dim(S[[λ,+]]) = 1
2 ·
(

n

n/2

)
· dim(Sλ) · dim(Sλ) ≥ 1

2 · n · 2 · 2 = 2n,

and hence 2 · rk(hV ) ≥ 2n − rλ > 2n − n
2 = 3n

2 . This implies that

4 · rk(gV ) ≥ 4 · rk(hV ) >
3n

2 +
(

dim(V ) − n

2

)
= n + dim(V ) > dim(V ).

Now either dim(V ) < 2 · rk(gV ), or 2n ≤ dim(V ) < 4 · rk(gV ). Suppose the latter. Since

dim(V ) = 1
2 ·
(

n

n/2

)
· dim(Sλ) · dim(Sλ) ≥ 1

2 ·
(

n

n/2

)
· 2 · 2 = 2 ·

(
n

n/2

)
≥ 2 ·

(
6
3

)
= 40,

this would imply by [13, Lemme 14] that either gV ∼= so(V ) or gV ∼= sp(V ), i.e., that gV

is a simple Lie algebra of type C or D and V is isomorphic to the natural module for gV .
But the natural modules for so(V ) and sp(V ) are self-dual as Lie algebra representations,
whereas we know that V ̸∼= V ∗,Lie by Proposition 5.23, Lemma 5.24, and Lemma 2.17.
Thus it must be the case that dim(V ) < 2·rk(gV ), and hence gV = sl(V ) by [13, Lemme 13].

Appendix A. Dimensions for small ranks

Table A.1 summarizes the upper bounds on the dimensions of the Lie superalgebras bn,
sn, and dn provided by the inclusions (3.15), (4.3), and (5.6) and the isomorphisms (3.14),
(4.2), and (5.5), respectively.

Table A.1. Upper bounds on dimensions of sn, bn, and dn.

n dim(bn) ≤ dim(sn) ≤ dim(dn) ≤
2 7 2
3 45 5
4 375 22 185
5 3824 117 1911
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For example, for the group S5, one finds that a complete set of representatives for E5/∼
is {221, 213, 15}, while F5 = {312}; for the sake of improved readability, we have written
partitions here without additional enclosing brackets. Then

D(CS5) = sq
(
W [221])⊕ sq

(
W [213])⊕ sq

(
W [15])⊕ sl

(
W [312]),

so dim(D(CS5)) = dim(CS5) − 4 = 116, and hence dim(s5) ≤ 116 + 1 = 117.
For the group B4, one finds that

E[4] =
{

[4, ∅], [31, ∅], [22, ∅], [212, ∅], [14, ∅], [3, 1], [21, 1], [13, 1], [2, 2]
}

,

F [4] =
{

[2, 12], [12, 2]
}

,

so dim(D(CB4)) = dim(CB4) − 11 = 384 − 11 = 373, and hence dim(b4) ≤ 373 + 2 = 375.
For the group D4, one finds that

E[[4]] = {[[4, ∅]], [[31, ∅]], [[3, 1]], [[2, 2]]} and F [[4]] =
{

[[22, ∅]], [[21, 1]], [[2, 12]]
}

.

Then, noting that the term [[2, 2]] ∈ E[[4]] corresponds to two sq terms, one has

D(CD4) = sq
(
W [[4,∅]])⊕ sq

(
W [[31,∅]])⊕ sq

(
W [[3,1]])⊕ sq

(
W [[2,+]])⊕ sq

(
W [[2,−]])

⊕ sl
(
W [[22,∅]])⊕ sl

(
W [[21,1]])⊕ sl

(
W [[2,12]]),

so dim(D(CD4)) = dim(CD4) − 8 = 192 − 8 = 184, and hence dim(d4) ≤ 184 + 1 = 185.
The reasoning for the other entries in Table A.1 is similar.
Using GAP [7], one can check that the inequalities in Table A.1 are equalities, thereby

verifying Lemmas 3.18, 4.2, and 5.21. The code we used to carry out these calcula-
tions is included as an ancillary file with the version of this paper posted on the arXiv
(arXiv:2509.00945). We ran the code using the Gap.app frontend for MacOS, running
version 4.12.1 of GAP. The algorithm works as follows (with notation as in Section 2.3):
Let V1 be the subspace of Lie(CG) spanned by the elements of the set S, and then for
k ≥ 2, let Vk be the subspace of Lie(CG) spanned by Vk−1 together with all elements of
the form [s, v] for s ∈ S and v ∈ Vk−1. Then the Vk are an increasing chain of subspaces
of the Lie superalgebra g with

⋃
k≥1 Vk = g. The algorithm successively computes (and

outputs) the dimensions of the subspaces Vk for k ≥ 2 until dim(Vk) = dim(Vk−1), at
which point the algorithm terminates.
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