
Kiyoshi Igusa & Job Daisie Rock

Continuous Stability Conditions of Type A and Measured
Laminations of the Hyperbolic Plane
Volume 3, issue 2 (2026), p. 205-246
https://doi.org/10.5802/art.40

Communicated by Osamu Iyama.

© The authors, 2026

This article is licensed under the
Creative Commons Attribution (CC-BY) 4.0 License.
http://creativecommons.org/licenses/by/4.0/

Annals of Representation Theory is published by the
Norwegian University of Science and Technology

and is a member of the
Centre Mersenne for Open Scientific Publishing

e-ISSN: 2704-2081
C EN T R E
MER S ENN E

https://orcid.org/0000-0003-2780-0924
https://orcid.org/0000-0003-1849-9447
https://doi.org/10.5802/art.40
http://creativecommons.org/licenses/by/4.0/




Annals of Representation Theory
Volume 3, issue 2 (2026), p. 205–246
https://doi.org/10.5802/art.40

Continuous Stability Conditions of Type A and
Measured Laminations of the Hyperbolic Plane

Kiyoshi Igusa ∗ and Job Daisie Rock
Dedicated to Idun Reiten for her kind support and encouragement.

Abstract. We introduce stability conditions (in the sense of King) for representable modules of
continuous quivers of type A along with a special criteria called the four point condition. The stability
conditions are defined using a generalization of δ functions, called half-δ functions. We show that for
a continuous quiver of type A with finitely many sinks and sources, the stability conditions satisfying
the four point condition are in bijection with measured laminations of the hyperbolic plane. Along
the way, we extend an earlier result by the first author and Todorov regarding continuous cluster
categories for linear continuous quivers of type A and laminations of the hyperbolic plane to all
continuous quivers of type A with finitely many sinks and sources. We also give a formula for the
continuous cluster character.

Introduction

History. We introduce a new version of stability conditions inspired by King stability
conditions [18], which are used to study the moduli space of finitely generated represen-
tations of a finite-dimensional algebra. The stability conditions introduced in the present
paper are used to study representations of the real line.

There is recent work connecting stability conditions to wall and chamber structures
for finite-dimensional algebras [6] and real Grothendieck groups [2]. There is also work
studying the linearity of stability conditions for finite-dimensional algebras [9].
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206 Kiyoshi Igusa & Job Daisie Rock

In 2015, the first author and Todorov introduced the continuous cluster category for
type A [15]. More recently, both authors and Todorov introduced continuous quivers
of type A and a corresponding weak cluster category [13, 14]. The second author also
generalized the Auslander–Reiten quiver of type An to the Auslander–Reiten space for
continuous type A and a geometric model to study these weak cluster categories [21, 22].

Contributions and Organization. In the present paper, we generalize stability condi-
tions, in the sense of King, to continuous quivers of type A. In Section 1 we recall facts
about stability conditions and reformulate them for our purposes. In Section 2 we recall
continuous quivers of type A, representable modules, and then introduce our continuous
stability conditions.

At the beginning of Section 2.2 we define a half-δ function, which can be thought of as
a Dirac δ function that only exists on the “minus side” or “plus side” of a point. We use the
half-δ functions to define useful functions (Definition 2.8), which are equivalent to functions
with bounded variation but better suited to our purposes. Then we define a stability
condition as an equivalence class of pairs of useful functions with particular properties,
modulo shifting the pair of functions up and down by a constant (Definitions 2.14 and 2.17).

We use some auxiliary constructions to define a semistable module (Definition 2.22).
Then we recall Nπ-compatibility (Definition 2.26), which can be thought of as the contin-
uous version of rigidity in the present paper. We link stability conditions to maximally
Nπ-compatible sets using a criteria called the four point condition (Definition 2.24). By
Sfpc(Q) we denote the set of stability conditions of a continuous quiver Q of type A that
satisfy the four point condition.

Theorem A (Theorem 2.28). Let Q be a continuous quiver of type A with finitely many
sinks and sources and let σ ∈ S(Q). Then the following are equivalent.

• σ ∈ Sfpc(Q).
• The set of σ-semistable indecomposables is maximally Nπ-compatible.

In Section 3 we define a continuous version of tilting. That is, for a continuous quiver
Q of type A we define a new continuous quiver Q′ of type A together with an induced
map on the set of indecomposable representable modules. This is not to be confused with
reflection functors for continuous quivers of type A, introduced by Liu and Zhao [19]. For
each stability condition σ of Q that satisfies the four point condition, we define a new
stability condition σ′ of Q′ (Definition 3.12). We show that continuous tilting induces
a bijection on indecomposable representable modules, preserves Nπ-compatibility, and in-
cludes a bijection on stability conditions for Q and Q′ that satisfy the four point condition.
Denote by modr(Q) the category of representable modules over Q.

Theorem B (Theorems 3.2 and 3.17). Let Q and Q′ be continuous quivers of type A
with finitely many sinks and sources. Continuous tilting yields a triple of bijections: ϕ, Φ,
and Ψ.

• A bijection ϕ : Ind(modr(Q))→ Ind(modr(Q′)).
• A bijection Φ from maximal Nπ-compatible sets of modr(Q) to maximal Nπ-

compatible sets of modr(Q′). Furthermore if µ : T → T ′ is a mutation then so
is Φ(µ) : ΦT → ΦT ′ given by ϕ(MI) 7→ ϕ(µ(MI)).
• A bijection Ψ : Sfpc(Q)→ Sfpc(Q′) such that if T is the set of σ-semistable modules

then Φ(T ) is the set of Ψ(σ)-semistable modules.
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In Section 4 we define a measured lamination to be a lamination of the (Poincaré disk
model of the) hyperbolic plane together with a particular type of measure on the set of
geodesics (Definition 4.2). We denote the Poincaré disk model of the hyperbolic plane
by h2. Then we recall the correspondence between laminations of h2 and maximally Nπ-
compatible sets of indecomposable representable modules over the straight descending
continuous quiver of type A, from the first author and Todorov (Theorem 4.5) [15]. We
extend this correspondence to stability conditions that satisfy the four point condition and
measured laminations (Theorem 4.13). Combining this with Theorems A and B, we have
the last theorem.

Theorem C (Corollary 4.14). Let Q be a continuous quiver of type A and L the set of
measured laminations of h2. There are three bijections: ϕ, Φ, and Ψ.

• The bijection ϕ from Ind(modr(Q)) to geodesics in h2.
• The bijection Φ from maximally Nπ-compatible sets to (unmeasured) laminations

of h2 such that, for each maximally Nπ-compatible set T , ϕ|T is a bijection from
the indecomposable modules in T to the geodesics in Φ(T ).
• The bijection Ψ : Sfpc(Q) → L such that if T is the set of σ-semistable modules

then Φ(T ) is the set of geodesics in Ψ(σ).

In Section 4.3, we give a formula for a continuous cluster character χ(Mab). This is
a formal expression in formal variables xt, one for every real number t. We verify some
cluster mutation formulas, but leave further work for a future paper.

In Section 4.5, we relate continuous tilting to cluster categories of type An. In particular,
we discuss how a particular equivalence between type An cluster categories is compatible
with continuous tilting. We conclude our contributions with an example for type A4
(Section 4.5.1). Then we briefly describe some directions for further related research.

1. The Finite Case

There is a relation between stability conditions and generic decompositions which will
become more apparent in the continuous case. Here we examine the finite case and impose
continuous structures onto the discrete functions in order to give a preview of what will
happen in the continuous quiver case.

We start with the generic decomposition of a dimension vector for any finite quiver of
type An. This is an elegant combinatorial construction introduced by Abeasis [1] which
arranges spots in a planar array and gives the components of the generic decomposition
as sequences of horizontal spots. The spots are “top aligned” for left arrow and “bottom
aligned” for right arrows. See (1.3) below for an example.

Next, we interpret Abeasis’ discrete arrangement as the graph of a piecewise linear func-
tion F on the closed interval [0, n + 1]. When the arrangement of spots is “flipped” from
top aligned to bottom aligned (or vise-versa) we introduce a discontinuity in the piecewise
linear function. See Figure 1.2. The derivative of this function is the continuous stability
function θ so that the components of the generic decomposition are θ-semistable. The
standard definition of θ-semistability, given in [18] and later related to generic decomposi-
tions in [2, 6, 9] and explained in Section 1.1 below using a discrete stability function θ, is
artificially transformed into a continuous stability function as outlined above and in more
detail in Section 1.2 below, as motivation for our “continuous stability function” which,
more precisely, is a pair of functions of bounded variation on R (Definition 2.14), the topic
of this paper.
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We recall that APR-tilting is the process of reversing the direction of all arrows at
a vertex which is a sink, making it into a source. This is named after the authors
Auslander, Platzeck and Reiten who, in [3], give a formula relating representations of
a quiver with those of its APR-tilt. In Section 1.3 we reformulate this well-known formula
into stability conditions using our piecewise continuous stability functions. This is a pre-
cursor of the continuous tilting process which we discuss in Section 3. In Section 1.4, we
review the Caldero–Chapoton cluster character [7] for representations of a quiver of type
An to motivate the continuous case in Section 4.3.

1.1. Semistability condition. Recall that a stability function is a linear map

θ : K0Λ = Zn −→ R.

A module M is θ-semistable if θ(dimM) = 0 and θ(dimM ′) ≤ 0 for all submodules
M ′ ⊂M . We say M is θ-stable if, in addition, θ(dimM ′) < 0 for all 0 ̸= M ′ ⊊ M . For Λ
of type An, we denote by M(a,b] the indecomposable module with support on the vertices
a + 1, . . . , b. For example M(i−1,i] is the simple module Si. Let F : {0, 1, . . . , n} → R be
the function

F (k) =
∑

0<i≤k

θ(dimSi) = θ(dimM(0,k])

Then we have θ(M(a,b]) = F (b)− F (a).
Thus, for M(a,b] to be θ-semistable we need F (a) = F (b) and another condition to make

θ(dimM ′) ≤ 0. For example, take the quiver of type An having a source at vertex c and
sinks at 1, n. Then the indecomposable submodules of M(a,b] are M(a,x] for a < x < c,
x ≤ b and M(y,b] for c ≤ y < b, a ≤ y. Therefore, we also need F (x) ≤ F (a) = F (b) ≤ F (y)
for such x, y. (And strict inequalities F (x) < F (a) = F (b) < F (y) to make M(a,b] stable.)

A simple characterization of x, y is given by numbering the arrows. Let αi be the arrow
between vertices i, i + 1. Then the arrows connecting vertices in (a, b] are αi for a < i < b.
M(a,x] ⊂ M(a,b] if αx points left (and a < x < b). M(y,b] ⊂ M(a,b] if αy points to the right
(and a < y < b). More generally, we have the following.

Proposition 1.1. M(a,b] is θ-semistable if and only if the following hold.
(1) F (a) = F (b)
(2) F (x) ≤ F (a) if αx points left and a < x < b.
(3) F (y) ≥ F (b) if αy points right and a < y < b.

Furthermore, if the inequalities in (2), (3) are strict, M(a,b] is θ-stable.

For example, take the quiver

1 α1←−− 2 α2−−→ 3 α3−−→ 4 (1.1)

with θ = (−1, 2,−1,−1), F = (0,−1, 1, 0,−1). Then F (1) < F (0) = F (3) = 0 < F (2),
with α1 pointing left and α2 pointing right. So, M(0,3] is θ-stable. Similarly, F (1) =
F (4) = −1 < F (2), F (3) implies M(1,4] is also θ-stable.

One way to visualize the stability condition is indicated in Figure 1.1.

1.2. Generic decomposition. Stability conditions for quivers of type An also give the
generic decomposition for dimension vectors d ∈ Nn. This becomes more apparent for
large n and gives a preview of what happens in the continuous case.
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M(0,3]

M(1,4]

Figure 1.1. The graph of F : {0, 1, 2, 3, 4} → R shows the θ-semistable
modules. When M(a,b] is θ-stable, F (a) = F (b) making the line segment
connecting (a, F (a)) to (b, F (b)) horizontal. Also, the intermediate red
points are below and the blue points are above the line segment if we draw
as red/blue, the spot (x, F (x)) for αx pointing left/right, respectively.

Given a dimension vector d ∈ Nn, there is, up to isomorphism, a unique Λ-module M of
dimension vector d which is rigid, i.e., Ext1(M, M) = 0. The dimension vectors βi of the
indecomposable summands of M add up to d and the expression d =

∑
βi is called the

“generic decomposition” of d. We use the notation βab = dimM(a,b] and d = (d1, . . . , dn).
There is a well-known formula for the generic decomposition of a dimension vector [1]

which we explain with an example. Take the quiver of type A9:
1 α1←−− 2 α2←−− 3 α3←−− 4 α4←−− 5 α5←−− 6 α6−−→ 7 α7−−→ 8 α8−−→ 9 (1.2)

with dimension vector d = (3, 4, 1, 3, 2, 4, 3, 1, 3). To obtain the generic decomposition
for d, we draw di spots in vertical columns as shown in (1.3) below.

1 2oo 3oo 4oo 5oo 6oo // 7 // 8 // 9

• • • • • •

• • • • • • •

• • • • • •

• • • • •

d : 3 4 1 3 2 4 3 1 3

(1.3)

For arrows going left, such as 3← 4, 5← 6 the top spots should line up horizontally. For
arrows going right, such as 6 → 7, 7 → 8 the bottom spots should line up horizontally as
shown. Consecutive spots in any row are connected by horizontal lines. For example, the
spots in the first row are connected giving M(0,6] but the second row of spots is connected
in three strings to give M(0,2], M(3,7] and S9 = M(8,9]. The generic decomposition is given
by these horizontal lines. Thus

d = (3, 4, 1, 3, 2, 4, 3, 1, 3) = β06 + 2β02 + β37 + 2β89 + β12 + β34 + β57 + β59

is the generic decomposition of d = (3, 4, 1, 3, 2, 4, 3, 1, 3).
We construct this decomposition using a stability function based on (1.3). We explain

this with two examples without proof. The purpose is to motivate continuous stability
conditions.

Take real numbers d0, d1, . . . , dn, dn+1 where d0 = dn+1 = 0. Draw arrows where the
arrow αi connecting i, i + 1 where α0 points in the same direction as α1 and αn points in
the same direction as αn−1. To each arrow αi we associate the real number which is di of
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the target minus di of the source. We write this difference below the arrow if the arrow
points left and above the arrow when the arrow points right. Then we compute the partial
sums for the top numbers and the bottom numbers. Let B, R denote these functions. Thus
B(6) = 0, B(7) = −1, B(8) = −3, B(9) = −1, B(10) = −4 and R(0) = 0, R(1) = −3, etc.
as shown below.

0

0

1

3

2

4

3

1

4

3

5

2

6

4

7

3

8

1

9

3

10

0

−3 −4 −1 −3 −2 −40R :

−3 −1 3 −2 1 −2

0 −1 −3 −1 −4B :
−1 −2 2 −3

i :

di

We extend the blue and red functions by B(x) = B(6) = 0 for all x < 6 and R(x) =
R(6) = −4 for all x > 6.

x

x

x

x

x

x

x

x x

x

x

x

x

x

x

x

x

x

x

x x

x

x

x

2M02

S2

S4
2S9

M06

M37

M57

M59

0

−1

−2

−3

−4

0 1 2 3 4 5 6 7 8 9 10

Figure 1.2. The function F : (0, n+1]→ R is given by the red function R
on (0, 6] since the first 5 arrows point left and by the blue function B on
(6, 10]. A module M(a,b] is semistable if there exists a y and a horizontal line
from (a, y) to (b, y) so that R(x) ≤ y ≤ B(x) for all a ≤ x ≤ b. “Islands”
M(a,b] for b < 5 are shaded.

The generic decomposition of d is given by d =
∑

aiβi where the coefficient ai of
βi = βab is the linear measure of the set of all c ∈ R so that M(x,y] is semistable with
F (x) = c = F (y) and so that Z ∩ (x, y] = {a + 1, . . . , b}. For example, in Figure 1.2, the
coefficient of β02 is the measure of the vertical interval [−3,−1] which is 2. For c in this
vertical interval the horizontal line at level c goes from the red line between 1

3 and 1 to
the red line between 7

3 and 3 with blue lines above and red lines below. (We extend the
red and blue functions to the interval (0, 10] as indicated.) We require R(x) ≤ B(x) for
all x ∈ R.

We interpret the stability function θ to be the derivative of F where we consider R, B
separately. So, θ is a step function equal to −3,−1, 3,−2, 1,−2 on the six red unit intervals
between 0 and 6 and θ is −1,−2, 2,−3 on the four blue intervals from 6 to 10. θ is 4 times
the dirac delta function at 6. For example,

θ(M(a,b]) =
∫ b

a
θ(x) dx = F (b)− F (a) = 0,
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for a = 3+ε, b = 7+ε with 0 ≤ ϵ ≤ 1 since F (a) = F (b) = −1−2ε in this range. However,
F (5) = −2 which is greater than −1 − 2ε for ε > 1/2. So, M(3+ε,7+ε] is semistable only
when 0 ≤ ε ≤ 1/2. Taking only the integers in the interval (3 + ε, 7 + ε], we get M(3,7] to
be semistable.

1.3. APR-tilting. For quivers of type An, we would like all arrows to be pointing in the
same direction. We accomplish this with APR-tilting [3].

We recall that APR-tilting of a quiver Q is given by choosing a sink and reversing all
the arrows pointing to that sink, making it a source in a new quiver Q′. Modules M of Q
correspond to modules M ′ of Q′ with the property that

Hom(M ′, N ′)⊕ Ext(M ′, N ′) ∼= Hom(M, N)⊕ Ext(M, N)

for all pairs of kQ-modules M, N . This gives a bijection between exceptional sequences for
kQ and for kQ′. However, generic modules are given by sets of ext-orthogonal modules.
So, we need to modify this procedure.

In our example, we have a quiver Q with 5 arrows pointing left. By a sequence of
APR-tilts we can make all of these point to the right. The new quiver Q′ will have all
arrows pointing to the right. Any kQ-module M(a,b] with a ≤ 5 < b gives a kQ′-module
M(5−a,b]. For example M(0,6], M(3,7], M(5,7], M(5,9] become M(5,6], M(2,7], M(0,7], M(0,9]. See
Figure 1.3. For a > 5, such as M(8,9] = S9, the module is “unchanged”. For b ≤ 5, the
APR-tilt of M(a,b] is M(5−b,5−a]. However, these are not in general ext-orthogonal to the
other modules in our collection. For example, the APR-tilt of S4 = M(3,4] is M(1,2] = S2
which extends M(2,7]. So we need to shift it by τ−1 to get τ−1M(5−b,5−a] = M(4−b,4−a].
There is a problem when b = 5 since, in that case 4− b = −1. This problem will disappear
in the continuous case. We call modules M(a,b] with b < 5 islands. We ignore the problem
case b = 5. Islands are shaded in Figure 1.2. Shifts of their APR-tilts are shaded in
Figure 1.3.
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Figure 1.3. This is given by APR-tilting of Figure 1.2. The modules
M(a,b] from Figure 1.2 with a ≤ 5 < b become M(5−a,b] by APR-tilting.
The “islands” M(a,b] in Figure 1.2 gave τ−1M(5−b,5−a] = M(4−b,4−a] above
(shaded).
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1.4. Clusters and cluster algebras. The components of a generic decomposition of any
module form a partial tilting object since they do not extend each other. In the example
shown in Figure 1.3, we have 8 objects:

M01, M07, M09, M23, M24, M27, M56, M89.

Since the quiver A9 has rank 9, we need one more to complete the tilting object. There
are two other modules that we could add to complete this tilting object. They are X =
M26 and X∗ = M57. There are always at most two objects that will complete a tilting
object with n− 1 components. Tilting objects are examples of clusters and, in the cluster
category [5], there are always exactly two objects which complete a cluster with n − 1
components.

These two objects M26, M57 extend each other in the cluster category with extensions:

M57 −→M27 ⊕M56 −→M26

and

M26 −→M24 −→M46[1] = τ−1M57[1].

In the cluster category, a module M over any hereditary algebra is identified with τ−1M [1].
Thus, an exact sequence τ−1M ↪→ A→→B gives an exact triangle M [−1]→ A→ B →M
in the cluster category since τ−1M = M [−1].

In the cluster algebra [8], which is the subalgebra of Q(x1, . . . , xn) generated by “cluster
variables”, we have a formula due to Caldero and Chapoton [7] which associates a cluster
variable χ(M) to every rigid indecomposable module M and, in this case, satisfies the
equation:

χ(X)χ(X∗) = χ(M27)χ(M56) + χ(M24) (1.4)

The Caldero–Chapoton formula for the cluster character of Mab for 1 < a < b < n with
arrows going right is the sum of the inverses of exponential g-vectors of all submodules
xg(Mib) = xi/xb times that of the duals of their quotients Mab/Mib = Mai (see [20]):

χ(Mab) =
b∑

i=a

x−g(Mib)x−g(DMai) =
b∑

i=a

xbxa−1
xixi−1

. (1.5)

So, χ(Maa) = χ(0) = 1. When b = n+1, Mab is projective with support [a, n+1) = [a, n].
So,

χ(Pa) = χ(Ma,n+1) =
n+1∑
i=a

xa−1
xixi−1

where xn+1 = 1. This yields:

χ(Mab) = xbχ(Pa)− xa−1χ(Pb+1).

Then, the mutation equation (1.4) becomes the Plücker relation for the 2× 4 matrix:[
x1 x4 x6 x7

χ(P2) χ(P5) χ(P7) χ(P8)

]
.
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2. Continuous stability conditions

2.1. Continuous quivers of type A. Recall that in a partial order ⪯, an element x is
a sink if y ⪯ x implies y = x. Dually, x is a source if x ⪯ y implies y = x.

Definition 2.1. Let ⪯ be a partial order on R = R∪{−∞, +∞} with finitely many sinks
and sources such that, between sinks and sources, ⪯ is either the same as the usual order
or the opposite. Let Q = (R,⪯) where ⪯ is the same partial order on R ⊆ R. We call Q
a continuous quiver of type A. We consider Q as a category where the objects of Q are
the points in R and

HomQ(x, y) =
{
{∗} y ⪯ x

∅ otherwise.

Definition 2.2. Let Q be a continuous quiver of type A. A pointwise finite-dimensional Q
module over the field k is a functor V : Q→ vec(k). Let I ⊂ R be an interval. An interval
indecomposable module MI is given by

MI(x) :=
{
k x ∈ I

0 x /∈ I,
MI(x, y) :=

{
1k y ⪯ x, x, y ∈ I

0 otherwise,

where I ⊆ R is an interval.

By results in [4, 14] we know that every pointwise finite-dimensional Q module is iso-
morphic to a direct sum of interval indecomposables. In particular, this decomposition is
unique up to isomorphism and permutation of summands. In [14] it is shown that the cat-
egory of pointwise finite-dimensional modules is abelian, interval indecomposable modules
are indecomposable, and there are indecomposable projectives Pa for each a ∈ R given by

Pa(x) =
{
k x ⪯ a

0 otherwise,
Pa(x, y) =

{
1k y ⪯ x ⪯ a

0 otherwise.

These projectives are representable as functors.

Definition 2.3. Let Q be a continuous quiver of type A. We say V is representable if
there is a finite direct sum P =

⊕n
i=1 Pai and an epimorphism P →→ V whose kernel is

a direct sum
⊕m

j=1 Paj .

By [14, Theorem 3.0.1], V is isomorphic to a finite direct sum of interval indecompos-
ables. By results in [21], the subcategory of representable modules is abelian (indeed,
a wide subcategory) but has no injectives. When ⪯ is the standard total order on R, the
representable modules are the same as those considered in [15].

Notation 2.4. We denote the abelian subcategory of representable modules over Q by
modr(Q). We denote the set of isomorphism classes of indecomposables in modr(Q) by
Indr(Q).

Definition 2.5. Let Q be a continuous quiver of type A, s ∈ R a sink, and s′ ∈ R
an adjacent source.

• If s < s′ and x ∈ (s, s′) we say x is red and (s, s′) is red.
• If s′ < s and x ∈ (s′, s) we say x is blue and (s′, s) is blue.

Let I be an interval in R such that neither inf I nor sup I is a source. We will need to
refer to the endpoints of I as being red or blue the following way.

• If inf I is a sink and inf I ∈ I we say inf I is blue.
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• If inf I is a sink and inf I /∈ I we say inf I is red.
• If sup I is a sink and sup I ∈ I we say sup I is red.
• If sup I is a sink and sup I /∈ I we say sup I is blue.
• If inf I is not a sink (sup I is not a sink) then we say inf I (sup I) is red or blue

according to the first part of the definition.

Note that inf I could be −∞, in which case it is red. Similarly, if sup I = +∞ then it
is blue.

Definition 2.6. We say I is left red (respectively, left blue) if inf I is red (respectively, if
inf I is blue).

We say I is right red (respectively, right blue) if sup I is red (respectively, if sup I is
blue).

We have the following characterization of support intervals.

Proposition 2.7. Let I ⊂ R be the support of an indecomposable representable module
MI ∈ Indr(Q). Then an endpoint of I lies in I if and only if it is either left blue or right
red (or both, as in the case I = [s, s] where s is a sink).

2.2. Half-δ functions and red-blue function pairs. To define continuous stability
conditions we need to introduce half-δ functions. A half-δ function δ−

x at x ∈ R has the
following property. Let f be some integrable function on [a, b] ⊂ R where a < x < b. Then
the following equations hold:∫ x

a

(
f(t) + δ−

x

)
dt =

(∫ x

a
f(t) dt

)
+ 1,

∫ b

x

(
f(t) + δ−

x

)
dt =

∫ b

x
f(t) dt.

The half-δ function δ+
x at x ∈ R has a similar property for an f integrable on [a, b] ⊂ R

with a < x < b:∫ x

a

(
f(t) + δ+

x

)
dt =

∫ x

a
f(t) dt,

∫ b

x

(
f(t) + δ+

x

)
dt =

(∫ b

x
f(t) dt

)
+ 1.

Consider f + δ−
x − δ+

x . Then we have∫ x

a

(
f(t) + δ−

x − δ+
x

)
dt =

(∫ x

a
f(t) dt

)
+ 1,∫ b

x

(
f(t) + δ−

x − δ+
x

)
dt =

(∫ b

x
f(t) dt

)
− 1,

∫ b

a

(
f(t) + δ−

x − δ+
x

)
dt =

∫ b

a
f(t) dt.

For each x ∈ R, denote the functions

∆−
x (z) =

∫ z

−∞
δ−

x dt =
{

0 z < x

1 z ≥ x,

∆+
x (z) =

∫ z

−∞
δ+

x dt =
{

0 z ≤ x

1 z > x.

Though not technically correct, we write that a function f + u−
x ∆−

x + u+
x ∆+

x is from
R to R, where u−

x and u+
x are real numbers. See Figure 2.1 for an example.
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F (x) = 1 for 2 < x

F (x) = −2 for x < −2

F (0) = 1

F (x) = x

for −2 ≤ x < 0
F (x) = x− 1
for 0 < x ≤ 2

Figure 2.1. Graph of F (x) = f(x) + ∆−
0 (x) − 2∆+

0 (x) when f is given
by: f(x) = x if |x| ≤ 2, f(x) = −2 for x < −2, f(x) = 2 if x > 2, u−

0 = 1,
u+

0 = −2, and u±
x = 0 for all other x ∈ R ∪ {±∞}.

We also allow δ−
+∞ and δ+

−∞, which satisfy the relevant parts of the equations above.
We don’t allow the other half-δ functions at ±∞ because it does not make sense in terms
of integration.

Our stability conditions will be comprised of equivalence classes of pairs of useful func-
tions.

Definition 2.8. We call a function F : R→ R useful if it satisfies the following.
(1) F = f +

∑
x∈R∪{+∞} u−

x ∆−
x +

∑
x∈R∪{−∞} u+

x ∆+
x , where f : R→ R is a continuous

function of bounded variation and each u−
x , u+

x are in R.
(2) The sums

∑
x∈R∪{+∞} |u−

x | and
∑

x∈R∪{−∞} |u+
x | both converge in R.

Remark 2.9. Note Definition 2.8(2) implies the set {u−
x | u−

x ̸= 0} ∪ {u+
x | u+

x ̸= 0} is at
most countable. Combining (1) and (2) in Definition 2.8 means we think of F as having
the notion of bounded variation.

We think of the value of a useful function F at x as being “the integral from −∞
to x” where the integrand is some function that includes at most countably-many half-δ
functions.

Proposition 2.10. Let F be a useful function and let a ∈ R.
(1) If a > −∞ then limx→a− F (x) exists.
(2) If a < +∞ then limx→a+ F (x) exists.
(3) If a ∈ R then F (a) = limx→a− F (x) + u−

a and F (a) + u+
a = limx→a+ F (x).

Proof.

(1) and (2). Straightforward computations show that

lim
x→a−

F (x) = lim
x→a−

f(x) +
∑

−∞<x<a

u−
x +

∑
−∞≤x<a

u+
x if a > −∞

lim
x→a+

F (x) = lim
x→a+

f(x) +
∑

−∞<x≤a

u−
x +

∑
−∞≤x≤a

u+
x if a < +∞.

Thus, (1) and (2) hold.

(3). By definition, we see that

F (a) = f(a) +
∑

−∞<x≤a

u−
x +

∑
−∞≤x<a

u+
x .

Thus, using (1) and (2), we see that (3) holds. □
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Notation 2.11. Let F be a useful function. For each a ∈ R, we define

Fmin(a) := min
{

F (a), lim
x→a−

F (x), lim
x→a+

F (x)
}

Fmax(a) := max
{

F (a), lim
x→a−

F (x), lim
x→a+

F (x)
}

.

We also define

F (−∞) := lim
x→−∞+

F (x)− u+
−∞, F (+∞) := lim

x→+∞−
F (x) + u−

+∞

Fmin(−∞) := min
{

F (−∞), lim
x→−∞+

F (x)
}

Fmin(+∞) := min
{

F (+∞), lim
x→+∞−

F (x)
}

Fmax(−∞) := max
{

F (−∞), lim
x→−∞+

F (x)
}

Fmax(+∞) := max
{

F (+∞), lim
x→+∞−

F (x)
}

.

Definition 2.12. Let F be a useful function. We define the graph G(F ) of F to be the
following subset of R2:

{(x, y) |x ∈ R, Fmin(x) ≤ y ≤ Fmax(x)}.

The completed graph, denoted G(F) of F is the following subset of R× R:{
(x, y)

∣∣∣x ∈ R, Fmin(x) ≤ y ≤ Fmax(x)
}

.

Remark 2.13. Let F = f +
∑

x∈R∪{+∞} u−
x ∆−

x +
∑

x∈R∪{−∞} u+
x ∆+

x be a useful function.
For any a ≤ b ∈ R there exists c ≤ d ∈ R, such that G(F ) ∩ ([a, b]× R) = G(F ) ∩ ([a, b]×
[c, d]).

We now define red-blue function pairs, which are used to define equivalence classes of
pairs of useful functions. The red-blue function pairs are analogs of the red and blue
functions from Section 1.

Definition 2.14. Let R = r +
∑

x∈R u−
x ∆−

x +
∑

x∈R u+
x ∆+

x and let B = b +
∑

x∈R v−
x ∆−

x +∑
x∈R v+

x ∆+
x be useful functions. We say the pair (R, B) is a red-blue function pair if the

following criteria are satisfied.
(1) For all x ∈ R, we have Rmax(x) = R(x) and Bmin(x) = B(x).
(2) If s is a source, including possibly at ±∞, u−

s = u+
s = v−

s = v+
s = 0.

(3) For all x ∈ R,

R(x) ≤ Bmax(x) and Rmin(x) ≤ B(x).

(4) We have R(−∞) = B(−∞) and R(+∞) = B(+∞).
(5) The useful function R is constant on blue intervals. That is: for s ≤ x < y < s′ in

R where (s, s′) is blue, we have r(x) = r(y) and u−
y = u+

y = 0.
(6) The useful function B is constant on red intervals. That is: for s < x < y ≤ s′ in

R where (s, s′) is red, we have b(x) = b(y) and v−
x = v+

x = 0.
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Lemma 2.15. Let (R, B) be a red-blue function pair.
(1) For any a ≤ b and c ≤ d in R, the set G(R) ∩ ([a, b]× [c, d]) is closed in R2.
(2) For any a ≤ b ∈ R the useful function R has a local maximum on [a, b] in the sense

that there exists x ∈ [a, b] such that for all y ∈ [a, b]: Rmax(y) ≤ Rmax(x).
(3) For any a ≤ b ∈ R the useful function R has a local minimum on [a, b] in the sense

that there exists x ∈ [a, b] such that for all y ∈ [a, b]: Rmin(x) ≤ Rmin(y).
Statements (1)–(3) are true when we replace R, r, and u with B, b, and v, respectively.

Proof. We first prove (1) for R as the proof for B is identical. Let {(xi, yi)} be a sequence
in G(R) ∩ ([a, b] × [c, d]) that converges to (w, z). Since {xi} converges to w we assume,
without loss of generality, that {xi} is monotonic. If there exists i ∈ N such that xi = w
then, assuming monotonicity, we know (w, z) ∈ G(R). Thus, assume xi ̸= w for all i ∈ N.

Without loss of generality, assume {xi} is increasing. The decreasing case is similar.
Since

∑
x∈R |u

−
x |+ |u+

x | <∞, we know that
lim

i→∞
|Rmax(xi)−Rmin(xi)| = 0.

And so,
lim

i→∞
Rmax(xi) = lim

i→∞
Rmin(xi) = lim

i→∞
R(xi) = lim

x→w−
R(x).

Then we must have
lim

i→∞
yi = lim

x→w−
R(x).

Therefore, (w, z) ∈ G(R).
Next, we only prove (2) for R as the remaining proofs are similar and symmetric. By

Remark 2.13 there exists c ≤ d ∈ R such that
G(R) ∩ ([a, b]× R) = G(R) ∩ ([a, b]× [c, d]).

Then there must be a greatest lower bound d0 ≥ c for all d such that the equation above
holds. Since G(R) ∩ ([a, b] × [c, d0]) must be closed by Lemma 2.15(1), there must be
a point (x, d0) ∈ G(R) for a ≤ x ≤ b. This is the desired x. □

Remark 2.16. Lemma 2.15(1) implies that G(R) is connected. Indeed, if (a, c), (b, d) are
in different components of G(R) then G(R)∩([a, b]× [c, d]) (or instead G(R)∩([a, b]× [d, c])
if d < c) is a disjoint union of two or more closed and thus compact subsets. Their images
in [a, b] form two or more disjoint compact subsets whose union is [a, b], contradicting that
the interval is connected. Similarly G(B), G(R) and G(B) are connected.

Also, G(R) and G(B) meet at +∞ and −∞. So, we have the intermediate value theorem:
given (x, h) ∈ R2 so that Rmax(x) < h < Bmin(x), there are w < x and z > x so that
(w, h), (z, h) lie in G(R)∪G(B). By Lemma 2.15(1), we can take w maximal and z minimal.
Then Rmax(y) < h < Bmin(y) for all y ∈ (w, z).

2.3. Stability conditions.

Definition 2.17. Let (R, B) and (R′, B′) be red-blue function pairs. We say (R, B) and
(R′, B′) are equivalent if there exists a constant c ∈ R such that, for all x ∈ R and y ∈ R,
we have

(x, y) ∈ G(R) if and only if (x, y + c) ∈ G(R′)
and

(x, y) ∈ G(B) if and only if (x, y + c) ∈ G(B′).
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A stability condition on Q, denoted σ, is an equivalence class of red-blue function pairs.
We denote by S(Q) the set of stability conditions on Q.

We now define the modified versions of a continuous quiver Q of type A, an interval I
of a module MI in Indr(Q), and graphs of red-blue function pairs. This makes it easier to
check whether or not an indecomposable module is semistable with respect to a particular
stability condition.

Definition 2.18.
(1) Let Q be a continuous quiver of type A with finitely many sinks and sources. We

define a totally ordered set Q̂, called the modified quiver of Q, in the following way.
First we define the elements:
• For each x ∈ R such that x is not a sink nor a source of Q, x ∈ Q̂.
• If s ∈ R is a source of Q, including possibly ±∞, then s /∈ Q̂.
• If s ∈ R is a sink of Q, then s−, s+ ∈ Q̂. These are distinct elements, neither

of which is in R.
• If −∞ (respectively, +∞) is a sink then −∞+ ∈ Q̂ (respectively, +∞− ∈ Q̂).
Now, the partial order on Q̂ is defined in the following way. Let x, y ∈ Q̂.
• Suppose x, y ∈ R ∩ Q̂. Then x ≤ y in Q̂ if and only if x ≤ y in R.
• Suppose x ∈ R and y = s±, for some sink s of Q in R. If x < s in R then

x < y in Q̂. If s < x in R then y < x in Q̂.
• Suppose x = sε and y = s′

ε′ for two sinks s, s′ of Q in R. We consider − < +.
Then x ≤ y if and only if (i) s < s′ or (ii) s = s′ and ε ≤ ε′.
• If x = −∞+ ∈ Q̂ (respectively, y = +∞− ∈ Q̂), then x is the minimal element

(respectively, y is the maximal element) of Q̂.
If s ∈ R is a sink of Q then we say s− is blue and s+ is red. If −∞+ ∈ Q̂

we say −∞+ is red. If +∞− ∈ Q̂ we say +∞− is blue. All other x ∈ Q̂ are red
(respectively, blue) if and only if x ∈ R is red (respectively, blue).

(2) Let I be an interval of R such that MI is in Indr(Q). The modified interval Î of
Q̂ is Î = [min Î , max Î] where min Î is given by the following conditions:
• If inf I is not −∞ nor a sink of Q then min Î = inf I.
• If inf I is a sink s of Q then (i) min Î = s− if inf I ∈ I or (ii) min Î = s+ if

inf I /∈ I.
• If inf I = −∞ then min Î = −∞+.

Similarly, max Î is given by these conditions:
• If sup I is not +∞ nor a sink of Q then max Î = sup I.
• If sup I is a sink s of Q then (i) max Î = s+ if s ∈ I else (ii) max Î = s−.
• If sup I = +∞ then max Î = +∞−.

In all cases min Î ̸= max Î.
(3) Let (R, B) be a red-blue function pair. The modified graph of (R, B) is the subset
Ĝ(R, B) of Q̂× R defined as follows.
• For each x ∈ R not a sink nor a source of Q and each y ∈ R,

(x, y) ∈ Ĝ(R, B)
if and only if[
[(x, y) ∈ G(B) and x is blue] or [(x, y) ∈ G(R) and x is red]

]
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• For each s ∈ R a sink of Q and each y ∈ R,

(s−, y) ∈ Ĝ(R, B) if and only if (s, y) ∈ G(B)

(s+, y) ∈ Ĝ(R, B) if and only if (s, y) ∈ G(R).

• If −∞+ ∈ Q̂, then for all y ∈ R,

(−∞+, y) ∈ Ĝ(R, B) if and only if (−∞, y) ∈ G(R).

• If +∞− ∈ Q̂, then for all y ∈ R,

(+∞−, y) ∈ Ĝ(R, B) if and only if (+∞, y) ∈ G(B).

Remark 2.19. The doubling of a sink s ∈ Q into s−, s+ ∈ Q̂ can be interpreted in terms of
microlocal sheaves [16]. As in [17], the finitely presented representation of Q with support
the half open interval (a, b] contained in the red part of Q can be viewed as a section
of a sheaf of representations of Q over (a, b]. These representations extend to the sink,
e.g., (s, b]. The “microlocalization” of this sheaf of red modules is an additional point in the
nonpropagation direction of the red sheaf at the boundary point s which we identify with
the blue point s−. Similarly, the red point s+ can be viewed as the microlocalization of the
sheaf of blue modules to the left of s. Since Q is 1-dimensional, the microlocalization is
only one point. Analogous constructions in higher dimensions will be explored in another
paper [11], a sequel to [12] and [10].

The following proposition follows from straightforward checks.

Proposition 2.20. There is a bijection between Indr(Q) and intervals of Q̂ with distinct
minimal and maximal element.

Definition 2.21. Let Î be a modified interval in Q̂ for some indecomposable MI . We say
a horizontal line segment ℓ = Î × {h} in Q̂× R is perfectly in bounds if the following two
conditions are satisfied.

(1) The endpoints of ℓ touch Ĝ(R, B). That is, (min Î , h), (max Î , h) ∈ Ĝ(R, B).
(2) The line ℓ may touch but not cross Ĝ(R, B). That is, for each x ∈ Î such that

x /∈ {max Î , min Î}, we have
Rmax(x) ≤ h ≤ Bmin(x),

where if x = s± then Rmax(x) = Rmax(s) and Bmin(x) = Bmin(s).
In this case, we call the horizontal line segment ℓ = Î × {h} a stability indicator for the
indecomposable MI . There may be more than one stability indicator for the same MI .
(See X in Figure 4.4.)

Using the modified definitions, we now define what it means to be semistable.

Definition 2.22. Let Q be a continuous quiver of type A with finitely many sinks and
sources, σ ∈ S(Q), and (R, B) be a representative of σ.

We say an indecomposable module MI in Indr(Q) is σ-semistable if there exists a hor-
izontal line ℓ = Î × {h} ⊂ Q̂× R such that ℓ is perfectly in bounds.

Remark 2.23. Notice that MI is σ-semistable whenever the following are satisfied:
• We have [Fmin(inf I), Fmax(inf I)] ∩ [F ′

min(sup I), F ′
max(sup I)] ̸= ∅, where F is R

if inf I is red and is B if inf I is blue and similarly for F ′ and sup I.
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• For all submodules MJ of MI , F ′
min(sup J) ≤ Fmin(inf J), where F, inf J and

F ′, sup J are similar to the previous point.
Thus, this is a continuous analogue to the semistable condition in the finite case.

Definition 2.24. Let Q be a continuous quiver of type A with finitely many sinks and
sources, σ ∈ S(Q), and (R, B) be a representative of σ.

We say σ satisfies the four point condition if, for any σ-semistable module MI , we have
|(Î × {h}) ∩ Ĝ(R, B)| ≤ 3, where Î × {h} is as in Definition 2.22. Equivalently, every line
segment ℓ = Î × {h} that is perfectly in bounds (Definition 2.21) intersects Ĝ(R, B) at
most 3 times. We denote the set of stability conditions that satisfy the four point condition
as Sfpc(Q).

The simplest non-example of Definition 2.24 is the constant function at 0.
Recall Definition 2.5.

Lemma 2.25. Let Q be a continuous quiver of type A with finitely many sinks and
sources and let MI , MJ be indecomposables in Indr(Q). Let Î = [a, b], Ĵ = [c, d]. Then
Ext1(MJ , MI) ∼= k ∼= Hom(MI , MJ) if and only if one of the following hold:

• a < c < b < d, and b, c are red;
• c < a < d < b, and a, d are blue;
• c < a < b < d, and a is blue, and b is red; or
• a < c < d < b, and c is red, and d is blue.

Proof. It is shown in [14] that Hom and Ext between indecomposables must be 0 or 1
dimensional.

⇒. Since Hom(MI , MJ) ̸= 0 we obtain one of the items in the list where the first or last
inequality may not be strict. Since Ext(MI , MJ) ̸= 0 we see all the inequalities must be
strict.

⇐. The itemized list implies Hom(MI , MJ) ̸= 0. In the first two cases, there is a short
exact sequence MI ↪→ MI∪J ⊕MI∩J →→MJ and, in the last two cases we have MI ↪→
Ma,d ⊕Mb,c→→MJ so, in all cases, Ext(MJ , MI) ̸= 0. □

Definition 2.26. Let MI and MJ be indecomposables in Indr(Q) for some continuous
quiver of type A with finitely many sinks and sources. We say MI and MJ are Nπ-
compatible if both of the following are true:

dimk(Ext(MJ , MI)⊕Hom(MI , MJ)) ≤ 1
dimk(Ext(MI , MJ)⊕Hom(MJ , MI)) ≤ 1.

One can verify this is equivalent to Igusa and Todorov’s compatibility condition in [15]
when Q has the straight descending orientation.

In terms of colors and set operations, Nπ-compatibility can be expressed as follows.

Lemma 2.27. MI and MJ are Nπ-compatible if one of the following is satisfied.
(1) I ∩ J = ∅,
(2) I ⊂ J and J \ I is connected, or vice versa,
(3) I ⊂ J and both endpoints of I are the same color, or vice versa,
(4) I ∩ J ̸= I, I ∩ J ̸= J , and I ∩ J has endpoints of opposite color.
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Theorem 2.28. Let σ ∈ S(Q). The following are equivalent.
• σ ∈ Sfpc(Q).
• The set of σ-semistable indecomposables is maximally Nπ-compatible.

Proof. Let (R, B) be a representative of σ.

⇐. We prove the contrapositive. Suppose σ does not satisfy the four point condition.
Then there are a < b < c < d in Q̂ that determine indecomposable modules Ma,b, Ma,c,
Ma,d, Mb,c, Mb,d, Mc,d. Here, the notation Mx,y means the interval indecomposable with
interval I such that min Î = x and max Î = y. Using Lemma 2.27 we see that at least two
of the modules must be not Nπ-compatible.

⇒. Now suppose σ satisfies the four point condition. By Lemma 2.27 we see that the set
of σ-semistable indecomposables is Nπ-compatible. We now check maximality.

Let MJ be an indecomposable in Indr(Q) such that MJ is not σ-semistable. We will
construct MI which is σ-semistable but not Nπ-compatible with MJ . Recall left and right
colors from Definition 2.6. There are four cases depending on whether J is left red or
left blue and whether J is right red or right blue. However, the case where J is both left
red and right red is similar to the case where J is both left and right blue. Furthermore,
the cases where J is left red and right blue is similar to the case where J left blue and
right red. Thus we reduce to two cases where J is left red: either (1) J is right blue or
(2) J is right red. (Notice the case where MJ is a simple projective M[s,s] is similar to the
case where J is left red and right blue.)

In both cases we claim that Ĵ of MJ satisfies Definition 2.21(2), i.e., there exists h ∈ R
so that Rmax(x) ≤ h ≤ Bmin(x) for all x ∈ J , x /∈ {inf J, sup J}. We claim that if such
an h does not exist then Rmax goes above Bmin.

Indeed, suppose that for all h ∈ R there is x ∈ J \ {inf J, sup J} such that either
h > Rmax(x) or Bmin < h. Let K = J \ {inf J, sup J} and let h = infz∈K{Bmin(z)}. Then
there is y ∈ K such that either h < Rmax(y) or Bmin(y) < h. By definition of h, we know
that we must have h < Rmax(y). Then, by definition of h, there is some x ∈ K such that
h ≤ Bmin(x) < Rmax(y).

So, there exist x, y ∈ J \{inf J, sup J} such that x is blue with B(x) = Bmin(x) < h and
y is red with R(y) = Rmax(y) > h. Then, Rmin(x) ≤ B(x) < h and Bmax(y) ≥ R(y) > h.
So, the horizontal line at level h meets the graphs of both R and B in the interior of J .
So, there are (a, h), (b, h) ∈ Ĝ(R, B) with a blue and b red. Choose these so that |a − b|
is minimal. Let I = [a, b] or (b, a) depending on whether a < b or b < a. Then MI is
σ-semistable and not compatible with MJ since I is contained in the interior of J with
endpoints of opposite colors.

Therefore Ĵ of MJ satisfies Definition 2.21(2) and the set of all h satisfying Rmax(x) ≤
h ≤ Bmin(x) for all x ∈ J , x /∈ {inf J, sup J} forms a closed interval [hmin, hmax].

Case 1. Since MJ is not σ-semistable, Ĵ fails Definition 2.21(1) but satisfies Defini-
tion 2.21(2). Then, for any h ∈ [hmin, hmax], the horizontal line at level h either fails
to meet G(R) over inf J or it fails to meet G(B) over sup J . Since Rmin(inf J) ≤ hmin ≤
hmax ≤ Bmax(sup J), there are three possibilities:

(a) Rmax(inf J) < h < Bmin(sup J) for some h ∈ [hmin, hmax],
(b) Rmax(inf J) ≥ hmax < Bmin(sup J) or,
(c) Rmax(inf J) < hmin ≥ Bmin(sup J).
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Since R(−∞) = B(−∞), we cannot have inf J = −∞ in cases (a), (c). Similarly, sup J ̸=
+∞ in cases (a), (b). So, in case (a), by Remark 2.16, there are w < inf J and z > sup J so
that (w, h), (z, h) lie in Ĝ(R, B). If we take w maximal and z minimal, MI corresponding
to [w, z] ⊂ Q̂ (Proposition 2.20) will be σ-semistable. Since J lies in the interior of I with
endpoints of opposite colors, MI , MJ are not Nπ-compatible. This shows that, for any MJ

which is not σ-semistable, there exists MI which is σ-semistable and not Nπ-compatible
with MJ .

In case (b), since σ satisfies the four-point condition by assumption, any line segment
ℓ that is perfectly in bounds touches the modified graph at most 3 times. Thus, J is
a subinterval of an interval J ′ that is perfectly in bounds. So, there is a unique y in the
interior of J so that B(y) = hmax. Since sup J < +∞, there is a z > sup J in Q̂ so that
MI , corresponding to Î = [y, z] is σ-semistable. Since Î ∩ Ĵ = [y, sup J ] with endpoints of
the same color (blue), MI , MJ are not Nπ-compatible.

Case (c) is similar. Thus, in all subcases of Case 1, there is MI which is σ-semistable
so that MI , MJ are not Nπ-compatible.

Case 2. Suppose Ĵ of MJ satisfies Definition 2.21(2) but fails Definition 2.21(1). Then,
as in Case 1 either

(a) Rmax(inf J) < hmin and inf J ̸= −∞ or,
(b) Rmax(sup J) < hmin and sup J ̸= +∞.

In case (a), take x ∈ J minimal so that Rmax(x) = hmin. Then, there is w < inf J so that
MI is σ-semistable for I = [w, x]. But inf J, x have the same color. So, MI , MJ are not
Nπ-compatible. Case (b) is similar.

Therefore, Theorem 2.28 is true. □

Let T and T ′ be maximally Nπ-compatible sets. We call a bijection µ : T → T ′

a mutation if T ′ = (T \ {MI})∪{MJ}, for some MI ∈ T and MJ ∈ T ′, and µ(MK) = MK

for all K ̸= I. (Then µ(MI) = MJ .)

3. Continuous tilting

We construct a continuous version of tilting. Consider a stability condition σ on a con-
tinuous quiver of type A where −∞ is a sink and s is either the smallest source or a real
number less than the smallest source. Then continuous tilting at s will replace the red
interval K = [−∞, s) with the blue interval K∗ = (−∞, s] and keep the rest of Q un-
changed. Thus, Q̂ = K

∐
Z is replaced with Q̂∗ = K∗∐Z. We have an order reversing

bijection t : K → K∗ given by

t(x) = tan
(

tan−1 s− tan−1 x− π

2

)
.

This extends, by the identity on Z, to a bijection t : Q̂→ Q̂∗.

3.1. Compatibility conditions. We start with the continuous compatibility conditions
for representable modules over the real line. Given a continuous quiver Q of type A, we
consider intervals I in R. Let MI denote the indecomposable module with support I.
We say that I is admissible if MI is representable. It is straightforward to see that I is
admissible if and only if the following hold.

(1) inf I ∈ I if and only if it is blue, and,
(2) sup I ∈ I if and only if it is red.
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By Definition 2.3, neither endpoint of I can be a source. When I = [s, s] is a sink,
Î = [s−, s+]. We use notation to state this concisely: for any a < b ∈ Q̂, let Î(a, b) be
the unique admissible interval in R with endpoints a, b. Thus a ∈ Î(a, b)if and only if a is
blue and b ∈ Î(a, b) if and only if b is red. (Recall that every element of Q̂ is colored red
or blue.)

Recall that for each σ ∈ Sfpc(Q), the set of σ-semistable modules form a maximally
Nπ-compatible set (Theorem 2.28).

3.2. Continuous tilting on modules.

Lemma 3.1.
(a) Continuous tilting gives a bijection between admissible intervals I = Î(a, b) for Q

and admissible intervals I ′ for Q′ given by I ′ = Î ′(t(a), t(b)) if t(a) < t(b) in Q̂′

and I ′ = Î ′(t(b), t(a)) if t(b) < t(a).
(b) Furthermore, MI , MJ are Nπ-compatible for Q if and only if MI′ , MJ ′ are Nπ-

compatible for Q′.

For each admissible interval I for Q, denote by ϕ(MI) the module MI′ , where I ′ is the
admissible interval of Q′ obtained from I by continuous tilting.

Lemma 3.1 immediately implies the following.

Theorem 3.2. Continuous tilting gives a bijection Φ between maximal compatible sets of
representable indecomposable modules over Q and those of Q′. Furthermore if µ : T → T ′

is a mutation then so is Φ(µ) : ΦT → ΦT ′ given by ϕ(MI) 7→ ϕ(µ(MI)).

Proof of Lemma 3.1.

(a). Since t : Q̂→ Q̂′ is a bijection and Î(a, b) is admissible by notation, we get a bijection
with admissible Q′ intervals by definition.

(b). Suppose that I = Î(a, b) and J = Î(c, d) with a ≤ c by symmetry. We use Lemma 2.27
to check Nπ-compatibility. For this proof, we say “I and J are compatible” to mean “MI

and MJ are Nπ-compatible”.
(1) If a, b, c, d are not distinct then t(a), t(b), t(c), t(d) are also not distinct. So, I, J

are compatible for Q and I ′, J ′ are compatible for Q′ in this case. So, suppose
S = {a, b, c, d} has size |S| = 4.

(2) If S ∩K = ∅ then I, J ⊂ Z. So, I ′ = I and J ′ = J are compatible for Q′ if and
only if I, J are compatible for Q.

(3) If |S ∩ K| = 1 then S ∩ K = {a}. Then t does not change the order of a, b, c, d
and does not change the colors of b, c, d. So, I, J are compatible for Q if and only
if I ′, J ′ are compatible for Q′.

(4) If |S ∩K| = 2 there are three cases:
(a) a < b < c < d,
(b) a < c < b < d,
(c) or a < c < d < b.

If I, J are in case (4a) then so are I ′, J ′ and both pairs are compatible. If I, J
are in case (4b) then I ′, J ′ are in case (4c) and vise versa. Since the colors of a, c
change in both cases (from red to blue), I, J are compatible for Q if and only if
I ′, J ′ are compatible for Q′.
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(5) If |S ∩K| = 3 there are the same three cases as in case (4). If I, J are in case (4a),
then I ′, J ′ are in case (4c) and vise-versa. Since the middle two vertices are the
same color, both pairs are compatible. If I, J are in case (4b) then so are I ′, J ′

and both pairs are not compatible.
(6) If S ⊂ K then a, b, c, d reverse order and all become blue. So, I, J are compatible

if and only if they are in cases (4a) or (4c) and I ′, J ′ are in the same case and are
also compatible.

In all cases, I, J are compatible for Q if and only if I ′, J ′ are compatible for Q′. □

We can relate continuous tilting to cluster theories, introduced by the authors and
Todorov in [13].

Definition 3.3. Let C be an additive, k-linear, Krull–Remak–Schmidt, skeletally small
category and let P be a pairwise compatibility condition on the isomorphism classes of
indecomposable objects in C. Suppose that for any maximally P-compatible set T and
X ∈ T there exists at most one Y /∈ T such that (T \ {X}) ∪ {Y } is P-compatible.

Then we call maximally P-compatible sets P-clusters. We call bijections µ : T →
(T \ {X}) ∪ {Y } of P-clusters P-mutations. We call the groupoid whose objects are
P-clusters and whose morphisms are P-mutations (and identity functions) the P-cluster
theory of C. We denote this groupoid by TP(C) and denote the inclusion functor into the
category of sets and functions by IC,P : TP(C) → Set. We say P induces the P-cluster
theory of C.

The isomorphism of cluster theories was introduced by the second author in [22].

Definition 3.4. An isomorphism of cluster theories is a pair (F, η) with source TP(C) and
target TQ(D). Then F is a functor F : TP(C)→ TQ(D) such that F induces a bijection
on objects and morphisms. The η is a natural transformation η : IC,P → ID,Q ◦ F such
that each component morphism ηT : T → F (T ) is a bijection.

We see that, for any continuous quiver Q of type A, the pairwise compatibility condition
Nπ induces the cluster theory TNπ (modr(Q)). The following corollary follows immediately
from Theorem 3.2.

Corollary 3.5 (To Theorem 3.2). For any pair of continuous quivers Q and Q′ of type A
with finitely many sinks and sources, there is an isomorphism of cluster theories

TNπ (modr(Q)) −→ TNπ (modr(Q′)).

3.3. Continuous tilting of stability conditions. Given a stability condition σ for Q,
we obtain a stability condition σ′ for Q′ having the property that the σ′-semistable modules
are related to the σ-semistable modules for Q by continuous tilting (the bijection Φ of
Theorem 3.2). Later we will see that these stability conditions give the same measured
lamination on the Poincaré disk.

We continue with the notation from Sections 3.1 and 3.2 above. If the stability condition
σ on Q is given by the red-blue pair (R, B), the tilted stability condition σ′ on Q′ will be
given by (R′, B′) given as follows:

(1) The pair (R′, B′) will be the same as (R, B) on [s,∞).
(2) On K ′ = (−∞, s−] ⊆ Q̂′, the new red function R′ will be constantly equal to

R−(s).
(3) On K ′ = (−∞, s−], the new blue function B′ can be given by “flipping” R hori-

zontally and flipping each “island” vertically, in either order.
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Notation 3.6. Let F be a useful function. By F−(a) we denote limx→a− F (x), for any
a ∈ (−∞, +∞]. By F+(a) we denote limx→a+ F (x), for any a ∈ [−∞, +∞).

Definition 3.7. A (red) island in K = [−∞, s) ⊆ Q̂ is an open interval (x, y) in K which
is either:

(1) (x, s) where x < s so that R(x) ≥ R−(s) and R(z) < R−(s) for all x < z < s.
(2) Or (x, y) where x < y < s, R(x) ≥ R(y) ≥ R−(s), R(z) < R(y) for all x < z < y

and R(w) ≤ R(y) for all y < w < s.

Lemma 3.8. z ∈ (−∞, s) is in the interior of some island in K if and only if there exists
y ∈ (z, s) so that R(z) < R(y).

Proof.

(⇒). If z lies in the interior of an island (x, y) there are two cases:
(1) For y < s, R(z) < R(y).
(2) For y = s, R(z) < R−(s).

But R−(s) is a limit, so there is a y < s arbitrarily close to s so that R(z) < R(y) and
z < y < s.

(⇐). Let y ∈ (z, s) so that R(z) < R(y). Let r = sup{R(y) : y ∈ (z, s)}. If r = R(y) for
some y ∈ (z, s), let y be minimal. (By the 4 point condition there are at most 2 such y.)
Then z lies in an island (x, y) for some x < z.

If the maximum is not attained, there exists a sequence yi so that R(yi) converges to r.
Then yi converges to some w ∈ [z, s]. If w ∈ (z, s) then R(z) = r and we are reduced
to the previous case. Since R(z) < r, w ̸= z. So, w = s and r = R−(s). Then z lies in
an island (x, s) for some x < z. (x = max{w < z : R(w) ≥ r}) In both cases, z lies in
an island as claimed. □

To define the new blue function B′, we need a function H defined as follows.

H(z) :=


R(y) if z ∈ (x, y] for some island (x, y) where y < s,
R−(s) if z ∈ (x, s) and (x, s) is an island,
R(z) for all other z ∈ [−∞, s).

Remark 3.9. Note that H(z) > R(z) if z is in the interior of an island and H(z) = R(z)
otherwise.

Lemma 3.10. H is a nonincreasing function, i.e., H(x) ≥ H(y) for all x < y < s. Also,
H(z) = H−(z) = limy→z− H(y) for all z < s and H−(s) = R−(s).

Remark 3.11. Since H is decreasing and converging to R−(s) we must have: H(x) =
H−(x) ≥ H+(x) ≥ R−(s) for all x < s.

Proof. If H(u) < H(z) for some u < z < s then R(u) ≤ H(u) < H(z). But H(z) is
equal to either R(z), R−(s) or R(y) for some y > z. So, R(u) < R(y) for some y ∈ (u, s).
By Lemma 3.8, u lies in the interior of some island, say (x, y) and, by definition of H,
H(u) = R(y) ≥ R(w) for all w ≥ y and H(u) = H(z) = H(y) for all u ≤ z ≤ y. Thus, H
is nonincreasing.

To see that H(z) = H−(z) suppose first that z ∈ (x, y] for some island (x, y). Then
H(z) = R(y) is constant on the interval (x, y]. So, H(z) = H−(z) = R(y). Similarly,
H(z) = H−(z) if z ∈ (x, s) and (x, s) is an island. If z is not in any island, H(z) = R(z) and
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R(z) = R−(z) since, otherwise, z would be on the right end of an island. And, H−(z) would
be the limit of those H(x) where x < z and H(x) = R(x). So, H−(z) = R−(z) = H(z)
as claimed.

Since H(y) ≥ R(y), we have: H−(s) = limy→s− H(y) ≥ R−(s). If H−(s) > R−(s), say
H−(s) = R−(s) + c then there is a sequence zi → s− so that H(zi) > R−(s) + c/2. For
each zi there is yi ∈ [zi, s) so that H(zi) = R(yi). Then R(yi) > R−(s) + c/2 for all i
which is not possible since yi → s−. So, H−(s) = R−(s). □

The monotonicity of H implies that its variation varHI on any interval I is the difference
of its limiting values on the endpoints. The formula is:

varH(a, b) = H+(a)−H−(b).
Using H = H− and H+ we can “flip” the islands up to get R̃:

R̃(z) = H(z) + H+(z)−R(z).
Definition 3.12. The new blue function B′, shown in Figure 3.1, is given on K∗ =
(−∞, s] by

B′(z) = R̃(t(z)).
The new red function is constant on K∗ with value R′(x) = R−(s) for all x ∈ K∗. On the
complement of K∗ in Q̂′, the red-blue pair (R′, B′) is the same as before.

R

R̃

H

B′

Figure 3.1. The function R is in red. H, black, flattens the islands of R.
When the islands are flipped up, we get R̃ in green. The horizontal mirror
image of this is the new blue function B′ on the right. Figures 4.4, 4.6 give
another example.

We will now show B′ is a useful function with the same variation on (−∞, s] as R has
on [−∞, s). More precisely:
Lemma 3.13. The variation of R on any open interval (a, b) ⊂ [−∞, s) is equal to the
variation of B′ on (t(b), t(a)).

Proof. Since B′ is obtained from R̃ by reversing the order of the first coordinate, we have
varB′(t(b), t(a)) = var

R̃
(a, b). Thus, it suffices to show that var

R̃
(a, b) = varR(a, b).

First, we do the case when (a, b) is an island. Then H(z) = H+(z) = R(b) > R(z) are
constant for all z ∈ (a, b). So, R̃ = H + H+ −R has the same variation as R on (a, b).

Write R = H + (R−H). Then we claim that
varR(a, b) = varH(a, b) + varR−H(a, b).

To see this take any sequence a < x0 < x1 < · · · < xn < b. Then the sum
n∑

i=1
|R(xi)−R(xi−1)|
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can be broken up into parts. Let A1, . . . , Am be the sequence of disjoint subsets of S =
{x0, . . . , xn} so that Aj is the intersection of S with some island (aj , bj). We may assume
that aj for 1 < j ≤ m and bj for 1 ≤ j < m are in the set S since they lie in the interval
(a, b). For 1 < j ≤ m, if xi is the smallest element of Aj , then xi−1 = aj and the xi, xi−1
term in the approximation of varH(a, b) + varH−R(a, b) is

|H(aj)−H(xi)|+ |(R−H)(aj)− (R−H)(xi)| = |R(aj)−H(xi)|+ |H(xi)−R(xi)|

since H(aj) = R(aj). This sum is equal to |R(aj)−R(xi)|, the corresponding term in the
approximation of varR(a, b), since R(aj) ≥ H(xi) > R(xi). Similarly, H(bj) = R(bj) by
definition and R(bj) = H(xk) > R(xk) for any xk ∈ Aj . So,

|H(bj)−H(xk)|+ |(R−H)(bj)− (R−H)(xk)| = |R(bj)−R(xk)|.

If xi, xi+1 both lie in Aj then H(xi) = H(xi+1). So,

|R(xi)−R(xi+1)| = |(R−H)(xi)− (R−H)(xi+1)|+ |H(xi)−H(xi+1)|.

This equation also holds if xi, xi+1 do not lie in any Aj since, in that case, R = H at both
xi and xi+1. Thus every term in the sum approximating varR(a, b) is equal to the sum
of the corresponding terms for varH(a, b) and varR−H(a, b). Taking supremum we get the
equation varR(a, b) = varH(a, b) + varR−H(a, b) as claimed.

A similar calculation shows that

var
R̃

(a, b) = varH+(a, b) + var
R̃−H+

(a, b).

But this is equal to varR(a, b) = varH(a, b) + varR−H(a, b) since H −R = R̃−H+ by defi-
nition of R̃ and varH(a, b) = H+(a)−H−(b) = varH+(a, b). Thus varR(a, b) = var

R̃
(a, b) =

varB′(t(b), t(a)). □

For x0 in the interior of the domain of f let

varf (x0) := lim
δ→0

varf (x0 − δ, x0 + δ) = lim
δ→0

varf [x0 − δ, x0 + δ]

We call this the local variation of f at x0. If x0 ∈ (a, b) this is equivalent to:

varf (x0) = varf (a, b)− varf (a, x0)− varf (x0, b)

since this is the limit of varf (a, b)− varf (a, x0 − δ]− varf [x0 + δ, b) = varf [x0 − δ, x0 + δ].
To show that B′ is a useful function we need the following lemma.

Lemma 3.14. A real valued function f of bounded variation defined in a neighborhood of
x0 is continuous at x0 if and only if its local variation, varf (x0) = 0. In particular, R is
continuous at x ∈ K if and only if B′ is continuous at t(x) ∈ K∗.

Proof. Suppose that varf (x0) = 0. Then, for any ε > 0 there is a δ > 0 so that

varf (x0 − δ, x0 + δ) < ε.

Then |f(x)− f(x0)| < ε for all x ∈ (x0 − δ, x0 + δ). So, f is continuous at x0.
Conversely, suppose f is continuous at x0. Then, for any ε > 0 there is a δ > 0 so that

|f(x) − f(x0)| < ε for |x − x0| < δ. Let V = varf [x0, x0 + δ). By definition of variation
there exist x0 < x1 < · · · < xn < x0 + δ so that

n∑
i=1
|f(xi)− f(xi−1)| > V − ε.
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Since |f(x1)−f(x0)| < ε this implies
∑n

i=2 |f(xi)−f(xi−1)| > V −2ε. So, varf [x0, x1) < 2ε.
Similarly, there exists x−1 < x0 so that varf (x−1, x0) < 2ε. So, varf (x−1, x1) < 4ε which
is arbitrarily small. □

For a useful function F , recall that u−
a = F (a)−limx→a− F (x) and u+

a = limx→a+ F (x)−
F (a) (Proposition 2.10).

Proposition 3.15. Let F be a useful function. Then, the local variation of F at any point
a is

varF (a) = |u−
a |+ |u+

a |.

Proof. Let gx = u−
x ∆−

x +u+
x ∆+

x . Then F −gx is continuous at x and thus, by Lemma 3.14,
has varF −gx(x) = 0. It follows from the triangle inequality that the variation of F =
gx + (F − gx) at x is equal to that of gx. So,

varF (x) = vargx(x) = |u−
x |+ |u+

x |. □

We can say slightly more for the functions R and B′. (See also Figure 3.2.)

Lemma 3.16. For any a ∈ K = [−∞, s) let b = t(a) ∈ K∗. Then v−
b = B′(b)−B′

−(b) ≤ 0
and v+

b = B′
+(b)−B′(b) ≥ 0. In particular, B′(b) = min B′(b).

Proof. Since B′ is the mirror image of R̃, v−
b and v+

b for B′ are equal to −v+
a ,−v−

a for R̃,
respectively, where v−

a = R̃(a)− R̃−(a) and v+
a = R̃+(a)− R̃(a). Thus it suffices to show

that v−
a ≤ 0 and v+

a ≥ 0.
We have u−

a = R(a)−R−(a) ≥ 0. Also, R̃− = (H + H+ −R)− = 2H −R−. So,

v−
a =

(
R̃(a)−H+(a)

)
−
(
R̃−(a)−H+(a)

)
= (H(a)−R(a)) + R−(a)− 2H(a) + H+(a)
= −u−

a − (H(a)−H+(a)) ≤ 0

Similarly, we have u+
a = R+(a)−R(a) ≤ 0 and R̃+(a) = 2H+(a)−R+(a). So,

v+
a =

(
R̃+(a)−H+(a)

)
−
(
R̃(a)−H+(a)

)
= (H+(a)−R+(a))− (H(a)−R(a))
= (H+(a)−H(a))− u+

a

To show that v+
a ≥ 0, there are two cases. If a lies in an island (x, y), then H+(a) =

H(a) = R(y) (or R−(s) if y = s) and v+
a = −u+

a ≥ 0. If a does not lie in an island then
H(a) = R(a) and H+(a) ≥ R+(a). So, v+

a ≥ 0. □

Theorem 3.17. The new pair (R′, B′) is a red-blue pair for the quiver Q′ and the
σ′-semistable Q′ modules given by this pair are the continuous tilts of the σ-semistable
Q-modules given by the original pair (R, B).

Proof. Lemma 3.13 implies that R and B′ have the same local variation at the correspond-
ing points x and t(x). In particular, R and B′ have discontinuities at corresponding points
by Lemma 3.14 and the B′(a) = min B′(a) by Lemma 3.16.

The new red function R′ is constantly equal to R−(s) on K∗ and equal to the old
function R on the complement Z. So, B′(x) ≥ R′(x) and they have the same limit as
x→ −∞ by Remark 3.11. Thus (R′, B′) form a red-blue pair for Q′.
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a b

H
R

a b

H+

R̃

t(a)t(b)
B′

Figure 3.2. This red function R has a spike on the right end b of an island
(a, b) and a discontinuity at the left end a. When the island is flipped, we
get a downward spike at t(a) and a discontinuity at t(b). The function R

is the maximum and the tilted functions R̃ and B′ are minimums on ver-
tical lines.

Let σ, σ′ be the stability conditions on Q, Q′ given by the red-blue pairs (R, B) and
(R′, B′), resp. It remains to show that the admissible interval I = Î(a, b) is σ-semistable for
Q if and only if the corresponding interval I ′ is σ′-semistable for Q′ where I ′ = Î ′(t(a), t(b))
if t(a) < t(b) in Q̂′ and I ′ = Î ′(t(b), t(a)) if t(b) < t(a).

Consider a < b in R. There are three cases.
(1) a = t(a) and b = t(b) both lie in Z.
(2) −∞ ≤ a < b < s (a, b ∈ K) and −∞ < t(b) < t(a) ≤ s (t(a), t(b) ∈ K∗).
(3) a ∈ K, t(a) ∈ K∗ and b = t(b) ∈ Z.

Case (1). The stability conditions σ, σ′ given by the red and blue functions are the same
on Z. So, Î(a, b) is σ-semistable if and only if Î ′(a, b) = Î ′(t(a), t(b)) is σ′-semistable for Q′.

Case (2). We claim that Î(a, b) at height h is σ-semistable if and only if Î ′(t(b), t(a)) is
σ′-semistable at height h′ where h′ = 2H(b)− h.

An example can be visualized in Figure 3.2 by drawing horizontal lines at height h < H
and h′ > H+ under the line H on the left and over H+ on the right.

To see this in general, note that if Î(a, b) at height h is σ-semistable then, for all
z ∈ (a, b), R(z) ≤ h (with equality holding for at most one value of z, call it z = c)
and R(a), R(b) ≥ h. Then for each z ∈ [a, b], H(z) ≥ h. So, for each z ∈ (a, b), z ̸= c,
we have H(z) > R(z). By Remark 3.9, z lies in the interior of an island for R. But
R̃(z) − H+(z) = H(z) − R(z) > 0. So, the same values of z lie in islands for R̃ and
R̃(z)− h′ = h−R(z) ≥ 0. Also, R̃(a), R̃(b) ≤ h′ since:

h′ − R̃(b) = 2H(b)− h−H(b)−H+(b) + R(b)
= (H(b)−H+(b)) + (R(b)− h) ≥ 0,

and, since H+(a) = H(b) and H(a) = either H(b) or R(a),

h′ − R̃(a) = 2H(b)− h−H(a)−H+(a) + R(a)
= R(a)− h + H(b)−H(a),

either = R(a)− h ≥ 0,

or = H(b)− h ≥ 0.

Therefore, [a, b] × h′ is a chord for R̃, making its mirror image [t(b), t(a)] × h′ a chord
for B′ and thus Î ′(t(b), t(a)) is σ′-semistable for Q′ at height h′. An analogous argument
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shows the converse. So, Î(a, b) at height h is σ-semistable for Q if and only if Î ′(t(b), t(a))
is σ′-semistable at height h′ for Q′.

Case (3). We change notation to match Figure 3.2. Suppose we have b ∈ K, t(b) ∈ K∗ and
c = t(c) ∈ Z. We claim that Î(b, c) is σ-semistable at height h if and only if Î ′(t(b), t(c))
is σ′-semistable at the same height h.

In Figure 3.2, the chord [b, c] × h would be a horizontal line starting at any point on
the vertical red line at b and going to the right. For R̃, we have H(b) ≥ h ≥ H+(b), so
a horizontal line at height h starting anywhere on the vertical segment b× [H+(b), H(b)]
could go left without hitting the function R̃ except at height h = H+(a) = H(b) where it
would touch the function at (a, H+(a)) then continue. For B′, the horizontal line starting
at (t(b), h) would go right, possibly touch the curve at t(a) and continue to the point (c, h).

The situation in general is very similar. Î(b, c) is σ-semistable at height h for some
c ∈ Z if and only if H+(b) ≤ h ≤ H(b) = R(b). Since H+(b) is the supremum of R(x) for
all b < x < s, this is equivalent to saying the horizontal line at h does not touch the curve
R except possibly at one point (not more by the four point condition). If h = H(b), this
horizontal line might continue to the left of (b, h) and hit at most one point (a, h) on the
curve R.

If h < H(b) then the horizontal line at (b, h) on R̃, would go to the left and not hit
anything since, for all x < b, we have R̃(x) ≥ H+(x) ≥ H(b) > h. So, the line from
(t(b), h) to (t(c), h) would not hit B′.

If h = H(b), then, for all x < b, R̃(x) ≥ H+(x) ≥ H(b) = h. So, the line going left
from (b, h) = (b, H(b)) would stay under R̃ possibly touching it at most once, say at (a, h).
Then (a, b) would be an island and we have the situation in Figure 3.2. By the four point
condition we cannot have another point a′ with the same property since (a, h), (b, h), (c, h)
are already on a line. The horizontal line going right from (t(b), h) would touch the curve
B′ at (t(a), h) and continue to (t(c), h).

So, Î(b, c) being σ-semistable at height h implies that Î ′(t(b), t(c)) is σ′-semistable at
the same height h. The converse is similar since going from B′ to R is analogous (change
B′ to −B′ and make it red). This concludes the proof of Theorem 3.17 in all cases. □

4. Measured Laminations and Stability Conditions

In this section we connect measured laminations of the hyperbolic plane to stability
conditions for continuous quivers of type A. We first define measured laminations (Defi-
nition 4.2) of the hyperbolic plane and prove some basic results we need in Section 4.1. In
Section 4.2 we describe the correspondence that connects stability conditions to measured
laminations. In Section 4.3 we present a candidate for continuous cluster characters. In
Section 4.4 we briefly describe how all maximally Nπ-compatible sets come from a stabil-
ity condition. In Section 4.5 we describe maps between cluster categories of type An that
factor through our continuous tilting. We also give an example for type A4.

To clarify the argument, we give a simple example. Any continuous stability condition
σ on a continuous quiver Q given by a red-blue pair (R, B), gives a measured lamination
L = Φ(σ) in the following way. Each stability indicator for σ (horizontal line in Q̂ × R
with endpoints on the graph Ĝ(R, B): see Definition 2.21) corresponds to the geodesic in
the Poincaré disk h2 with ideal endpoints corresponding to the endpoints of the indicator
under the mapping Ξ : Q̂→ ∂h2 (Definition 4.1). The transverse measure of a collection of
geodesics in h2 is given by the horizontal distance between the top and bottom indicators
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in the graph Ĝ(R, B). In our example, the fountain has measure 4 and the rainbow has
measure 3 since these are the heights of the corresponding stack of indicators in the red-
blue graph. In the lamination, there are additional geodesics spaced 1/3 units apart.

Given a measured lamination L, we explicitly construct the corresponding stability
condition σ = Φ−1(L) for Q with straight descending orientation in Theorem 4.14. For
other orientations of Q we perform continuous tilting on σ to obtain σ′ = Φ′−1(L). The
lamination is unchanged.

a0−∞ ∞

F

Rσ :

t(a)t(∞)−∞ t(0)

F Rσ′ :

L = Φ(σ) = Φ′(σ′)

Ξ(−∞) Ξ(+∞)

Ξ(a)

F

R

Figure 4.1. At top left we have a continuous stability condition σ on
the continuous quiver Q having a source at 0 and no sinks. At bottom
left we have the corresponding stability condition σ′ on the straight de-
scending quiver Q′ given by continuous tilting of σ. On the right is the
measured lamination L of the Poincaré disk which corresponds to both
stability conditions. The geodesics of the lamination are given by the hor-
izontal lines on σ and σ′. The endpoints of the geodesics are the points
corresponding to the endpoints of these horizontal lines under the mapping
Ξ (Definition 4.1). The measure of each part is given by the height of the
corresponding portions of the stability condition.

Definition 4.1. For a general continuous quiver Q of type A with finitely many sinks
and sources, we introduce a mapping Ξ : Q̂ → ∂h2. Since A has finitely many sinks and
sources, we can index the red intervals I1, I2, . . . , Im and the blue intervals I1, I2, . . . , In.
An interval Ii is of the form [ai, bi), for ai < bi ∈ R ∪ {−∞}. An interval Ii is of the form
(ai, bi] for ai < bi ∈ R ∪ {+∞}. We assume that if i < j then ai < aj and bi < bj . That
is, I0 and I0 are the “lowest” red interval and blue interval, respectively.

First, set ℓ0 = ℓ0 = 0. For each 1 ≤ j ≤ m, set ℓj =
∑j

k=1 2(arctan(bk)−arctan(ak)) and
ζj = π− ℓj−1 +2 arctan(aj). For each 1 ≤ j ≤ n, set ℓj =

∑j
k=1 2(arctan(bk)−arctan(ak))

and ζj = π − ℓj−1 + 2 arctan(aj). We define maps Ξj : Îj → ∂h2 and Ξj : Îj → ∂h2 for
each red interval Ij and blue interval Ij .

Ξj : Îj = [aj+, bj) −→ ∂h2 Ξk : Îk =
(
ak, bk

−
]
−→ ∂h2

x 7−→ ei(2 arctan(x)−ζj) x 7−→ ei(ζk−2 arctan(x)).

The map Ξ : Q̂ → ∂h2 is the map that sends x ∈ Îj and x ∈ Îj to Ξj(x) or Ξj(x),
respectively.
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The map Ξ wraps the red intervals around ∂h2 starting at e−iπ = eiπ and moving
anticlockwise. The blue intervals are wrapped around starting at eiπ = e−iπ and moving
clockwise. It is straightforward to check that Ξ : Q̂→ ∂h2 is a bijection.

4.1. Measured Laminations. We denote by h2 the Poincaré disk model of the hyper-
bolic plane and by ∂h2 the boundary of the disk such that ∂h2 is the unit circle in C.
Recall a lamination of h2 is a maximal set of noncrossing geodesics and that a geodesic in
h2 is uniquely determined by a distinct pair of points on ∂h2.

Let L be a lamination of h2. Choose two open interval subsets A and B of ∂h2, each
of which may be all of ∂h2 or empty. Let OA,B be the set of geodesics with one endpoint
in A and the other in B. We call OA,B a basic open subset of L. Notice that OA,B = OB,A.
The basic open sets define a topology on L.

Definition 4.2. Let L be a lamination of h2 and letM be a finite Borel measure on the σ-
algebra generated by {OA,B}. We say (L,M) is a measured lamination if 0 <M(OA,B) <
∞ for every OA,B ̸= ∅.

We immediately see any measured lamination (L,M) has finite measure. That is,
0 <M(L) <∞.

We now define some useful pieces of laminations.

Definition 4.3. Let L be a lamination of h2.
(1) Let γ ∈ L be a geodesic determined by a, b ∈ ∂h2. We say γ is a discrete arc

if there exists non-intersecting open subsets A ∋ a and B ∋ b of ∂h2 such that
OA,B = {γ}.

(2) Let a ∈ ∂h2. Let A be some interval subset of ∂h2 with more than one element
such that for every geodesic γ ∈ L determined by some a′ ∈ A and b ∈ ∂h2, we
have b = a. Then we define the set K of geodesics determined by the pair a, A
to be called a fountain. We say K is maximal if a fountain determined by a, A′,
where A′ ⊇ A, is precisely K.

(3) Let A, B be interval subsets of ∂h2 whose intersection contains at most one point.
Suppose that for every geodesic γ ∈ L determined by a, b ∈ ∂h2, we have a ∈ A\∂A
if and only if b ∈ B \ ∂B. If there is more than one such geodesic, we call the set
K of all such geodesics determined by a, b with a ∈ A and b ∈ B a rainbow. We
say K is maximal if a rainbow determined by A′ ⊇ A and B′ ⊇ B is precisely K.

From the definitions we have a result about discrete arcs, fountains, and rainbows.

Proposition 4.4. Let (L,M) be a measured lamination of h2 and let K be a discrete
geodesic, a fountain of L, or a rainbow of L. Then M(K) > 0.

Proof. By definition, if K = {γ} is a discrete arc then K = OA,B and so M(K) > 0.
Additionally, if K = L then K = O∂h2,∂h2 and so M(K) > 0. So we will assume K is
either a fountain or a rainbow and K ̸= L; in particular K has more than one element.

First suppose K is a fountain determined by a ∈ ∂h2 and A ⊂ ∂h2. By definition K
has more than one element and so A \ ∂A ̸= ∅. If a /∈ A then let B ∋ a be a small open
ball around a in ∂h2 such that B ∩ A = ∅. Now consider OA\∂A,B. We see OA\∂A,B ⊂ K
and M(OA\∂A,B) > 0. If a ∈ A then every geodesic determined by an a′ and b with
a′ ∈ A \ ({a}∪ ∂A) has b = a. Let A′ = A \ ({a}∪ ∂A) and let B ∋ a be an open ball such
that A \ ∂A ̸⊂ B. Now we have OA′,B ⊂ K and M(OA′,B) > 0. Therefore M(K) > 0.
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Now suppose K is a rainbow determined by A and B. Again we know K has more than
one element so both A\∂A and B \∂B are nonempty. Take A′ = A\∂A and B′ = B \∂B.
Then OA′,B′ ⊂ K and M(OA′,B′) > 0. Therefore, M(K) > 0. □

4.2. The Correspondence. In this section, we recall the connection between Nπ-clusters
and (unmeasured) laminations of h2 for the straight descending orientation of a continuous
quiver of type A, from [15]. We then extend this connection to measured laminations
and stability conditions that satisfy the four point condition, obtaining a “2-bijection”
(Theorem 4.13). Then we further extend this “2-bijection” between measured laminations
and stability conditions to all continuous quivers of type A with finitely many sinks and
sources (Corollary 4.14). We conclude that section with an explicit statement that tilting
a stability condition σ ∈ Sfpc(Q) to a stability condition σ′ ∈ Sfpc(Q′) yields the same
measured lamination, for continuous quivers Q, Q′ of type A (Theorem 4.15).

Theorem 4.5 ([15]). There is a bijection Φ from maximally Nπ-compatible sets to lam-
inations of h2. For each maximally Nπ-compatible set T and corresponding lamination
Φ(T ), there is a bijection ϕT : T → Φ(T ) that takes objects in T to geodesics in Φ(T ).

Before we proceed we introduce some notation to make some remaining definitions and
proofs in this section more readable. First, we fix an indexing on ∂h2 in the following way.
To each point x ∈ R∪{−∞}, the map Ξ assigns the value e2i arctan(x) ∈ ∂h2 (Definition 4.1).

We now refer to points in ∂h2 as points in R ∪ {−∞}.

Notation 4.6. Let (L,M) be a measured lamination of h2.
• For each γ ∈ L we denote by aγ and bγ the unique points in ∂h2 that determine γ

such that aγ < bγ in R ∪ {−∞}.
• For each x ∈ ∂h2 such that x ̸= −∞,

L

x
:= {γ ∈ L | aγ < x < bγ}

L · x := {γ ∈ L | bγ = x}
x · L := {γ ∈ L | aγ = x}.

• For −∞,
L

−∞
:= ∅

L · (−∞) := ∅
(−∞) · L := {γ ∈ L | aγ = −∞}.

• Finally, for some interval I ⊂ R,

I · L :=
⋃
x∈I

x · L = {γ ∈ L | aγ ∈ I}

L · I :=
⋃
x∈I

L · x = {γ ∈ L | bγ ∈ I}.

We denote by L the set of measured laminations of h2 and by L the set of laminations
of h2 (without a measure).

Now we define how to obtain a useful function F from any measured lamination L ∈ L.
We will use this to define a function L → Sfpc(Q), where Q is the continuous quiver of
type A with straight descending orientation.
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Definition 4.7. Let (L,M) ∈ L. We will define a useful function F on −∞, +∞, and
then all of R. For −∞, define

u−
−∞ := 0 u+

−∞ := −M((−∞) · L)
F (−∞) := 0 f(−∞) := 0.

For +∞, define
u−

+∞ = u+
+∞ = F (+∞) = f(+∞) = 0.

For each a ∈ R, define
u−

a :=M(L · a) u+
a := −M(a · L)

F (a) := −M
(

L

a

)
f(a) := F (a)−

∑
x≤a

u−
x

− (∑
x<a

u+
x

)
.

First, note that since M(L) < ∞, each of the assignments is well-defined. It remains
to show that F is a useful function.

Proposition 4.8. Let (L,M) ∈ L and let F be as in Definition 4.7. Then F is useful.

Proof. Since M(L) <∞, we see
∑

x∈R∪{+∞} |u−
x |+

∑
x∈R∪{−∞} |u+

x | <∞. Now we show
f is continuous. Consider limx→a− f(x) for any a ∈ R:

lim
x→a−

f(x) = lim
x→a−

F (x)−

∑
y≤x

u−
y

−
∑

y<x

u+
y


= lim

x→a−

−M(
L

x

)
−

∑
y≤x

M(L · y)

−
∑

y<x

M(y · L)


= −M

(
L

a

)
−M(L · a)−

∑
y<a

M(L · y)

−
∑

y<a

M(y · L)


= F (a)−

∑
y≤a

u−
y

−
∑

y<a

u+
y


= f(a).

A similar computation shows limx→a+ f(x) = f(a). Therefore, f is continuous on R. We
also note that limx→±∞ f(x) = 0, using similar computations.

It remains to show that f has bounded variation. Let a < b ∈ R and let F0 = f . Denote
by varf ([a, b)) the variance of f over [a, b). We see that

varf ([a, b)) =M
(
([a, b) · L) ∪ (L · [a, b))

)
−

∑
x∈[a,b)

(
M(x · L) +M(L · x)

)
.

That is, varf ([a, b)) is the measure of the geodesics with endpoints in [a, b) that are not
discrete and do not belong to a fountain. So,

varf ([a, b)) ≤M
(
([a, b) · L) ∪ (L · [a, b))

)
.

Then we have
varf (R) =

∑
i∈Z

varf ([i, i + 1)) ≤
∑
i∈Z
M
(
([i, i + 1) · L) ∪ (L · [i, i + 1))

)
<∞.

Thus, f has bounded variation. □
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cd

ba

−∞

Figure 4.2. The geodesics a-b, a-c, a-d, b-c, b-d, and c-d used in the proof
of Proposition 4.12. Notice a-b, b-c, c-d, and a-d form a quadrilateral and
its diagonals, a-c and b-d, cross.

We state the following lemma without proof, since the proof follows directly from Def-
initions 2.14 and 4.7 and Proposition 4.8.

Lemma 4.9. Let (L,M) ∈ L and let F be as in Definition 4.7. Then (F, 0) is a red-blue
function pair for the continuous quiver Q of type A with straight descending orientation.

Now we define the function L → S(Q).

Definition 4.10. Let (L,M) ∈ L, let F be as in Definition 4.7, and let Q be the con-
tinuous quiver of type A with straight descending orientation. The map Φ : L → S(Q) is
defined by setting Φ((L,M)) equal to the equivalence class of (F, 0).

Lemma 4.11. Let (L,M) ∈ L and let ∂h2 be indexed as R ∪ {−∞}, as before. Suppose
there are points a, b ∈ ∂h2 such that for all x ∈ (a, b) we have M(L

x ) ≥ M(L
a ) and

M(L
x ) ≥M(L

b ). Then the geodesic in h2 uniquely determined by a and b is in L.

Proof. For contradiction, suppose there is α ∈ L such that α is uniquely determined by c
and d, where a < c < b < d. Then, we must have β ∈ L uniquely determined by b and
d and β′ ∈ L determined by c and b, or else there is a set K with positive measure such
that K ⊂ L

b but K ̸⊂ L
c . Similarly, we must have γ ∈ L uniquely determined by a and c.

Now, we cannot have a fountain at c or else we will have a set with positive measure K
such that K ⊂ L

b or K ⊂ L
a but K ̸⊂ L

c . Since c has a geodesic to both the left and right,
α must be discrete. Since α is discrete, {α} has positive measure, a contradiction since
{α} ⊂ L

b and {α} is disjoint from L
c . Thus, there is no α ∈ L such that α is uniquely

determined by c and d, where a < c < b < d. Similarly, there is no α ∈ L such that α
is uniquely determined by c and d, where c < a < d < b. Therefore, since L is maximal,
we must have the geodesic uniquely determined by a and b in L. □

Proposition 4.12. Let (L,M) ∈ L, let F be as in Definition 4.7, and let Q be the
continuous quiver of type A with straight descending orientation. Then Φ((L,M)) ∈
Sfpc(Q).

Proof. For contradiction, suppose there exists a Φ((L,M))-semistable module MI such
that |(Î × {h})∩ (Q̂×R)| ≥ 4. Choose 4 points a < b < c < d in Q̂ corresponding to four
intersection points.

For the remainder of this proof, write x-y to mean the geodesic in h2 uniquely determined
by x ̸= y ∈ ∂h2. By Lemma 4.11, we have the following geodesics in L: a-b, a-c, a-d, b-c,
b-d, and c-d. However, this is a quadrilateral with both diagonals, as shown in Figure 4.2.
Since L is a lamination, this is a contradiction. □
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Theorem 4.13. Let Q be the continuous quiver of type A with straight descending orienta-
tion. Then Φ : L → Sfpc(Q) is a bijection. Furthermore, for a measured lamination L and
stability condition Φ(L), there is a bijection ϕL from L to Φ(L)-semistable indecomposable
modules.

Proof. By the proof of Proposition 4.12, we see that the second claim follows. Thus,
we now show Φ is a bijection.

Injectivity. Consider (L,M) and (L′,M′) in L. Let σ = Φ(L,M) and σ′ = Φ(L′,M′).
If L ̸= L′ then we see that the set of σ-semistable modules is different from the set of
σ′-semistable modules. Thus, σ ̸= σ′. If L = L′ but M ≠ M′ there must be some
x ∈ R ∪ {−∞} such that M(L

x ) ̸= M′(L′

x ). But the functions F and F ′ from L and L′,
respectively using Definition 4.7, both have the same limits at ±∞. Thus, Ĝ(F, 0) is not
a vertical translation of Ĝ(F ′, 0) in R2. Therefore, σ ̸= σ′.

Surjectivity. Let σ be a stability condition. Let T be the maximal Nπ-compatible set
of indecomposable modules determined by σ (Theorem 2.28). Let L be the lamination
of h2 uniquely determined by T (Theorem 4.5). In particular, the indecomposable MI

corresponds to the geodesic uniquely determined by inf I and sup I.
Let (R, B) be the representative of σ such that B = 0; that is, (R, B) = (R, 0). For

each x ∈ ∂h2, let

M(L · x) = u−
x M(x · L) = −u+

x

M
(

L

x

)
= R(x).

Since r must have bounded variation and
∑

x∈R |u
−
x |+ |u+

x | <∞, we see M(L) <∞.
Let OA,B ⊂ L be a basic open subset. If OA,B = ∅ then we’re done.
Now we assume OA,B ̸= ∅ and let γ ∈ OA,B. If there exist two stability indicators

(Definition 2.21) for the indecomposable MI corresponding to γ, with heights h0 < h1,
then we know M({γ}) > |h1 − h0| > 0 and so M(OA,B) > 0.

We now assume there is a unique stability indicator of height h for the indecomposable
MI corresponding to γ. Without loss of generality, since OA,B = OB,A, assume a = aγ ∈ A
and b = bγ ∈ B. We know that, for all a < x < b, we have R(x) ≤ R(a) and R(x) ≤ R(b).
There are two cases:

(1) R(x) < R(a) and R(x) < R(b), for all x ∈ (a, b), and
(2) there exists x ∈ (a, b) such that R(x) = R(a) or R(x) = R(b).

(1). Let e = tan(1
2(tan−1(a) + tan−1(b))). Let {hi}i∈N be a strictly increasing sequence

such that h0 = R(e) and limi→∞ hi = h. By Lemma 2.15(1) and our assumption that
M({γ}) = 0, for each i > 0, there is a stability indicator with height hi and endpoints
ai, bi such that a < ai < bi < b. Then limi→∞ ai = a and limi→∞ bi = b, again by
Lemma 2.15(1). Since A and B are open, there is some N ∈ N such that, for all i ≥ N ,
we have ai ∈ A and bi ∈ B. Let C = (a, aN ) and D = (bN , b). Then,M(OC,D) ≥ |h−hN |
and so M(OA,B) > 0.

(2). Assume there exists x ∈ (a, b) such that R(x) = R(a) or R(x) = R(b). Let e be this
x. If R(x) = R(a) and a = −∞, then R(b) = 0 (or else γ /∈ OA,B ⊂ L). Then we use the
technique from Case (1) with b and +∞ to obtain some C = (b, d) and D = (c, +∞) such
that M(OC,D) > 0. Thus, M(OA,B) > 0.
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Now we assume a > −∞ and R(x) = R(a) or R(x) = R(b). We consider R(x) = R(b)
as the other case is similar. Since σ satisfies the four point condition, we know that for
any ε > 0 such that R(b + ε) < R(b) we must have 0 < λ < ε such that R(b + λ) > R(b).
Similarly, for any ε > 0 such that R(a − ε) < R(b) we must have 0 ≤ λ < ε such that
R(a − λ) > R(b). Notice the strict inequality in the statement about R(b + λ) and the
weak inequality in the statement about R(a− λ).

Let {hi} be a strictly decreasing sequence such that h0 = 0 and limi→∞ hi = h. By
Lemma 2.15(1) and our assumption that M({γ}) = 0, for each i > 0, there is a stability
indicator with height hi and endpoints ai, bi such that ai ≤ a < b < bi. Since σ satisfies
the four point condition, and again by Lemma 2.15(1), limi→∞ bi = b. Since A and B
are open, there is N ∈ N such that, if i ≥ N , we have ai ∈ A and bi ∈ B. If ai = a for
any i > N , let C be a tiny epsilon ball around a that does not include b. Otherwise, let
C = (aN , a). Let D = (b, bN ). Then M(OC,D) ≥ |hN − h| and so M(OA,B) > 0.

Conclusion. Since M(L) < ∞, we know M(OA,B) < ∞ for each OA,B. This proves
(L,M) is a measured lamination. By the definition of Φ, we see that Φ(L,M) = σ.
Therefore, Φ is surjective and thus bijective. □

−∞+ a b− b+ c d− d+ +∞

(

(

(
(

(

] ]

]
]

]
Ξ(−∞+) = e−iπ

Ξ(b+)

Ξ(d+)

Ξ(b−) Ξ(d−)

↓
−∞+ a b− b+ c d− d+ f +∞−

(

( (
(

(

(

] ]

]
]

]
]

Ξ′(−∞+) = e−iπ

Ξ′(b+)

Ξ′(d+)

Ξ′(b−) Ξ′(d−)

e0 = Ξ′(+∞−)

Figure 4.3. An example of two mappings Ξ : Q̂→ ∂h2 and Ξ′ : Q̂′ → ∂h2

where we obtain Q′ from Q by tilting the interval [f, +∞), for d < f < +∞.
At the top of each picture, we have the modified quiver. Since a and c are
sources in Q and Q′, they are labeled with purple. Similarly for f in Q′.
We also have +∞ in purple for Q since it is not acting as a sink. However,
in Q′, we do have +∞ acting as a sink and so +∞− has a blue label. We
also have the sinks b and d, doubled in the modified quivers, where b− and
d− are blue and b+ and d+ are red. Since −∞ is acting as a sink we have
−∞+ in red. On the bottom of each picture, we have ∂h2. We indicate the
values of Ξ and Ξ′ applied to −∞+ and the sinks. For Q′, we also show Ξ′

applied to +∞−.
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Corollary 4.14 (To Theorems 3.17 and 4.13). Let Q be a continuous quiver of type A.
Then there is a bijection Φ : L → Sfpc(Q). Furthermore, for a measured lamination L and
stability condition Φ(L), there is a bijection ϕL from L to Φ(L)-semistable indecomposable
modules.

Theorem 4.15. Let σ ∈ Sfpc(Q) be the stability condition given by (R, B) and let σ′ ∈
Sfpc(Q′) be given by (R′, B′). If σ′ is obtained from σ by continuous tilting then σ, σ′ give
the same measured lamination on the Poincaré disk.

To make the statement of the theorem easier to see, we have two examples of the Ξ
functions, related by a continuous tilt, in Figure 4.3. Thus, there is a bijection between
representable indecomposables with endpoints a < b ∈ Q̂ and geodesics in h2 determined
by Ξ(a) and Ξ(b).

Proof of Theorem 4.15. The set of geodesics going from intervals (a, b) to (x, y) has the
same measure as those going from (t(a), t(b)) to (t(x), t(y)) where we may have to re-
verse the order of the ends. We can break up the intervals into pieces and assume that
(a, b), (x, y) are either both in K, both in Z or one is in K and the other in Z. The only
nontrivial case is when (a, b) is in K and (x, y) is in Z. In that case, the measure of this
set of geodesics for σ is equal to the variation of H on (a, b) since the islands don’t “see” Z.
Similarly, the measure of the same set of geodesics for σ′, now parametrized as going from
(t(b), t(a)) to (x, y) is equal to the variation of H ′ on (t(b), t(a)) where H ′(z) = H+(t(z)).

There is one other case that we need to settle: we need to know that the local variation
of H at ±∞ is equal to the local variation of H ′ at t(±∞). But this holds by definition
of H, H ′. □

R1

F1 R2

R5R3

R4

F2

X

a b c d e f g h0

Figure 4.4. The modified graph of the red-blue function pair (R, B). Hor-
izontal lines indicate semistable indecomposable representations. The rec-
tangle labeled X represents one object with positive measure. Note that if
X does not have positive measure then the stability condition violates the
four point condition (Definition 2.24). The measure of a region is given by
its height.
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An example of a stability condition σ and corresponding measured lamination are shown
in Figures 4.4, 4.5. The continuously tilted stability condition σ′ is shown in Figure 4.6.

One may obtain any continuous quiver Q of type A (with finitely-many sinks and
sources) through a series of flips, where

#flips =
{

(#sinks and sources in Q) −∞ is red
(#sinks and sources in Q) + 1 −∞ is blue,

and we start with a straight descending continuous quiver of type A.

R1

F1

R2 X

R5

R3

R4 F2

+∞ (0−)(0+) −∞

a

b

c d

e

f

g

h

Figure 4.5. The lamination of the hyperbolic plane corresponding to the
stability condition shown in Figure 4.4, where we label the points Ξ(x) ∈
∂h2 simply by x. The thick arc labeled X is an isolated geodesic with
positive measure. The measure is equal to the height of the rectangle
labeled X in Figure 4.4. We have labeled the boundary by sending [−∞, 0)
to ∂h2 by x 7→ ei2 arctan(x) and sending [0, +∞) to ∂h2 by x 7→
ei(π−2 arctan(x)).

4.3. Continuous cluster character. We present a candidate for the continuous cluster
character using the formula from [20] which applies in the continuous case. This lives in
a hypothetical algebra having a variable xt for every real number t. In this algebra which we
have not defined, we give a simple formula for the cluster variable of an admissible module
Mab where a < b and the quiver Q is oriented to the left (is red) in a region containing
(a, b] in its interior. In analogy with the cluster character in the finite case (1.5) or [20],
replacing summation with integration, we define χ(Mab) to be the formal expression:

χ(Mab) =
∫ b

a

xaxb dt

x2
t

. (4.1)
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R1F1 R2

R5

R3

R4

F2

X

a b c d t(e)t(f)t(g)t(h)0

Figure 4.6. This is the continuous tilting of Figure 4.4. There are two
islands R1 and R5 which have been flipped down. The measured lamination
(Figure 4.5) is unchanged, only relabeled.

This could be interpreted as an actual integral of some function xt. For example, if we
let xt = t then we get χ(Mab) = b − a, the length of the support of Mab. The constant
function xt = 1 gives the same result.

The same cluster character formula will be used for modules with support [a, b) in the
blue region (where the quiver is oriented to the right).

This can also be written as

χ(Mab) = xaχ(Pb)− xbχ(Pa)

where Pb is the projective module at b with cluster character

χ(Pb) =
∫ b

−∞

xb dt

x2
t

.

Then the cluster mutation equation

χ(Mac)χ(Mbd) = χ(Mab)χ(Mcd) + χ(Mbc)χ(Mad)

follows, as in the finite An case, from the Plücker relation on the matrix:[
xa xb xc xd

χ(Pa) χ(Pb) χ(Pc) χ(Pd)

]
.

In Figures 4.4 and 4.5, if the measure of X = Mdf is decreased to zero, the height of
the rectangle in Figure 4.4 will go to zero, the four point condition will be violated and
we can mutate X to X∗ = Mbh. Then the cluster characters are mutated by the Ptolemy
equation:

χ(X)χ(X∗) = χ(Mfh)χ(Mbd) + χ(Mdh)χ(Mbf )
where χ(Mbd) and χ(Mfh) are given by (4.1) and the other four terms have a different
equation since there is a source (0) in the middle (d < 0 < f):

χ(X) = χ(Mdf ) =
∫ 0

d

∫ f

0

xdx0xf

x2
sx2

t

ds dt + xdxf

x0
.

The double integral counts the proper submodules Mds ⊕Mtf ⊂ X and there is one more
term for the submodule X ⊆ X.

The continuous cluster character will be explained in more detail in another paper.
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4.4. Every Nπ-cluster comes from a stability condition. Let L be a lamination
of h2. Then there exists a measured lamination (L,M) in the following way. There are
at most countably many discrete arcs in L. Assign each discrete arc a natural number n.
Then, setM({γn}) = 1

1+n2 , for n ∈ N. Let K be the set of all discrete geodesics in L. On
L \ K, give each OA,B its transversal measure. Thus, we have given L a finite measure
satisfying Definition 4.2. Therefore, (L,M) is a measured lamination. This means the set
of measured laminations, L, surjects on to the set of laminations, L, by “forgetting” the
measure. Then, the set Sfpc(Q), for some continuous quiver of type A with finitely many
sinks and sources, surjects onto the set of Nπ-clusters, TNπ , in the following way.

Sfpc(Q) oo Φ //

∃
����

L

����

TNπ
oo

Φ
// L.

Essentially, there is a surjection Sfpc(Q)→→ TNπ defined using the surjection L →→ L. If
we follow the arrows around, we see that each stability condition σ is sent to the set of
σ-semistable modules, which form an Nπ-cluster.

4.5. Maps between cluster categories of type An. Let Q be a quiver of type An, for
n ≥ 2. Label the vertices 1, . . . , n in Q such that there is an arrow between i and i + 1 for
each 1 ≤ i < n.

For each i ∈ {−1, 0, . . . , n, n + 1, n + 2} let

xi = tan
(

i + 1
n + 3π − π

2

)
.

We define a continuous quiver Q of type A based on Q, called the continuification of Q.
If 1 is a sink (respectively, source) then −∞ is a sink (respectively, source) in Q. If n is
a sink (respectively, source) then +∞ is a sink (respectively, source in Q). For all i such
that 2 ≤ i ≤ n− 1, we have xi is a sink (respectively, source) in Q if and only if i is a sink
(respectively, source) in Q.

Define a map Ω : Ind(C(Q))→ Indr(Q) in Figure 4.7 on page 242.
Let 1 ≤ m < n such that there is a path 1 → m in Q or a path m → 1 in Q (possibly

trivial). Let Q′ be obtained from Q by reversing the path between 1 and m (if m = 1 then
Q = Q′). It is well known that Db(Q) and Db(Q′) are equivalent as triangulated categories.
Let F : Db(Q) → Db(Q′) be a triangulated equivalence determined by sending Pn[0]
to Pn[0]. Furthermore, we know τ ◦F (M) ∼= F ◦τ(M) for every object M in Db(Q), where
τ is the Auslander–Reiten translation. Then this induces a functor F : C(Q) → C(Q′).
Overloading notation, we denote by F : Ind(C(Q)) → Ind(C(Q′)) the induced map on
isomorphism classes of indecomposable objects.

Let Q′ be the continuification of Q′ and Ω′ : Ind(C(Q′)) → Indr(Q′) the inclusion
defined in the same way as Ω. Notice that orientation of Q and Q′ agree above xm.
Furthermore, if m > 1, the interval (−∞, xm) is blue in Q if and only if it is red in Q′

and vice versa. Using Theorem 3.2, there is a map ϕ : Indr(Q) → Indr(Q′) such that
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{M, N} ⊂ Indr(Q) are Nπ-compatible if and only if {ϕ(M), ϕ(N)} ⊂ Indr(Q′) are Nπ-
compatible. Following tedious computations, we have the following commutative diagram
that preserves compatibility:

Indr(Q) ϕ
// Indr(Q)

Ind(C(Q))
F

//

Ω

OO

Ind(C(Q)).

Ω′

OO

4.5.1. An example for A4 quivers. Let Q, Q′ be the following quivers and let Q,Q′ be the
respective continuifications defined above with functions Ω, Ω′.

Q = 1 // 2 // 3 // 4 Q′ = 1 2oo 3oo // 4.

Ω : Ind(C(Q)) −→ Indr(Q) Ω′ : Ind(C(Q′)) −→ Indr(Q′)

Let F : C(Q)→ C(Q′) be defined as above. A visualization of the commutative diagram
above in h2 is contained in Figure 4.8 on page 244.

For Ω : Ind(C(Q))→ Indr(Q):

A = Ω(P4) F = Ω(M23) K = Ω(P3[1])
B = Ω(P3) G = Ω(I3) L = Ω(I1)
C = Ω(P2) H = Ω(P4[1])) M = Ω(P2[1])
D = Ω(P1) I = Ω(S2) N = Ω(P1[1])
E = Ω(S3) J = Ω(I2).

To save space we will indicate an indecomposable module by its support interval.
In modr(Q)):

A = [tan(3π/14), +∞) F = [tan(−π/14), tan(5π/14)) K = [tan(−5π/14), tan(3π/14))
B = [tan(π/14), +∞) G = [tan(−3π/14), tan(5π/14)) L = [tan(−3π/14), tan(π/14))
C = [tan(−π/14), +∞) H = [tan(−5π/14), tan(5π/14)) M = [tan(−5π/14), tan(π/14))
D = [tan(−3π/14), +∞) I = [tan(−π/14), tan(3π/14)) N = [tan(−5π/14), tan(−π/14))
E = [tan(π/14), tan(5π/14)) J = [tan(−3π/14), tan(3π/14)).

For Ω′ : Ind(C(Q′))→ Indr(Q′):

A = Ω′(P ′
4) F = Ω′(I ′

2) K = Ω′(P ′
3[1])

B = Ω′(P ′
3) G = Ω′(I ′

3) L = Ω′(P ′
1)

C = Ω′(M ′
23) H = Ω′(P ′

4[1]) M = Ω′(P ′
2)

D = Ω′(I ′
4) I = Ω′(P ′

1[1]) N = Ω′(S′
2)

E = Ω′(I ′
1) J = Ω′(P ′

2[1]).

In modr(Q′)):
A = [tan(3π/14), +∞) F = (tan(−5π/14), tan(5π/14)) K = (tan(−π/14), tan(3π/14))
B = (−∞, +∞) G = (tan(−3π/14), tan(5π/14)) L = (−∞, tan(−3π/14)]
C = (tan(−5π/14), +∞) H = (tan(−π/14), tan(5π/14)) M = (−∞, tan(π/14))
D = (tan(−3π/14), +∞) I = (tan(−5π/14), tan(3π/14)) N = (tan(−5π/14), tan(−π/14)]
E = (−∞, tan(5π/14)) J = (tan(−3π/14), tan(3π/14)).
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The orange highlights changes due to tilting. The purple highlights a coincidental fixed
endpoint (but notice the change in open/closed).

+∞

tan(5π/14)

tan(3π/14)

tan(π/14)

tan(−π/14)

tan(−3π/14)

tan(−5π/14)

A
B
C
D

E
F

GH

I JK
A

L
M
B
E

N
C

F
I

D
GJL

HK
M

N

+∞

tan(5π/14)

tan(3π/14)

−∞

tan(−5π/14)

tan(−3π/14)

tan(−π/14)

A
B
C
D

E
F

GH

I JK
A

L
M
B
E

N
C

F
I

D
GJL

HK
M

N

Figure 4.8. A4 example – arcs in h2. Continuous tilting doesn’t move
arcs in the hyperbolic plane. We can see this by relabeling the boundary
of h2 accordingly. We also see how the diagonals of the heptagon (which
models the cluster combinatorics for C(Q) and C(Q′)) are preserved by F .

Future Work

There are a few questions that naturally arise from our results. What is the connection
between our tilting and the reflection functors introduced in [19]? What if we considered
all modules over a continuous quiver of type A, instead of just those that are representable.
Can we expand Section 4.3 and describe a continuous cluster algebra? The authors plan
to explore some of these questions in future research.

There is still much work to do with general continuous stability, as well. What can we
learn by studying measured laminations of other surfaces? For example, can we connect
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a continuous type D quiver to measured laminations of the punctured (Poincaré) disk?
In the present paper, we consider stability conditions in the sense of King. What about
other kinds of stability conditions? Furthermore, can the connections between stability
conditions and moduli spaces be generalized to the continuous case?
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