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Singularities of normalized R-matrices and

E-invariants for Dynkin quivers

Ryo Fujita

ABSTRACT. We study the singularities of normalized R-matrices between arbitrary simple modules
over the quantum loop algebra of type ADE in Hernandez—Leclerc’s level-one subcategory using
equivariant perverse sheaves, following the previous works by Nakajima [Kyoto J. Math. 51(1), 2011]
and Kimura—Qin [Adv. Math. 262, 2014]. We show that the pole orders of these R-matrices coincide
with the dimensions of E-invariants between the corresponding decorated representations of Dynkin
quivers. This result can be seen as a correspondence of numerical characteristics between additive
and monoidal categorifications of cluster algebras of finite ADE type.

1. INTRODUCTION

1.1. The quantum loop algebra U,(Lg) associated with a complex simple Lie algebra
g was introduced in mid 80s as the symmetry of certain quantum integrable systems
and solvable lattice models in theoretical physics. It is a Hopf algebra deformation of
the universal enveloping algebra of the loop Lie algebra Lg = g[2*!]. The category € of
finite-dimensional representations of U,(Lg) exhibits a very interesting monoidal structure
and has been studied intensively for several decades.

One of the remarkable features of the monoidal category % is that it is not braided,
in contrast to that of finite-dimensional representations of Ug,(g), but it is “generically
braided” in the following sense. Throughout the paper, we assume that the quantum
parameter ¢ is generic. For two simple objects L and L' of €, the tensor product L @ L’
sometimes fails to be isomorphic to the opposite product L’ ® L. However, if we replace
L’ with its deformation L'(z) with a generic spectral parameter z, there always exists a
unique isomorphism

Rip(2): Lel(z) = L(2)®L
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called the normalized R-matriz between L and L’. It can be seen as a matrix-valued
rational function in z, and hence one can talk about its singularities. Let o(L, L") denote
the pole order of Ry, /(z) at z = 1. If both Ry, 1/(2) and Ry 1,(2) are regular at z = 1, i.e.,
if o(L, L") = o(L/, L) = 0 holds, the objects L and L’ commute in ¢ and the specialization
Ry 1/(2)|2=1 gives an isomorphism L ® L' ~ L’ ® L. Thus, one can think of the pole
order o(L, L") as a measure of the non-commutativity between L and L'. In fact, it plays
a key role in the recent studies on the category ¥, especially in the theory of monoidal
categorification of cluster algebras [34] and in the construction of generalized quantum
affine Schur-Weyl duality functors [31].

Despite its importance, computing the pole order o(L, L") for general simple objects
L and L’ seems to be a difficult problem. Explicit computations have been accomplished
for fundamental modules and partially for Kirillov—Reshetikhin modules. See [35, Ap-
pendix A] and [46] for a list of known computations. Beyond these special classes, no
systematic computations are known at this moment as far as the author understands.
The purpose of this paper is to provide a description of the pole orders for another class
of simple modules in relation with the cluster structure of €.

1.2. To state our main result in a precise manner, we need additional terminologies.
From now on, we assume that g is of type ADE, and let Q be a Dynkin quiver of the
same type as g. In their seminal works [29, 30], Hernandez—Leclerc introduced a certain
monoidal subcategory %) of ¥, depending on (a height function of) the quiver @, which
we call the level-one subcategory. They conjectured, and verified in several cases, that it
gives a monoidal categorification of a cluster algebra A of finite ADE type (the same type
as g), in the sense that there exists a ring isomorphism

Xe: K(6) = A

from the Grothendieck ring K (%)) to the cluster algebra A through which the basis of
K (%)) formed by the simple isomorphism classes corresponds to the basis of A formed by
the cluster monomials. The isomorphism ¥, is given explicitly by the truncated g-character
map of [29]. The conjecture was later verified by Nakajima [45] and Kimura-Qin [36] in
full generality using the perverse sheaves on Nakajima’s graded quiver varieties.

On the other hand, there is another kind of categorification of A, sometimes called
an additive categorification. Here, we use the version due to Caldero—Chapoton [7] and
Derksen—Weyman—Zelevinsky [16] in terms of decorated representations of the Dynkin
quiver ). Recall that a decorated representation of @ is a pair M = (M,V) of a usual
representation M of @) (over C) and a finite-dimensional I-graded C-vector space V', where
I is the set of vertices of ). For two such pairs M = (M,V) and M' = (M', V'), the
E-invariant between them is defined to be

E(M, M) := Exty(M, M') & @ Home (M;, V7). (1.1)
1€l
A decorated representation M is said to be rigid if E(M, M) = 0. The theory of additive
categorification of A tells us that there is a map

CC': {decorated representations of Q} — A

called the cluster character map (a.k.a. Caldero-Chapoton map) which satisfies CC(M &
M) =CC(M)-CC(M’) and induces a bijection between the isomorphism classes of rigid
decorated representations of () and the cluster monomials without frozen factors of A.
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Now, we are ready to state our main result. It describes the pole orders of the normalized
R-matrices in %) in terms of the F-invariants for the Dynkin quiver Q.

Theorem 1.1. For any simple objects L and L' of 61, we have
o(L,L') = dim E(M, M),

where M and M' are rigid decorated representations of Q satisfying xq(L) = CC(M) and
Xq(L') = CC(M') up to frozen factors.

To obtain the main result, we apply Nakajima’s geometric construction of represen-
tations of U,(Lg) [42, 43] and verify a slightly different but equivalent assertion (Theo-
rem 2.7), where decorated representations are replaced with injective copresentations, fol-
lowing Derksen—Fei [15]. Our proof is based on the key observation by Kimura—Qin [36],
generalizing the one by Nakajima [45], that the graded quiver variety relevant to the cat-
egory %1 is simply a vector space and its dual is identified with the space X of injective
copresentations of the Dynkin quiver Q. In the previous work [36], this fact was crucially
used to relate the equivariant perverse sheaves on X to the Grothendieck ring K(%7) or
rather its quantum deformation. In this paper, we go one more step further to relate
the geometry of X directly to representations in %;. Namely, we interpret the deformed
tensor products of simple objects of %) and the R-matrices between them (under a certain
condition, see Section 4.6) in terms of canonical operations for the equivariant perverse
sheaves on X. Then, we find the E-invariant in question as a transversal slice in X. We
remark that a similar geometric interpretation of R-matrices has been studied in the au-
thor’s previous works [24, 25] for tensor products of fundamental modules. In this paper,
we study tensor products of arbitrary simple modules in the category ;.

1.3. Let z,2’ € A be two non-frozen cluster variables, L, L' prime simple objects of €7,
and M, M’ rigid indecomposable decorated representations of @ satisfying z = X4(L) =
CC(M) and 2/ = x4(L') = CC(M’). The theory of additive/monoidal categorifications
tells us that the following three conditions are mutually equivalent:

(1) x and 2’ belong to a common cluster (i.e., za’ is a cluster monomial);

(2) o(L, L") =o(L,L') + o(L', L) = 0;

(3) e M, M) :=dim E(M, M) + dim E(M', M) = 0.
The invariant 9(L, L") was originally introduced by Kashiwara—Kim—Oh—Park [34]. On the
other hand, the invariant e¢(M, M’) was considered by Marsh-Reineke-Zelevinsky [39],
which is identical to Fomin—Zelevinsky’s compatible degree in [20]. Theorem 1.1 above
implies the correspondence of these two numerical characteristics:

AL, L) = e(M, M), (1.2)

which does not seem automatic from the known categorifications results.
Thus, it would be interesting to ask the following:

Question 1.2. Does Theorem 1.1 or the equality (1.2) generalize beyond the category €1
to other monoidal categorifications of cluster algebras?

At least for Kirillov—Reshetikhin modules, known computations suggest that such a
generalization is plausible [26, Section 5|. For this case, the above question has already
been formulated as [26, Conjecture 5.17]. Note that the left-hand side of (1.2) makes also
sense for graded modules over symmetric quiver Hecke algebras [33] and for the coherent
Satake category [9] as well.
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We also remark that there recently appeared several studies on the connection between
additive and modoidal categorifications of cluster algebras from slightly different view-
points, including [3, 14].

Finally, during the revision of the present paper, the author was informed that Cao
establishes in the latest version of [8] the correspondence (1.2) in a general setting of
monoidal categorification of cluster algebras. His proof is purely algebraic and based on a
series of works by Kang, Kashiwara, Kim, Oh and Park, including [33, 34].

1.4. Organization. The present paper is organized as follows. In Section 2, we state the
main theorem (Theorem 2.7) after reviewing some necessary backgrounds. In Section 2.5,
we briefly explain its cluster theoretical interpretation to see that it is equivalent to the
above Theorem 1.1. In Section 3, we summarize Nakajima’s geometric construction of
representations of Uy(Lg). In the final Section 4, we apply the materials from Section 3
to study representations in the category %1 and discuss the proof of the main theorem.

2. ALGEBRAIC PRELIMINARIES AND MAIN THEOREM

In this section, some necessary algebraic preliminaries are recalled before we state our
main theorem (Theorem 2.7) in Section 2.4. In Section 2.5, we briefly explain a cluster
theoretical interpretation of Theorem 2.7 to see that it is indeed equivalent to Theorem 1.1
in Introduction.

2.1. Representations of quantum loop algebras. Let g be a complex simple Lie al-
gebra and U,(Lg) the quantum loop algebra associated with g, which is a Hopf algebra
defined over an algebraically closed field k of characteristic 0 with ¢ € k* being a pa-
rameter. In Drinfeld’s presentation, it is generated by the elements l’fn,hz‘,m, k;ﬂ with
i€I,neZmeZ)\{0}, where I is a labeling set of simple roots of g. It is also defined
as a subquotient of the untwisted quantum affine algebra U,(g), and carries a family of
Chevalley generators e;, f;, kiﬂ, where i € T11{0}. In this paper, we use the coproduct A

of U,(Lg) given by the formula
Ale)=e; @k +1®e, Alf)=fiol+kofi, AET)=k"ok!

for each ¢ € T U {0}. This is the same convention as in [32, 34] for example.

Throughout this paper, the quantum parameter ¢ is assumed to be algebraically in-
dependent over Q. Let & be the category of finite-dimensional modules over U,(Lg) of
type 1. This is a k-linear monoidal abelian category. We often abbreviate @ as ®.

For objects M, N € €, we say that M and N commute if the tensor product M ® N is
isomorphic to the opposite product N ® M. In the category %, there are many pairs of
objects which do not commute. Nevertheless, the Grothendieck ring K (%) of € is known
to be a commutative domain [22]. This particularly implies that two simple modules M
and N commute if M ® N is simple. In this case, we say that M and N strongly commute.

The isomorphism classes of simple modules in the category € are parameterized by the
multiplicative monoid (1 4 zk[z])T of I-tuples of monic polynomials, called the Drinfeld
polynomials [11, Chapter 12]. We denote by L(w) a simple module in ¢ corresponding
to w € (1 + 2k[z])!. In the terminology of [11], it is an (-highest weight module of
¢-highest weight w. In particular, L(w) has a distinguished generating vector, called an
¢-highest weight vector, uniquely up to multiple in k*. Note that the monoid (1 + zk[z])*
is generated by the elements w; , = ((1 — az)%i),cr for (i,a) € I x kX, where §; ; is the
Kronecker delta.
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2.2. Normalized R-matrices. Let z be an indeterminate. For an object M € €, we can
define a new action of U,(Lg) on the k[z*!]-module M[z*!] :== M ®k[2*!] by the formula:

a;lin(v ®a) = xfnv ®z"a, kilvea)=kv®a, hin(v®a)=hmve:"a,

where v € M, a € k[zF1]. The resulting U,(Lg)[zF!]-module M[z*!] is called the affiniza-
tion of M. We set M (z) == M|[z*!] ®y[-+1] k(2). In what follows, we sometimes identify
the subspace M ® 1 of M[2*1] with M.

For a pair (M, N) of simple modules in %, with fixed ¢-highest weight vectors vy € M
and vy € N, the U;(Lg)(z)-modules M ® N(z) and N(z) ® M are known to be simple
(cf. [10, Theorem 4.4]), and therefore we have a unique isomorphism

RMJV(Z): M®N(z) — N(z) @ M

satisfying Ry n(2) (v @ vy) = vy @ vpr. It is called the normalized R-matriz between
M and N. Viewing it as a matrix-valued rational function in z, one can talk about the
order of its poles, which does not depend on the choice of ¢-highest weight vectors vy,
and vy. We define a non-negative integer o(M, N) to be the pole order of Ry n(2) at
z =1, and set
O0(M,N) :=0(M,N)+ o(N,M).

This is the same as the invariant introduced in [34] (cf. [34, Proposition 3.16]). One may
understand that the number d(M, N) measures the non-commutativity between M and
N as the following proposition suggests. We say that a simple module in % is real if it
strongly commutes with itself.

Proposition 2.1 ([34, Corollary 3.17]). Let M and N be simple modules in €. As-
sume that at least one of them is real. Then M and N strongly commute if and only if
o(M,N)=0.

The following property is used later in Section 4.6.

Lemma 2.2 (cf. [32, Corollary 3.11 (ii)]). Let My, Ma, N be simple modules in €. Assume
that My and My strongly commute. Then, we have

U(Ml & MQ,N) = U(Ml,N) + O(MQ,N),
U(N, M ® Mg) = U(N, Ml) + U(N, MQ).

Remark 2.3. For our purpose, it is convenient to have the following characterization of
the number o(M, N), which immediately follows from the definition through the Laurent
expansion at z = 1.

Let us introduce another indeterminate u and consider the ring k[u] of formal power se-
ries. Viewing k[2*!] as a subring of k[u] by z = e*, we define the infinitesimal deformation
of M to be

Mu] = M[zil] O [»+1] k[u].
This is a Uy(Lg)[u]-module. By localization, we also get a Uy(Lg)((u))-module M ((u)).
Note that M[u] is a k[u]-lattice of M ((u)).

For simple modules M, N in &, the normalized R-matrix Ry y(e") induces an isomor-

phism
Ryn: M@ N(u) — N(u) @ M

of Uy(Lg)((u))-modules satisfying }?EMJV(UM ®uy) = vy @vps. Then, the number o(M, N)
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is equal to the non-negative integer d such that we have
uwRy n(M @ N[u])) € Nu] @ M
and the specialization (ud§M7N)|u:0: M ® N — N ® M is non-zero.

2.3. E-invariants. Let ) be an acyclic quiver. We denote by rep CQ) the category of
finite-dimensional representations of @) over C and by injC@Q the full subcategory of
rep CQ consisting of injective representations. Let C2(injCQ) be the category of mor-
phisms ¢: I© — I in injCQ. We refer to an object of C2(injCQ) as an injective
copresentation of Q). We regard an object of C?(injCQ) as a cochain complex concen-
trated in the cohomological degrees 0 and 1. For any ¢,¢ € C?(injCQ), the E-invariant
between them is defined to be the vector space

E(¢’ d}) = I—IOInKb(inj CQ) (¢7 1/’[1]),

where K°(injCQ) is the homotopy category of bounded complexes in inj CQ and [1] is the
shift functor. This is a finite-dimensional C-vector space. Note that K°(inj CQ) is naturally
equivalent to the derived category D°(rep CQ) and that ¢ is isomorphic to Ker ¢[0] @
Coker ¢[—1] in D’(rep CQ). Since CQ is hereditary, quotients of injective modules are
injective. In particular, Coker ¢ belongs to injC(Q. Therefore, we have

E(¢,v¢) ~ Extb(Ker ¢, Ker 1) @ Homg (Ker ¢, Coker ¢). (2.1)

2.4. Main theorem. In what follows, we assume that g is of simply-laced type (i.e.,
type ADE). An integer-valued function £: I — Z is called a height function if it satisfies
|€(7) — &(7)] = 1 whenever i and j are adjacent in the Dynkin diagram of g. A height
function ¢ defines a Dynkin quiver Q¢ of the same type as g in the following way. The set
of vertices of Q¢ is I. For an adjacent pair (4,j) in I, we have an arrow ¢ — j in Q¢ if
£(1) = £(j) + 1. Note that we have Q¢ = Qg if and only if the difference { — ¢’ is constant.
Any Dynkin quiver arises from a height function in this way.

Example 2.4. When g is of type Ag, the function £ given by £(i) = 7 under the standard
identification I = {1, 2,3} is a height function. The associated quiver Q¢ is depicted as

Throughout this paper, we fix a height function £. For each ¢ € I, let .S; € rep CQ)¢ be
the simple representation at ¢, and I; € injCQ¢ an injective hull of S;. Let N := Z>(. For
each pair w = (w(0),w(1)) € NIHT = NI x N of I-tuples of non-negative integers, we set

O =@, =@, X(w) = Homg, (1), 1),
el el

where w(k) = (w;(k))ier € N for k = 0,1. The automorphism group
A(w) = Autg, (1) Autg, (Iw(l))

acts on the vector space X (w) in the natural way. Since Q) is of finite representation type,
there are only finitely many A(w)-orbits in X (w) [15, Corollary 2.6]. In particular, there
exists a unique open orbit.
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Definition 2.5. For each w € NI, we denote by
pe(w): 1O — v

an injective copresentation in the unique open A(w)-orbit in X (w). By definition, it is
unique up to A(w)-congugation.

We say that an injective copresentation ¢ is rigid if E(¢,¢) = 0. By [15, p. 215],
¢ € X(w) is rigid if and only if ¢ ~ ¢¢(w) (see also the second paragraph of Section 4.5
below). Therefore, the set {¢¢(w) | w € N™M1} gives a complete system of rigid injective
copresentations of Q).

On the other hand, to each w = (w(0),w(1)) € NI we associate a simple U,(Lg)-
module L¢(w) in the category € by

Le(w) = L ( I1 wivqg(i@mg(i;?) . (2.2)
i€l

Definition 2.6 (Hernandez—Leclerc [29, 30]). The level-one subcategory € is defined to

be the Serre subcategory of ¢ generated by the simple modules L¢(w) for w € NP,

By [30, Lemma 3.2], the category %¢ 1 is a monoidal subcategory of €.
The main theorem of this paper is the following.

Theorem 2.7. For any height function ¢ and w,w’ € NV, we have
o(Le(w), Le(w')) = dim E(¢e(w), pe(w')).
A proof is given later in Section 4.6.

2.5. Cluster theoretical interpretation. In this subsection, we briefly explain the
equivalence between Theorem 1.1 and Theorem 2.7. It amounts to giving a cluster theo-
retical interpretation of Theorem 2.7.

2.5.1. Cluster algebras. First, we fix our notation around the finite type cluster algebras.
Recall that we have fixed a height function £: I — Z. Let I’ := {i’ | i € I} be a copy of
the set I, which serves the set of frozen indices. Let A¢ be the cluster algebra of geometric

type associated with the exchange matrix B = (bij)ictur jer given by

bij =Ny — Ny, bi’j = 6i,j — Ny
for i, j € I, where n;; denotes the number of arrows from ¢ to j of the quiver Q¢, and ¢; ;
is the Kronecker delta. By the Laurent phenomenon, A¢ is the subring generated by all
the cluster variables inside the ring of Laurent polynomials in the initial cluster variables
{x; ] i€ IUT'}. See [18].

Let At denote the set of positive roots of g and o;; € AT the i *® simple root. Since A¢
is of finite type, the set of non-frozen cluster variables of A¢ is finite and in bijection with
the set of almost positive roots A>_1 := AT U{—q; | i € I}. See [19]. Let z[a] denote
the cluster variable corresponding to o« € A>_;. For example, we have z[—«;] = x; and
wlai] = 27 ([er m?“x?ﬂz +zy [[jep ;") for each i € I. For a positive root o = 31 asa,
the cluster variable z[a] is the one having [];c; ;" as its denominator. The cluster variables
zlo] (o € As_1), zy (i € I) are grouped into several subsets of constant cardinality
2|I|, called the clusters. A cluster always contains the frozen variables {x; | i € I}.
A monomial of cluster variables of a common cluster is called a cluster monomial. The
cluster monomials form a Z-linearly independent subset of A¢, and equivalently, the cluster
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monomials without frozen factors form a Z[z; | i € I]-linearly independent subset of Ag
by [21, Theorem 11.2].

2.5.2. Additive categorification. For M € repCQy¢, its dimension vector is dim M :=
>icr(dim M;)a;. By Gabriel’s theorem, for each o € A™, there exists an indecompos-
able object M¢[a] € rep CQ¢ uniquely up to isomorphism satisfying dim M¢[a] = «, and
the set {M¢[a] | @ € A>_1} gives a complete system of indecomposable objects of rep CQy.
For v = (v;)ier € NI, we set CY := @,;c; C¥. Recall that a decorated representation of
Q¢ is a pair M = (M,V) of M € repCQ¢ and a finite-dimensional I-graded C-vector
space V. We set M¢[a] == (M¢[a],0) for o € AT and M¢[—a;] = (0,C%) for i € I, where
8; = (8;;)jer € N is the delta function at i. Then, the set {M¢la] | @ € A>_1} gives a
complete system of indecomposable decorated representations of Q).

For a decorated representation M = (M, V) of Qg, its cluster character CC(M) is
defined as in [16]:

COM) = Y x(Gr(an) T o2
veENT GieTUT/
where x(Gr,(M)) is the Euler characteristic of the submodule Grassmannian G, (M), i.e.,
the complex projective variety parametrizing subrepresentations of M of dimension vector
> ic1 Vic, and (g;(M));erur is the so-called extended g-vector of M. In our case, it is
explicitly written as
Gi(M) = dimV; — dim M; + > ngjdim M;, gy (M) = dim | Ker(a|n)
JEeT a

for each i € I, where a runs over the set of arrows of Q¢ whose source is i. By [7, 16], we
have CO(M & M') = CC(M) - CC(M’) for any decorated representations M, M’ and
CC(Me¢la]) = z[a] for all @ € A>_;. Recall the E-invariant for decorated representations
defined in (1.1). By [39], two cluster variables z[a] and z[a/] belong to a common cluster
if and only if we have E(M¢la], M¢[a/]) = E(M¢[d/], Mela]) = 0. The map CC gives
a bijection between the isomorphism classes of rigid decorated representations of Q)¢ and
the cluster monomials without frozen factors of Ag.

Remark 2.8. The following remark is used later in Section 4.6. It is well known that
there is a partial ordering <¢ of the set AT with the following property: we have a <¢ o/
if Extng(Mg[a],Mg[a’]) # 0. We can extend it to the set A>_; so that we have a <
—a; for any @ € AT and i € I. Then, for a,a’ € A>_;, we have o <¢ o’ whenever

E(Me[a], M¢[a']) # 0.
2.5.3. Interpretation by injective copresentations. To each ¢ € C?(inj CQ¢), we assign a
decorated representation M(¢) of Q¢ by
M(¢) = (Ker ¢, C), where ¢; := dim Homg, (S;, Coker ¢).
Comparing (1.1) and (2.1), we find that
E(, ) = E(M(6), M($)) (2.3)
holds for any ¢,1 € C?*(injCQ¢). For each a € AT, let ¢¢a] be a minimal injective

resolution of M¢[a]. For each i € I, we set ¢¢[—ay] == (0 — ;) and v; == (I; LN I;). By
construction, we have M(¢¢[a]) = M¢[a] for any a € A>_; and M(v;) = 0 for any i € I.

The set {¢¢la] | @ € As_1} U {y; | i € I} forms a complete system of indecomposable
objects of C?(inj CQ¢). Since the category C?(inj CQ¢) is Krull-Schmidt, each object
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decomposes into a finite direct sum of indecomposable objects in a unique way. For each
¢ € C*(injCQ¢), we define

CO(9) = COM(6) [T, (2.4)

where m;(¢) denotes the multiplicity of the factor v; in ¢.

Lemma 2.9. The map w — CC(¢¢(w)) gives a bijection from NI to the set of cluster
monomials of Ag¢.

Proof. As mentioned in Section 2.4 above, the set {¢¢(w) | w € NV} gives a complete
system of rigid injective copresentations of (J¢. On the other hand, we know that ¢ is rigid
if and only if M(¢) is rigid by (2.3), and that M(¢) ~ M(v) if and only if [¢] — [¢] €
>t Z[vi] in the Grothendieck group of C%(inj CQ¢). Having these remarks, the assertion
now follows from the results explained in the second paragraph of Section 2.5.2. g

2.5.4. Monoidal categorification. The following theorem was originally conjectured by
Hernandez—Leclerc [29] when Q¢ has a sink-source orientation. For this case, it was proved
by Hernandez—Leclerc [29] for type A, D4, and by Nakajima [45] for all type ADE. For
general £, some results were obtained by Hernandez—Leclerc [30] and Brito-Chari [6]. In
full generality, it was proved by Kimura—Qin [36].

Theorem 2.10. There is a ring isomorphism Xq: K(%¢ 1) = Ag satisfying
Xq(Lg(w)) = CC(ge(w))

for all w € N™L. In particular, X4 induces a bijection between the simple isomorphism
classes of €¢.1 and the cluster monomials of Ae.

2.5.5. Conclusion. Now, it is easy to see that Theorem 1.1 and Theorem 2.7 are mutually
equivalent by Theorem 2.10 and (2.3).

3. GEOMETRIC PRELIMINARIES

In this section, we give a brief review of the geometric construction of finite-dimensional
representations of Uy(Lg) by means of equivariant constructible sheaves on the graded
quiver varieties due to Nakajima. Basic references are [42, 43| (see also [40, 41]). There
are no new results in this section.

3.1. Notation. Let #{® denote the category of Z-graded C-vector spaces V = @<, VE of
finite total dimension, i.e., > o7 dim V" < oo, whose morphisms are homogeneous linear
maps. Let ¢ be an indeterminate. For V € 72, its graded dimension is defined to be

gdim(V) == (dim V"™)t".
nez
This is an element of N[t*!]. For V,W € 7 and | € Z, we denote by Hom!(V, W) the
space of C-linear maps f: V — W of degree [, i.e., satisfying f(V") c W™t for all n € Z.
Let
G(V) = Hom"(V,V)* = [[ GL(V"™).
nez

In what follows, a variety always means a complex algebraic variety. When a complex
algebraic group G acts on a variety X, we say that X is a G-variety. We set pt := Spec C
and view it as a G-variety with the trivial action. Given a field k and a G-variety X,
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we denote by DZ(X,k) the bounded G-equivariant derived category of constructible k-
complexes on X in the sense of Bernstein-Lunts [4] (see also [1, Chapter 6]). This is a
triangulated category equipped with a t-structure whose heart is identical to the category
Pervg (X, k) of G-equivariant perverse sheaves on X. For any objects F, G € D%(X, k),
we set

Homg, (F,G) = @ Hom{(F,G), Hom&(F,G)" = H Hom¢ (F,G)

nez nez
where Hom¢ (F,G) := Hom DE(X k) (F,G[n]) with [1] being the shift functor. We also use

the notations Hg (F) := Homg (ky, F) and ICIE;(}“) = Hom¢ (ky, F)", where ky is the
constant k-sheaf (of rank one). When F = ky, we recover the G-equivariant cohomology
ring of X and hence write H(X, k) = H® (ky) and HE (X, k) == H (k).

For a group homomorphism f: H — G, we have the associated functor

Res;: D&(X,k) — D% (X, k)

of equivariance change. When f is the inclusion of a subgroup or the quotient by a normal
subgroup, we denote it by Forg or Inﬂg respectively. When f is understood from the
context, we often drop Resy from the notation for the sake of simplicity. For instance,
we often denote Hom%; (Res¢(F),Res¢(G)) and Hf;(Res¢(F)) simply by Hom% (F,G) and

H$; (F) respectively. The following fact is used several times below.

Lemma 3.1 ([1, Lemma 6.7.4]). Let f: H — G be a group homomorphism and F €
DY%(X,k). If HE(F) is free over HE(pt, k), we have

Hy (F) ~ HE(F) Ome, (i) B (0t k),
where HE(pt, k) — Hy;(pt, k) is induced from f.

3.2. Graded quiver varieties. For V = (V;)ic1, W = (W;)icr € (7¢)*, we consider the
space of linear maps

MYV, W)= D Hom '(V,V;) & @ (Hom ™ (V;, W;) & Hom ™ (W, ),
1,7€1,¢;;<0 i€l
where (c;j)i jer is the Cartan matrix of g. The groups
G(v)=1lcv), Gw)=T[GwW)
i€l i€l
act on M®*(V, W) by conjugation. Let p: M*(V, W) — @,c; Hom %(V;, V;) be the G(V)-
equivariant map given by

u((B; ). (@), (b)) = ( S BB+ b) ,
J€I,ci;<0 icI
where B;; € Hom_l(Vi,Vj), a; € Hom™Y(V;, W;), and b; € Hom™ (W}, V;). We say that a
point ((Bj,i), (a;), (b;)) € u~1(0) is stable if there is no non-zero Z-graded linear subspace
V/ C V; for any i € I such that B;;(V/) = 0 for any j € I with ¢;; < 0. The group
G(V) acts freely on the (possibly empty) open subset x~(0)5 C u=1(0) of stable points.
The quotient

M (V, W) = p~1(0)"/G(V)
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is a smooth quasi-projective G(W)-variety. It can be identified with a quotient in the geo-
metric invariant theory. In particular, it comes with a natural projective G(W)-equivariant
morphism

}G(V). (3.1)

Ty s MV, W) — M(V, W) = Spec C |1 (0)

Both varieties 2*(V, W) and 9§ (V, W) only depend on the graded dimension vector of V.
Therefore, we write I*(v, W) = M*(V, W), My(v, W) == M{(V, W), and 7y w = mv,w
when v = (gdim(V;));er € N[tF1]1

A geometric point of the affine variety 9§ (v, W) corresponds to a closed G(V')-orbit in
p=(0). Let (v, W)™® be the smooth open subvariety of M§(v, W) corresponding to
free orbits. It is non-empty if and only if

M (v, W) £ 2 and  (gdim(Wi))ier — C(t) v € N[#*1]', (3.2)

where C(t) := (%) o is the quantum Cartan matrix. The set
7/7]

I
AT(W) = {v € N{til} ‘the condition (3.2) is satisﬁed}

is finite. For v € A* (W), the morphism 7y y restricts to an isomorphism
Ty gy (MG (v, W)™°8) =5 M (v, W)"E. (3.3)

For v,v' € N[t*!]!, we have a natural closed embedding (v, W) C M(v + v/, W).
Taking the unions over v € N[t¥!]1) we define

me(W) = |_|im'(v, W), Mmy(W) = Uima(v, w).

These unions are essentially finite as 9®*(v, W) # @& only for finitely many v and 98(v, W)
stabilizes for sufficiently large v. The morphisms (3.1) are unified into a G(W)-equivariant
projective morphism

Ty MO(W) — MG (W),

The locally closed subvarieties {95 (v, W)™® },cp+ () give a finite stratification of 95 (W).
Note that 9t8(0, W)**& = {0} is the unique closed stratum.

In what follows, we assume that k is an algebraically closed field containing Q(q) as
in Section 2.1. Consider the proper push-forward (mw )ikoge ) of the constant k-sheaf
on M*(W) and let Ly, == PH*((mw )ikoye(iy)) denote its total perverse cohomology. By
the decomposition theorem, this is a semisimple object in Perveg ) (98(W), k). More
precisely, we have

Ly~ P LowRICyw, (3.4)
veA+ (W)

where ICy w € DbG(W) (MG (W), k) is the intersection cohomology complex of DY (v, W)ree
and Ly is a non-zero finite-dimensional k-vector space. Note that ICq y is the skyscraper
sheaf ko, at the origin 0 € 9G(W).
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3.3. Nakajima’s homomorphism. For each W € (¥¢), we consider the completed
Yoneda algebra Hom'G(W)(EQ,V,[,%/V)/\. Note that this is the completion of an N-graded

algebra Hom¢; -y (L, L) with a semisimple oth

Hom¢y gy (L, L) = []  Endi(Lyvw).
veAt (W)

component

In particular, each L, can be regarded as a simple module over Homz;(w)( w L)
and the set {Lyw }ve A+(w) gives a complete system of simple modules.

Theorem 3.2 (Nakajima [42]). There is a homomorphism of k-algebras
P Ug(Lg) — Homg ey (L, Liy)"

satisfying the following property. For anyv € AT (W), the pullback (¢}y,)*Lvw is a simple
Uq(Lg)-module in € isomorphic to L(I];cr nez wzbqi;l"), where the multiplicities m;, € N
are determined by the formula

neL

(Z mi,nt") = (gdim(W;))ier — C(t) - v.

In particular, when v = 0, we have (¢, )*Low ~ L(ww ), where

ow= [ wim'. (3.5)
1€I,NEZL

Proof. The k-algebra homomorphism ¢y is obtained as the composition of (i) a comple-
tion of the homomorphism in [42, Theorem 9.4.1] from U,(Lg) to the convolution alge-

bra R\G(W)(Z’(W))k of the completed G(W)-equivariant K-theory (see [24, Section 4.6]
for details), where Z*(W) = M*(W) xgusw) M*(W) is the Steinberg type variety,
(ii) the G(W)-equivariant Chern character map (suitably twisted by the Todd classes) from
R\G(W)(Z’(W))k to the convolution algebra ﬁg(w)(Z%W),k) of the completed G(W)-
equivariant Borel-Moore homology (equivariant version of [13, Theorem 5.11.11]), and
(iii) the completion of an isomorphism between ug™) (Z*(W),k) and Homg, ) (Lyy, Lyy)
(equivariant version of the isomorphism in [13, Section 8.6]). The desired property is due
to [42, Theorem 14.3.2]. O

3.4. Deformed standard modules. For each w € (1 + 2k[z])!, the standard module
(also known as the local Weyl module in the sense of Chari-Pressley [12]) M (w) is defined.
It is the largest ¢-highest weight module in %" and it has L(w) as a unique simple quotient.

Fix W € (¥2)!. Let T(W) = C*idw denote the one-dimensional torus of non-zero
scalar matrices in G(W) and ip: {0} — MMY(W) the inclusion. The action of T'(W) on

MY (W) is trivial. Through the Yoneda product and the functor For?((gvv)), the algebra
Homg, iy (Lyy, L))" acts on I:I}(W) (iLhy). Via ¢l this yields a geometric realization of
the deformed standard module M (wy )[u] (recall the definition of M[u] from Remark 2.3
and wy from (3.5)) as follows.

Theorem 3.3 (Nakajima [44]). We have

() H ) (i0L1y) =~ M (o) [ul]
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as Uy(Lg)[u]-modules, where the action of w on the left-hand side is given by the product
with a non-zero element of H?F(W)(pt,k).

Proof. This follows from [44, Theorem 2 and Remark 2.15] and a completion. To be more
precise, we apply the same completion as in the proof of Theorem 3.2 to find that the

U,(Lg)-module (@%/)*ﬁ?(w) (7~1(0),k) is isomorphic to the completion M (wy) of the
global Weyl module of highest weight @y = ;. dim(W;)w; (with w; being the it
fundamental weight for g) at the maximal ideal of its endomorphism ring corresponding
to wy. The module M (wy ) is the same thing as what the author called the deformed
local Weyl module in [23, Section 2.3]. The endomorphism ring of M (wow ) is identical to
HZ v (pt, k) and we have
M)l = 3 (w) Sy 0 W (1)

Note that Hg, (iHLhy) =~ ud™) (7=1(0),k) is free over H&(W)(pt, k) by [42, Section 7.1]
and hence Lemma 3.1 is applicable. Therefore, we have a natural isomorphism

SaW), 1 o e K
Ho (7 7(0),k) ®ﬁé<W)(Pt’k) H7w) (pt, k) = Hy oy (i0Lyy)-

The left-hand side is isomorphic to M (ww)[u] via ¢ . O

3.5. Tensor product. Let W, W’ € (¥¢)!. We identify the one-dimensional torus
T(W') ¢ G(W') with the subtorus idy @& C*idy of G(W & W'). By [48, Lemma 3.1],
the T'(W')-fixed locus MY(W @& W)TW") is identical to MS(W) x M8(W’). Consider the
attracting locus

AE(W, W) = {:U e MW & W) li_r>r(1)(idW @ stlidy )z exists.},

which is Zariski closed by [48, 3.5]. We have A=(W,W') = AT (W', W). Consider the
diagram
M (W) x My(W) <—mi(WW) —>E)JZO(W69W) (3.6)
where A/ is the inclusion and p/y(z) = lims_,o(idw @ s*'idy)z. Recall the hyperbolic
localization (p/y)i(h/)* ~ (p%)*(j%)' in the sense of Braden [5]. By [48, Lemma 4.1],
(Pl )1 (RL)* Ly gy is & semisimple complex and
PH (P )i(he)" Lwewr) = Ly B Ly (3.7)

in Pervemw)xaw) (M (W) x ME(W’)). The isomorphism (3.7) (together with [1, Propo-
sition 6.7.5]) yields isomorphisms

I:I&(W)xG(W’)(10(10+) (W) /W@W’) ~ He (lbﬁ@v) SHE ) (ié)ﬁ/W')a
HE ) v (10 P () Liyowr ) = Ao (0L ) @8 ar) (0L )

where @ denotes the completed tensor product and iy denotes the inclusions of the origin
(into suitable varieties). A sheaf-theoretic interpretation of the results from [43, Section 6]
tells us that these isomorphisms are compatible with the structures of U,(Lg)-modules,
given through the homomorphism ¢}, .y, on the left-hand sides, and through (¢}, ®

©Olyr) o A and (@l @ ¢fy) o A respectively on the right hand sides, where A is the

coproduct of Uy(Lg). In particular, applying FOrT((W/))XG(W )’ we get the following from
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Theorem 3.3. (We can freely use Lemma 3.1 here, as the freeness assumption is satisfied,
see [42, Section 7.1], [43, Theorem 3.10(1)].)

Theorem 3.4 (Nakajima [43]). We have
(Phvew) B (i) (1) Livawr) = M(ww) @ (M (@w)[u),

(Pwaw) B (0@ (L) Livew ) = (M(@w)[u]) @ M(@w)

as Uy(Lg)[u]-modules, where the action of u on the left-hand sides is given by the product
with a non-zero element of H?F(W,)(pt,k).

4. PROOF OF MAIN THEOREM

In this section, we prove our main theorem (Theorem 2.7) applying the geometric con-
struction reviewed in the previous section. In Section 4.1, we recall the key observation
due to Kimura—Qin [36], which enables us to translate the constructions with equivariant
perverse sheaves on the graded quiver varieties to those on the space X (w) of injective
copresentations of the Dynkin quiver ()¢ through the Fourier-Laumon transformation ex-
plained in Section 4.2. Then, we obtain a sheaf theoretic interpretation of deformed simple
modules and their tensor products in Sections 4.3-4.4. In Section 4.5, we observe that
the E-invariant appears as a transversal slice in X (w). The proof ends in Section 4.6,
where we have a sheaf theoretic interpretation of R-matrices in question under a certain
condition (4.10).

4.1. Graded quiver varieties for % ;. Recall that we have fixed a height function
§: I — Z and the notations from Section 2.4. For each vertex i € I, let P; € rep(CQ¢) be
a projective cover of S;. For each w € NIMI we set

X'(w) := Homg, (Pw(l), Iw“’)),

where P*() = @, ; Pi@wi(l). Note that the vector spaces X (w) and X'(w) are dual
to each other through the Nakayama functor (cf. [2, II1.2.8]). Moreover, the group
Autg, (P*(M) is naturally identified with Autg, (1 w(1)) and hence the group A(w) defined in
Section 2.4 acts on X'(w) as well. For v € NI, let G, (I*(?)) denote the submodule Grass-
mannian of 1), which is a smooth connected projective variety by [47, Theorem 4.10].
Consider the A(w)-variety

F(v,w) = {(N,¥) € Gr,(1"®) x X'(w) |Imy € N},
together with the A(w)-equivariant projective morphism
Pow: Fv,w) — X'(w)
given by the second projection (N, 1)) +— 1.
Given w € NI we choose an I-tuple of Z-graded vector spaces We(w) = (We(w);)ier €
(7¢)? satisfying
gdim(We (w);) = w; (0)t5® + w; (1)#50+2
for all i € I. Note that AT (We(w)) € (Nt¢O+HT holds. For v = (v;)ier € NI, we put
Ut£+1 = (Uitg(i)+1)i61.
The following observation due to Kimura—Qin [36], generalizing the one by Naka-
jima [45], is of fundamental importance in our discussion below.
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Proposition 4.1 (Kimura-Qin [36, Propositions 3.1.1 & 3.1.4]). For any w € NV and
v € NI, we have isomorphisms of varieties

ME(We(w)) = X'(w), M (vt We(w)) =~ F(v,w),
through which the morphism Tyt€+1 W (w) corresponds to the morphism py ., and the actions
of G(We(w)) correspond to the actions of the standard Levi subgroup

Gw)= ] Autg, <Ii®wi(k)> of A(w).
1€1,ke{0,1}

In what follows, we identify the variety 9t (We(w)) with the variety X’(w) through the

isomorphism in Proposition 4.1, and identify G(w) with G(W¢(w)). Note that the func-
tor Foré&uugz Dz(w) (X, k) — DbG(w) (X, k) is fully faithful for any A(w)-variety X (cf. [1,

Theorem 6.6.15]).

Corollary 4.2. For any w € NV the object E{,Vs(w) is in the essential image of the
functor

Foré&uug : PervA(w) (X’(w), k) — PerVG(w) (X/(’U))7 k).

Proof. Recall the decomposition (3.4). For any vt**! € AT (We(w)), we know that the sim-
ple perverse sheaf IC,e+1 1y, () appears as a direct summand of a shift of (pv,uw)ikp(v,w) €

Dz(w)(X’(w), k) thanks to Proposition 4.1 and the isomorphism (3.3). Thus IC 41 y, (u)
is in fact A(w)-equivariant and so is ngvg (w)- O
In particular, the functor Forégzg gives a k-algebra isomorphism:
Homg (E' i )A ~ Hom?$ (E' i )/\ (4.1)
Gw) \=We(w) =We(w) ) — A(w) \ZWe(w)> =We(w) ) - :

4.2. Fourier—Laumon transform. We regard the vector spaces X'(w) as an (A(w) x
C*)-variety, where C* acts simply by the scalar multiplication. Note that this action
factors through the surjective homomorphism

A(w) x C* — A(w) given by (g,8) — g (idpway, $id jw(0))- (4.2)
The space X (w) = X'(w)* is also viewed an (A(w) x C*)-variety via the dual action.
Consider the A(w)-equivariant Fourier-Laumon transform
D xr(w) ! Dg(w)xcx (X'(w),k) = DE’LX('LU)X(CX (X (w),k)
introduced in [37] (see also [1, Section 6.9]). We define

Since ®,, sends A(w)-equivariant simple perverse sheaves on X'(w) bijectively to the
ones on X (w) (cf. [1, Theorems 6.9.9 and 6.9.12]), £,, is an A(w)-equivariant semisimple
perverse sheaf on X (w). Letting ICy = ®uw(ICye+1 w, (w)) and Lyw = Lyg+1w, (w), the
functor ®,, translates (3.4) into

Lo~ P LywRICy
v

where v runs over the set of elements v € N! satisfying vt**! € AT(We(w)). Since
X (w) has finitely many A(w)-orbits and the stabilizer Aut(¢) of each closed point ¢ is
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connected, the intersection cohomology complexes of orbit closures exhaust the simple
A(w)-equivariant perverse sheaves on X (w). When v = 0, we have

1Co. = u (kjoy ) = kx(uyldim X (w)).

We define a k-algebra homomorphism ¢, : Uy(Lg) — Hom;‘(w)(ﬁw,ﬁw)/\ to be the
following composition:

SDIWEW) . / / A
Pw U‘](Lg) HomG(w) <£W5 (w)> Wg(w))
(41) o A oy .
— HomA(w) (E%[/ﬁ (w)? L%/VE (’LU)) — HomA(w) (,Cw, Lw)/\.

4.3. Deformed simple modules. For the sake of brevity, we set
T(w) = T(We(w)) C Gw) = G(We(w)) and  Me(w) = M (@ (w))-

The latter is compatible with the notation (2.2) as we have L¢(w) = L(w@ww,(v)) (com-
pare (2.2) with (3.5)). Recall the generic element ¢¢(w) € X (w) from Definition 2.5. For
a closed point ¢ € X (w), let iy: {¢} — X (w) denote the inclusion.

Proposition 4.3. We have

Pl ) (Lo) = Me(w)[u], @4, HY ) (i;;g(w)cw) ~ Le(w)[u]

as Uq(Lg)[u]-modules, where the action of u on the left-hand sides is given by the product
with a non-zero element of H?F(w)(pt,k).

Proof. In this proof, we abbreviate T'(w), X(w), ig(w) as T, X, i respectively. The first
isomorphism follows from Theorem 3.3 through the transform ®,,. In fact, as @w(k{o}) ~
k x [dim X], we have

te (- ° N By ° ITe
HY (i0Liv, () ) = Hom (o, iy, () = Homi(ky, £,)" 2 H(La).
We shall show the second isomorphism. The functor ¢* yields a homomorphism
HY(Ly) = Hom$ (kx, L) % Hom$(i'ky, i*Ly)" = H$ (6 Ly)

of modules over the Yoneda algebra Hom;‘(w)(ﬁw,ﬁw)/\. We recall that A(w)ge(w) is
the unique open A(w)-orbit in X (w) and the stabilizer of ¢¢(w) is connected. Therefore,
the constant perverse sheaf ky[dim X] is the unique simple object of Perv 4,)(X(w))
whose stalk at ¢¢(w) is non-zero. Thus, we have i*IC,,, = 0 if v # 0 and hence i*L,, =
Lo Ri*ky[dim X]. Now, we see that H$(i*Ly) ~ Lo, @ k[u] as k[u]-modules, and that
a is surjective as its restriction to the summand L, XICq,, C L, yields an isomorphism.
As a Uy(Lg)-module, H3.(i*L,,) is a limit of iterated self-extensions of the simple module
L¢(w) since ¢f Lo ~ Le¢(w) by the last assertion of Theorem 3.2.

Let N¢(w) denote the kernel of the quotient homomorphism Mg(w) — L¢(w). The
Uq(Lg)-module N¢(w) does not contain L¢(w) as its composition factor because N¢(w)
does not have the ¢-highest weight vector of M¢(w). Since M +— M [u] is an exact functor,
we have a short exact sequence

0 — Ne(w)[u] & Me(w)[u] < Le(w)[u] — 0
of Uy(Lg)[u]-modules.
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We compare the homomorphisms a and ¢. For any positive integer n, we consider the
base change from k[u] to the truncated polynomial ring kfu]/(u™) to obtain the solid
arrows in the following diagram:

Ne(w)u/(u") = Me(w) bl (") —— Le(w)ul /")
|- -
B3 (L) fu B (L)~ B (0% L) /u" B} (L),
where the upper row is exact. We know that both
Le(w)[u] /(u") and  HE(i* Lo) /u"HE (i Lo)= Lo @ K[u]/(w")

are iterated self-extensions of L¢(w) of the same length n (as Uy(Lg)-modules) and that
the image of b, does not contain L¢(w) as a composition factor. Therefore, there exists a
unique isomorphism 6,, of U, (Lg)-modules represented by the dashed arrow in the diagram.
Taking the limit n — oo, we get the desired isomorphism of U,(Lg)[u]-modules. O

4.4. Tensor product. Let w,w’ € N™I. We fix decompositions I(@tw)(*) — ju(k) g
IY'®) ke {0,1}, to get

Xw+w)=Xw)oXw)®X(w,w)"eX(w,w), (4.3)
where X (w,w')t = Hong(Iw(o),Iw/(l)) and X (w,w")” = HomQé(Iw’(O),Iw(l)). Then
we have X (w + w')T"") = X (w) ® X (w’). Consider the diagram

X(w) ® X (w') &5 X(w) @ X (W) ® X (w,w')F 255 X (w+w'), (4.4)
where h4 is the inclusion and p4 is the projection.

Proposition 4.4. Let ¢ = ¢¢(w) ® ¢¢(w') € X(w) & X (w'). We have

s ([ (0)1(4) Lurar) = Le(w) @ (Le(w')[ul),
B By (50 W) Lurar) = (Le(w) ) @ Le(w).
as Ug(Lg)[u]-modules, where the action of u on the left-hand side is given by the product

with a non-zero element of H%(w,)(pt,k).

Proof. The assertion follows from Theorem 3.4, Proposition 4.3 and an analog of [38,
Proposition 10.1.2]. For completeness, we give some details. Consider the decomposition
X'(w+w)=X'(w) @ X'(w) & X' (w,w)" & X'(w,w')7,
where X'(w,w’)" := Homg, (Pe® 190 and X' (w,w')~ = Hong(P“’/(l), 1%©). Then

we have X'(w + w')T™) = X'(w) @ X'(w'). Under the identification X'(w + w') =
IS (We(w + w')) in Proposition 4.1, we have

A (We (w), We(w')) = X' (w) @ X'(w) & X' (w, '),

and p/, in (3.6) is the projection to X'(w) & X'(w’). Through the Nakayama functor,
X (w,w")* is dual to X'(w,w’)T. The dual of the diagram (3.6) is identified with

t,/ th/

X(w) ® X (w') 45 X(w) @ X(w) ® X (w0, w)F = X(w+ ')
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where 'p/; is the inclusion and 1/, is the projection with respect to the decomposition (4.3).
By [1, Proposition 6.9.13], we have

(Pu B Dyr) 0 ()10 (he)" = (*Ply)" 0 ("hi)r 0 Pupyur[—due], (4.5)
where dy = dim X (w,w’)* — dim X (w,w’)¥. Since the diagram

X(w) ® X (W) ® X (w, w)* he X(w + ')

P:ti \Lthli
X(w) & X (w') *: X(w)® X(w) e X(w,w)F
is cartesian, we have the base change isomorphism
("P)" o ("Ay), = (pe)ro (h)". (4.6)

Combining (4.5) with (4.6), we see that the Fourier-Laumon transform induces an iso-
morphism

S () (10 0 ) Ly ) = B () (h) Lo

By Theorem 3.4 and the first isomorphism in Proposition 4.3 (or rather, by the discussion
before Theorem 3.4), we get an isomorphism

Prsw B () (01 () L) = H (L) © 9l () (L)
of Uy(Lg)[u]-modules. Applying the functor 5 = ¢ (w) X% Uge(wr)yr We obtain

Spw-i-'w’HT(w )(Z¢(p+) (h+) £w+w’) ~ @ZH' (Zgg (w)[’w> & @Z/H/}(w/) (225 (w/)[’w’) .

Together with the second isomorphism in Proposition 4.3, we get the first desired isomor-
phism. The other isomorphism is verified similarly. U

4.5. Slice and E-invariant. Now we explain that the E-invariant comes into play as a
transversal slice in the space X (w).

Note that Endg, (I(?) @ Endg, (I*(V) is the Lie algebra of A(w) for any w € NI,
For any closed point ¢ € X (w), we have an A(w)-equivariant linear map

fs: Endg, (Iw@)) ® Endg, (Iw@)) — X(w) given by fy(a,b) :=bo¢— ¢oa.

This is equal to the differential of the action map A(w) 2 g — g- ¢ € X(w) at g = 1
(cf. [15, p. 215]). By the definition of the E-invariant, we have

X(w)/Im fy = E(¢, §).
In particular, ¢ is rigid (i.e., E(¢,¢) = 0) if and only if the A(w)-orbit of ¢ is open in
X (w), that is when ¢ ~ ¢¢(w).
In what follows, we consider the special case when ¢ = ¢¢(w) @ ¢¢(w') as in the previous
section. The decomposition (4.3) induces the corresponding decomposition of E(¢, ¢).
Namely, letting

e: X(w+uw') — X(w+w)/Im fy = E(¢, )
be the quotient map, we have
(X (w)) = E(¢¢(w), de(w)) = 0, e(X(w')) = E(ge(w'), de(w')) =
(X (w,w')") = E(¢g(w), de(w')), (X (w,w')7) = E(¢e(w'), de(w)).
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Choose a linear subspace E* of X (w,w’)* stable under the action of the torus T'(w) x
T(w') such that the map e restricts to isomorphisms Et ~ E(¢¢(w), ¢e(w’)) and E~ =~
E(¢¢(w'), ¢p¢(w)) respectively. We define

S=¢+(ET®E), ST=¢+EF,

which are affine subspaces of X (w+w') stable under the action of the torus T'(w) x T'(w").
Let

{p} =5 5F J—i>5’i—s>X(w+w’)
denote the inclusions.
Lemma 4.5. With the above notation, we have a natural isomorphism
iy (pehht =il jlig[—es]

of functors from DZ( X(w+ w'),k) to D%(w)xT(w,)({qb},k), where

w+w’)(
ex = 2(dim X (w, w)* — dim E%).

Proof. A proof can be parallel to that of [25, Lemma 7.7]. For the sake of completeness,
we give the details. In this proof, we put 7' := T'(w) x T(w') and X* := X (w,w')* for
simplicity. We have the commutative diagram:

P+

X (w) @ X (u') <" X(w) & X (w) & X~ X (w + )
o
{6} . ¢}Xt is (4.7)

1+

{0} —————= ST =9+ E*

Here the arrow p is the obvious map, and the arrows i1, 49,43 are the inclusions. Note
that the upper left square and the right square are both cartesian. All the varieties
in the diagram (4.7) are stable under the action of the 2-dimensional torus 7" and all
the morphisms in the diagram (4.7) are T-equivariant. By the base change and [17,
Proposition 2.3], we have

i3 (pa)hs = prith, = hih = duikiihy (1.9
Let U* be the unipotent subgroup of A(w + w') whose Lie algebra is H * where
— w(k w’ (k - w’ (k w(k
H* = @ Homg (1™, 1*'®), H = @ Homg (1"'®, "),
ke{0,1} ke{o,1}

Both the varieties X (w) ©@ X (w') ® XT and ¢ + X* are stable under the action of U*,
and hence they are (U* x T)-varieties. In particular, for any F € Dz(w_Fw,)(X(w—kw’), k),

the #-restriction i{h1F can be seen as an object of D¥. ..(¢ + X* k). We shall show a
natural isomorphism

05~ ijles] (4.9)
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as functors from DY, ..(¢+ X* k) to D}(S%, k). Consider the factorization i3 = 30 s3:

S+ s 6+ X+,
k\ /
U+ x S+

where s3 and 73 are T-equivariant morphisms defined by s3(z) = (1,z) and 73(g, z) == g-x.
The morphism 73 is a locally trivial fibration. Indeed, its differential at the point (1, ¢) is
naturally identified with the linear map

H* @ BE* — X* given by (a,b,¢) — fs(a,b) + 9

in the above notation. This is surjective by our choice of E*. Since the action of C*
given via the cocharacter C* 3 s — silidwé(w/) € T(w') contracts the variety UT x S*

(resp. ¢ + X*) to the single point (1,¢) (resp. ¢), it follows that the morphism m3 is
surjective and its differential is surjective at any points. Thus, 73 is a locally trivial
fibration with smooth fibers, and hence we have

o~ 7Té [Q(dimXi — dim(Ui X Si))]

as functors from DY, ..(¢ + X* k) to D?. .(U* x S* k). On the other hand, we have
the induction equivalence

s = s5[2(dim (U* x SF) — dim S*)]: DYy 0 (U* x S*, k) = D5(SE k).

Combining the above isomorphisms with the natural isomorphisms i3 ~ sj73 and Zg ~
s5Th, we arrive at the isomorphism (4.9). Now, combining (4.8) with (4.9), we obtain

s * 3 S I e A ~ ol e
ig(PEhl ~iyigithy ~ iy igiih] [—es] ~ iy jlig[—e]
as desired. O

For F € DZ( ) (X(w +w'),k), we define

ww
Flg = i¢F[dim S — dim X (w + w')].
Proposition 4.6. With the above notation, we have
Gt B (00 (1) Lurar|s) = Le(w) @ (Le(w)[ul),
Gt W) (1)) Lurprls) = (Le(w)u]) © Le(w).
as Uy(Lg)[u]-modules.

Proof. The assertion follows from Proposition 4.4 and Lemma 4.5. Note that the shift
[—e+] appearing in Lemma 4.5 is irrelevant here since we forget the grading by taking the
direct products of cohomologies over all the degrees. O

Corollary 4.7. Let w,w' € NI, If we have

E(¢¢(w), ¢e(w')) = E(ge(w'), de(w)) = 0,

then L¢(w) and Le(w') strongly commute. In particular, any simple module L¢(w) of the
category G¢1 is real.
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Proof. Under the assumption, we have S = S* = {¢¢(w + w')}, and therefore (i) (j4+)*
Ly1w|s coincides with ing( ) Ly+w up to a shift. Then Propositions 4.3 & 4.6 yield

w+w’
Le(w) ® Le (W) = @y o (i3, oy Luvtr ) = Le(w + ). O

Note that the above Corollary 4.7 and its converse follow from Theorem 2.10 as well,
although we do not rely on it in our proof.

Lemma 4.8. Assume that we have

E(¢e(w), de(w')) =0 or E(ge(w'), pe(w)) = 0. (4.10)
Then S meets A(w +w')-orbits in X (w+w') transversally. Moreover, we have SN A(w +
w')p = {¢} with ¢ = de(w) ® de(w').

Proof. Our discussion here mimics that of [27, 2.2] for the Slodowy slice. By the symmetry,
we may assume E(¢¢(w), ¢e(w')) = 0. Then, we have E* = {0} and S = S~. In
particular, the action of the torus T'(w) contracts the whole S to the unique fixed point ¢.

Note that the differential da of the action map a: A(w+w') x S — X(w+w') at (1, ¢)
is identical to the map

Endg, (1)) @ Endg, (1@ W) ¢ B — X (w +w')

given by (a,b,v) — fs(a,b)+1. Since Im fy & E = X (w+w'), this is surjective. Using the
contracting action of the torus 7'(w), we can conclude that the differential dev is surjective
at (1,z) for any x € S. This implies the first assertion. The last assertion follows from an
argument analogous to the proof of [13, Proposition 3.7.15]. O

The following proposition plays a key role in the proof of our main theorem in the next
subsection.

Proposition 4.9. Under the assumption (4.10), Ly tw|s s a semisimple perverse sheaf
on S containing both kg[dim S| and ks, as summands, where ¢ = ¢¢(w) @ ¢e(w’) as
above.

Proof. For simplicity, we put w := w + w’ in this proof. By Lemma 4.8, S is a transversal
slice through ¢. By [28, Theorem 5.4.1], IC,, 4|s is a simple perverse sheaf for any possible v
and hence L a semisimple perverse sheaf. It contains ICq 3]s = kg[dim S| as a summand.
It remains to show that IC, z|s = k{¢} for some v. To this end, it is enough to show

that the intersection cohomology complex IC(O) of the closure of the orbit O = A(w)¢
coincides with IC, 4 for some v because we know O NS = {¢} by the last assertion of
Lemma 4.8. In view of Proposition 4.1, it suffices to show that a shift of IC(O) appears
as a summand of ®4((pv,a)ikp(,a)) for a suitable v € NT.

By symmetry, we may assume E(¢¢(w'), d¢(w)) = 0. Put K := Ker(¢¢(w)) and K" :=
Ker(g¢(w')). By (2.1), we know that Extg, (K, K), Exty, (K', K') and Extg, (K', K) all
vanish. Let v € NT be the dimension vector of K. We shall show that a shift of IC(O)
appears in @4 ((py,w)kp,z)) for this v. By definition, F(v,w) is a vector subbundle
of the trivial bundle G, (I®(")) x X'(w) over the quiver Grassmannian G, (I?(). Let
F(v, )" denote its annihilator subbundle in Gx,(I®(")) x X (@). By [36, Lemma 3.1.7], it
is described as

F(u,@)" = {(N,$) € Gu(I"©) x X() | N € Ker}. (4.11)
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By [1, Corollary 6.9.14 & Proposition 6.9.15], @4 ((py,m)1kp(,q)) 18 isomorphic to a shift of
(ptw)!kF(v/@)L, where ptw: F(v,w)* — X (@) denotes the second projection (N, 1)) — ).

Now, we have to prove that a shift of IC(O) occurs in (ptw)ku(uw)L. We need additional
notations. For a,b € NI (resp. NIUI) we write a < b if a; < b; for all i € I (resp.
a;(k) < bi(k) for all (i,k) € I x {0,1}). For M € repCQg¢, we define its Betti vector
bar = (bar(0),ba7(1)) € N™ by by (k) = dimExté)&(Si,M) for k € {0,1} and i € I. Let
pv € X (by) denote the minimal injective resolution of M. For any a = (a(0),a(1)) € NIHI
such that a(0) < a(1), let v, € X(a) be an injection I%9) — 19N With these notations,
it is easy to see that any ¢ € X (w) decomposes as 9 >~ pyr G vy—p,, with M = Ker 1.

Let us consider the subset U of F'(v, )" consisting of pairs (N, ) such that (i) N ~ K,
(ii) Extng(Ker@Z)/N,K ® Kerty/N) = 0, and (iii) bxery/v < bgr. Since K is a generic
representation and the functions mapping (N, ) € F(v,w)* to dim Ext};g(Ker Y/N, K &
Kert)/N) and bk, /n are upper semi-continuous, U is an open subset. Moreover, it is
non-empty as (K, ¢) € U and hence dense in the smooth connected variety F(v,w)". We
claim that, for any (N, ) € U, there is an isomorphism ¢ ~ ¢. Once the claim is verified,
we have Piw(U) = O, which implies piw(F(v, w)*) = O. Therefore a shift of IC(O) must
contribute to (pj-’ﬁ))!kF(v,w)L as desired.

We prove the claim. Assume (N,v¢) € U. By the conditions (i) and (ii), we have
Kery ~ K @ C, where C := Ker)/N. Then, we have

Y~ prReC D Vo—brge = PK D PC D Viw—bye B Ve —be -
As ¢¢(w) =~ pr B Vy—py, we have 1 ~ ¢¢(w) ®Y', where ' == po vy _p, € X(w'). Since
¢¢(w') is in the unique open orbit in X (w'), it follows that b = biery > bKer ¢ (w') = UK’

The condition (iii) forces bo = bgs, which implies that C' shares the same dimension
vector as K'. Again by (ii), we have Extng(C’, C) = 0 and hence C' ~ K’. This implies

V'~ pr @ vy, = ge(w'). Thus, we obtain ¢ ~ ¢¢(w) © V' ~ ¢¢(w) © ¢e(w’) = ¢. O
4.6. Proof of Theorem 2.7. Our goal is to show the equality

o(Le(w), Le(w')) = dim E(¢¢(w), de(w')) (4.12)
for any w,w’ € NI, We first prove it under the assumption (4.10), where we obtain a
sheaf theoretic interpretation of R-matrices as a byproduct.

Proposition 4.10. Under the assumption (4.10), the equality (4.12) holds.

Proof. For simplicity, we put L = L¢(w) and L' := L¢(w') in this proof. Let ¢ =
de(w) & ¢e(w') as before and i: {¢p} — S denote the inclusion. We have the following
morphisms arising from the adjunction unit/counit:

n: kglds] — iikslds] = kg lds], e kigy = iri'kg[2ds] — kg[2ds],

where dg := dim S. We also abbreviate £, |5 as £, and T'(w') as T.

First, we consider the case when E(¢d¢(w), pe(w’)) = 0. In this case, we have ST = {¢},
S~ = S and hence (iy)'(jL)*L = i*L, (i_)'(j_)*L = i'L. Moreover, we have i*L ~ p,L
with p: S — {¢} being the obvious morphism (cf. [17, Proposition 2.3]). By Proposi-
tion 4.6, we have

L ® L'[u] ~ H}(p.L) ~ Hom%(ks[ds], £)", (4.13)

L'u] ® L ~ Hy(i'L) ~ Hom$ (kg £)". (4.14)
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Choose ¢-highest weight vectors vy, € L and vy, € L. We shall identify the images of vy, ®
vy (resp. vry @ vr,) under the isomorphism (4.13) (resp. (4.14)). Recall the isomorphism
@ Lowsw =~ Le(w + w') from Theorem 3.2. Consider the 1-dimensional subspace
(Lo,w+w')o C Lowtur corresponding to the /-highest weight space of L¢(w +w’). We have
the embedding of the corresponding summand ¢: kg[ds] = (Lo w+w )o Mkglds] C L. By
construction, this contributes to the ¢-highest weight spaces of L ® L'[u] and L'[u] ® L.
More precisely, we have the following commutative diagrams:

A

L ® L'[u] — 55— Hom3 (ks ds). £

inclusionjA L*J\

k[u](vL, ® vr) —= Hom¥(ks|ds], kglds])”,

~ . A

inclusionjA L*j\

k[u] (v ® vp) —— Hom'T(k{qs},ks[dS])Aa

where ¢, means the post-composition with ¢. Since Hom% (kg[ds], kg[ds])” is generated
over k[[u] by the identity idy_[4q) € Hom$(kg[ds], kg[ds]), we may assume that the iso-
morphism (4.13) sends the vector vy, ® vy to idg jag]- By the same reason, the isomor-

phism (4.14) sends the vector vy @ v, to € € Hom%s (k{s},kg[ds]). Then, the following
diagram commutes:

L® L) <L L'[u] (%3) Hom$ (kg[ds], £)"
ﬁL,L/ \LE*
~ ° A

where £* denotes the pre-composition with €. Indeed, the homomorphism £* intertwines
the Uy (Lg)[u]-actions (given through ¢u4.r), and sends t4idy (45 (the image of v, ®vy/) to
L& (the image of vy ®wvr). As such, it should correspond to EL’ 1 after the localization by
the characterization of the normalized R-matrix (see Section 2.2). The above commutative
diagram implies Ry, /(L ® L'[u]) C L'[u] ® L. By Remark 2.3, we obtain o(L, L') = 0 =
E(¢¢(w), pe(w')) as desired.

Next, we consider the remaining case when E(¢¢(w'), ¢p¢(w)) = 0. Then we have ST = S

and ST = {¢}. Similarly, there are isomorphisms
L ® L'[u] ~ Hom} (kyy, £)", (4.15)
L'[u] ® L ~ Hom$ (kg[ds], £)", (4.16)

under which the vector vy, ® vy, corresponds to ., and the vector vy, ® vy corresponds
to txidg [4q]- Let ¢ € k be a scalar determined by the equation

gon= Cudsidks[ds]
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in HomT (kg[ds], kglds]) = H2TdS(S7 k). We have ¢ # 0 as cus corresponds to the T-
equivariant Euler class of F. Then, the diagram

~ ° A
cudsﬁL‘L/ ln*

() ® L =—L'[u] ® L "= Hom (ks [ds], £)"

commutes because n* intertwines the U,(Lg)[u]-actions and sends tye (the image of
vy @) to Ly (cudsidks[ds]) (the image of cu®svy, ® vr/). Moreover, the specialization of
n* at u =0 is equal to its non-equivariant version n*: Hom®(ks, £) — Hom®(kg[ds], £)
(use Lemma 3.1), which is non-zero as £ contains k(4 as a summand by Proposition 4.9.
Therefore, we have udsﬁLL/(L ® L'u]) ¢ L'[u] ® L and (udS}ABL7L/)|u:0 # 0. By Re-
mark 2.3, we obtain o(L, L) = dg = dim E(¢¢(w), pe(w')). O

Finally, we treat the general case. Let ¢¢(w) = ¢¢(w) @ - @ de(w®) and ¢ (w') =
de(W'M) @ -+ @ e (w' ™)) be decompositions in C?(injCQ;) with all the summands inde-
composable Then, by Corollary 4.7, we have the corresponding factorizations L¢(w) ~
Le(wM)® - -®L5(w(l)) and Lg(w’) ~ Le(wM) @ - -®L§(w’(l/)). By Lemma 2.2, we have

o(Le(w) = > Y o(Le(w®), Le(w™)). (4.17)
1<k<l1<k'<I/
On the other hand, we have an obvious isomorphism
E(ge(w),pc(w) ~ @ P B(¢e(w®),pe(w ™)), (4.18)
1<k<I1<k'<I/

For indecomposables, the assumption (4.10) is always satisfied by Remark 2.8 and (2.3).
Therefore, by Proposition 4.10, we have

o(Lg (w(k))7L£ (w/(k’))) — dimE(¢£ (w®), e (w/(k’)))

for any 1 <k <land 1 <k <. Thus, together with (4.17) and (4.18), we get (4.12) for
general w,w’ € NI completing the proof of Theorem 2.7.
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