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Quivers with Polynomial Identities

Giovanni Cerulli Irelli, Javier De Loera Chéavez and Elena Pascucci

ABSTRACT. We provide a topological characterization of quivers whose path algebra satisfies a poly-
nomial identity. This class includes the oriented cycle and acyclic quivers and, in the latter case, we
describe the associated T-ideal. We introduce a generalization of Arnold’s A-graded algebras, which
we call locally A-graded algebras, and prove that they are also PI. We give an example of a quiver
algebra satisfying a polynomial identity, even if the path algebra of the quiver does not.

1. INTRODUCTION

An algebra over a field F' is called PI if there exists a non-commutative polynomial
whose evaluation in every tuple of its elements is zero. Such a polynomial is then called a
polynomial identity for the algebra. For example, if A is commutative then a polynomial
identity for A is z1x2 — xox1. We say that a quiver @ is PI if its path algebra F@Q is PI.
Our first result gives a classification of finite PI-quivers.

Theorem 1.1. A finite quiver Q is PI if and only if every vertex of Q lies in at most
one oriented cycle.

Since subalgebras and quotients of PI algebras are PI, Theorem 1.1 provides a large
new class of PI algebras.

The quivers appearing in Theorem 1.1 are not new in the literature: Pere Ara informed
us that they are precisely the quivers for which the corresponding Leavitt path algebra has
finite GK-dimension [5, Theorem 1.1], [1]. The class of Leavitt path algebras associated to
a finite quiver which are PI are precisely those of GK dimension less or equal than one [9,
Theorem 4.1].
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In the light of Theorem 1.1, an acyclic quiver () is PI. In this case we can improve
considerably the result and give a description of the T-ideal Id(F'Q) of polynomial identities
for its path algebra, at least in case the field F' has characteristic zero.

Theorem 1.2. Let I be a field of characteristic zero and let Q) be an acyclic quiver. Then
Id(FQ) = ([z1,22] . . . [T2m—1, Tom])T where m — 1 is the mazximal length of a path in Q.

In the process of proving Theorem 1.1 we encountered a new class of algebras that
we call locally A-graded (Definition 5.1), which are a generalization of Arnold’s A-graded
algebras [6]. Examples of locally A-graded algebras include matrix algebras, upper tri-
angular matrix algebras and their nilpotent subalgebras, the commutative square quiver
algebra, the path algebra of an oriented cycle, the Nakayama algebras. Our second result
is as follows

Theorem 1.3. A locally A-graded algebra is PI.

By Theorem 1.1 we know that the quiver @) obtained by gluing two oriented cycles in
a vertex v is not PI. However, the last result of this paper states that a natural quotient
of @ is indeed PI.

Theorem 1.4. Let Q be the quiver obtained by gluing two oriented cycles C(1) and C(2)
on a vertex v. Let a be an arrow of C(1) ending in v and let B be an arrow of C(2)
starting from v, then the algebra A = FQ/(af3) is PL

The paper is organized as follows: in Section 2 we recall facts about PI theory. In
Section 3 we recall basic notions on quivers and quiver algebras. In Section 4 we introduce
our main tool to prove Theorem 1.3, namely the graph theoretic machinery used by Swan
to prove Amitsur—Levitski’s theorem; this section contains also Lemma 4.5 which is used
in the proof of Theorem 1.1. We prove Theorems 1.3, 1.1, 1.2, 1.4 in Sections 5, 6, 7, 8,
respectively.

2. POLYNOMIAL IDENTITIES

In this section, we report basic notions about the theory of polynomial identities. Stan-
dard references are [3, 13]. We fix a field F'. By an algebra we mean an associative algebra
over F'. Given a countable set of non-commutative variables X = (x1,z2,...) we denote
by F(X) = F(z1,z2,...) the free associative algebra generated by X. Its elements are
hence non-commutative polynomials in X with coefficients in F'.

Definition 2.1. Let A be an F-algebra and f € F(x1,...,z,). We say that f is a
polynomial identity for A (or simply a PI for A) if f(ay,...,a,) =0forall aj,...,a, € A.
If there exists a non-zero polynomial identity for A then A is called PL

Example 2.2. A commutative algebra is PI. Indeed, it satisfies the polynomial [z, z9] :=
r1T9 — Tox1, called the Lie commutator of x1 and xs.

Example 2.3. A nilpotent algebra A is PI. Indeed, the polynomial z7 is a polynomial
identity for A, where n is its nilpotency index.

Lemma 2.4. The algebra My(F) of 2 x 2 matrices over F is PI. Indeed, the polynomial
in three variables [x1, [v2,23)%] is a PI for it.

Proof. By the Cayley-Hamilton theorem, A? — tr(A)A + det(A)1y = 0, for every A €
Ms(F). In particular, if A = [B,C] is a commutator then A% = —det(A)1s is a central
element. Thus [4,[B,C]?] = 0 for every A, B,C € My(F). O
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Example 2.5. A finite dimensional algebra is PI. Indeed, the determinant in n + 1
variables is a polynomial identity, where n denotes its dimension.

Non-example 2.6. The free algebra F(z1,...,x,) in n > 2 variables does not satisfy
any polynomial identity. Indeed, the existence of such an identity would contradict its
freeness.

Definition 2.7. Given an F-algebra A, we denote by
Id(A) = {f € F(X) | fis PI for A}
the set of polynomial identities of A.

We recall that Id(A) is a T-ideal, which means that it is a two-sided ideal of F'(X) stable
under every endomorphism of F'(X). In simple terms, this means that given a polynomial
f(z1,...,25) € Id(A), if each variable z; is replaced by an arbitrary polynomial g; € F(X)
then f(g1,...,9n) € Id(A). The following useful properties of T-ideals hold

If B C A is a subalgebra, Id(A) C Id(B), (2.1)
If B= A/I is a quotient algebra, then Id(A) C Id(B). (2.2)
In particular, subalgebras and quotients of PI algebras are PI algebras.

Given non-empty subset Y C F(X), we denote by (Y)r the T-ideal generated by Y
in F(X).

The following remarkable result provides a description of the T-ideal of the algebra
UT,(F) of upper triangular n x n matrices with entries in F'.

Theorem 2.8 ([14, Theorem 1]). Let F be a field of characteristic zero. Then Id(UT, (F))
= (un )7 where

Un (1, ..., Topn) = [z1, T2][x3, 4] . . . [To2n—_1, T2n)]. (2.3)

The hypothesis on the characteristic of the field F' in Theorem 2.8 is mainly due to

the following result, which holds only in characteristic zero. Recall that a polynomial f

is said to be multilinear if it is linear in every variable, i.e. its degree with respect to each
variable is one.

Theorem 2.9. Let F' a field of characteristic zero and let A be an F-algebra. Then Id(A)
is generated by multilinear polynomials.

An important example of multilinear polynomial is the standard polynomial of degree n:
Stp(x1,...,2n) = Z SEN(0) T (1) - - - Tor(n)s (2.4)
JESn

where S,, denotes the symmetric group of degree n and sgn(o) is the sign of the permuta-
tion 0. Indeed, the following remarkable result holds about the algebra M, (F) of n x n
matrices over F.

Theorem 2.10 (Amitsur-Levitski [4]). For every n > 1, Sta, € Id(M,(F)).
Notice that the following Leibniz type formula holds

n+1
Stp+1(x1, .., Tpg1) = z:(—l)’Jrl x; Stp(x1, .. Tiy oo oy Tpy1)
i=1
so that
St € (Stn)r, ¥V m>n. (2.5)
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The standard polynomial is an example of an alternating polynomial. Recall that a poly-

nomial f := f(z1,...,Zn;Y1,-..,Ym), which is multilinear in the first n variables, is alter-
nating in 1, ..., x, if, for every i € {1,...,n},
f(i[}l,...,l’i,...,l'i,...,xn; yl,...,ym) :0F<X>

3. QUIVERS AND PATH ALGEBRAS

In this section we fix notation and recall some basic facts about quivers and path
algebras. Standard references are [7, 8, 10, 16] and [17].
A quiver @ is a quadruple @ = (Qo, @1, s,t) where
e (o is a finite set of wertices,
e ()1 is a finite set of arrows,
e 5.t: Q1 — Q are two functions assigning to each arrow a € @)1 its starting vertex
s(a) and its terminal vertex t(a).

An arrow « € @ is graphically represented as: s(a) —*— t(«)

Example 3.1. An example of quiver is given by:

12,90 _F .3

where Qo = {1,2,3}, Q1 = {a, 8}, 1 = s(a), 2 =t(a) = s(8), 3 =t(B).

A path p of length n = I(p) > 1 in a quiver @ is a sequence p = (ay,aa,...,q,) of
n arrows of @ such that t(a;) = s(a;41) for all 1 < i < n — 1; the vertex s(p) = s(aq)
is the starting vertex of p and the vertex t(p) = t(ay,) is the terminal vertex of p; the
support of p is the subquiver of @@ whose arrow set is {aq,...,a,} (thus every arrow of
p appears precisely once in the support of p) and whose vertices are the starting and
terminal vertex of each of its arrows. Instead of p = (a1, ag, ..., a;,) we use the shorthand
notation p = ajas ... ay,. To every vertex v € (g it is formally attached the path e, which
has length zero and starts and ends at v. The path e, is called the lazy path at v. A closed
path in @ is a path 7 of positive length such that ¢(7w) = s(m). An oriented cycle of @ is
the support of a closed path. An n-cycle is a closed path with n vertices and n arrows and
it will be denoted by C,,. A loop is a 1-cycle. A quiver is said to be acyclic if it contains
no oriented cycles.

Example 3.2. Let Q = a1 D8 be the quiver with two arrows and one vertex.
Then m = afaBa is a closed path and its support is (). The paths o and 3 are loops and
the quivers « 1, 1 DB and Q are oriented cycles.

Given a quiver @) and a field F', the path algebra F'Q of @) is the F-vector space spanned
by all possible paths in @), including lazy paths. The multiplication of two paths p and
g in @ is the path pq if t(p) = s(¢) and it is zero otherwise. The multiplication in F'Q is
defined by extending linearly the path multiplication. The set of all paths in @ is called
the standard basis of F'Q). A path algebra F(@ is finite dimensional if and only if @ is
acyclic.

The path algebra F'@Q is graded by the length of the paths, i.e. there is a direct sum
decomposition F'Q)Q = @ ¢ FQ® where FQ? is the span of all paths in @ of length d.
Moreover, the set of lazy paths {e; | i € Qg} is a complete set of primitive orthogonal
idempotents of F'Q. Thus FQ admits a decomposition F'Q = @, jeq, €if'Qe;. Here,
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e;F'Qe; is hence the vector subspace of F'(Q generated by paths starting at vertex ¢ and
ending at vertex j. Combining these two decompositions we get

FQ =@ FQy; (3.1)
dyirj
where FQﬁj =FQN eiF'Qe;.

Let m denote the two-sided ideal of F'@Q generated by Q1. A two sided ideal I C FQ is
called admissible if there exists a positive integer k such that m* C I C m?. The quotient
of a path algebra by an admissible ideal is called a bound quiver algebra. In particular,
a bound quiver algebra is finite dimensional. A quotient FQ/I where I C m? is simply
called a quiver algebra.

If an admissible ideal I of F'Q) is generated by paths in @) then I is called a monomial
ideal and F'Q/I is called a monomial quiver algebra. It has a basis formed by paths called
its standard basis.

Example 3.3. For the quiver 1 —— 2 & 3 the path algebra F'(@) has standard basis
{e1,e2,e3,c,3,a8}. The ideal I = (af) is admissible and the bound quiver algebra
FQ/I has standard basis B = {e1, e2, €3, o, 5}.

Example 3.4. If Q = a1 then FQ ~ F[z], the polynomial ring in one variable.
Example 3.5. If Q = a G 1 DS then FQ ~ F(xq,x2).

%
Lemma 3.6. Let Q = A, be the equioriented quiver of type A,, i.e.

%
A, =1 o

(o) Qn—1

2 - n. (3.2)

Then FQ = UT,(F).

Proof. The map p; j +— e;;, where p; = €;, p;j = a;...aj-1 and e;; is the matrix whose
only non-zero entry is 1 at (4, 7), is an isomorphism. O

4. UNICURSAL PATHS

For convenience of the reader, in this section we collect some results and notions
from [19] and also prove Lemma 4.5, to be used later on.

Definition 4.1 ([19, Definition 2]). Let ¥ = (X, 31, s,t) be a finite quiver with arrow
set X1 = {aq,...,an}. A path v in ¥ is called unicursal if it contains all arrows of ¥
exactly once. For a unicursal path v = a,(1) . .. @) We define sgn(7y) = sgn(o).

Unicursal paths are most commonly known as Eulerian tours [18, Chapter 10].
The flow of a vertex v of a quiver ¥ is the number of arrows starting from v minus the
number of arrows ending in v.

Example 4.2. The quiver in Example 3.3 has one vertex of flow 1, one vertex of flow —1
and one vertex of flow zero.

Proposition 4.3 ([19, Proposition 1]). Let X be a quiver without isolated vertices and let
i, € Yo be two of its vertices. If there is a unicursal path from i to j then 3 is connected,
every vertex other than i and j has flow zero, if i = j then i has flow zero, if i # j then
the flow of i is 1 and the flow of j is —1.
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FIGURE 4.1. An example of a quiver and of a Swan quiver

The following result was used by Swan to give another proof of the Amitsur—Levitski
Theorem 2.10.

Theorem 4.4 ([19, Theorem 2]). Let G be a quiver such that
|G1| > 2|Go. (4.1)

For any i,j € Gy the number of unicursal paths from i to j with sign 1 is the same as the
number of unicursal paths from i to j with sign —1.

We notice that if a quiver ¥ admits a unicursal path then it is path-connected in the
following sense: for every two distinct vertices i, j € Xg either there is a path from ¢ to j or
from j to ¢. Moreover, if every vertex of 3 has flow zero, then X is strongly path-connected,
i.e. for every two vertices i, j € ¥ there is a path from i to j and a path from j to i.

We will need the following lemma.

Lemma 4.5. Let 3 be a quiver admitting a unicursal path. If there exists an arrow o € 31
which does not lie in an oriented cycle, then X\ {a} is disconnected.

Proof. Let m = y1ary2 be a unicursal path in . Let 3(1) and X(2) denote the support of
~1 and 79, respectively. We claim that ¥\ {a} = X(1)UX(2). Suppose, for a contradiction,
that there exists a vertex k in common between (1) and X(2). Since s(a) is a vertex
of (1), there exists a path p; in X(1) from k to s(«). Since t(«) is a vertex of ¥(2),
there exists a path ps in X(2) from ¢(«) to k. It follows that pjaps is an oriented cycle
containing «, against the hypothesis. O

We will use several times the following definition, implicitly used in [19].

Definition 4.6. Let A be an algebra which, as a vector space, admits a decomposition
of the form A = @ijl A; j such that A;;Aj, C A;p and A;j Ay is zero if j # k. Let
B = (p1,--.-pm) C A be a finite subset of elements of A such that pips...pm,m # 0 and
for every h there exists two indices ¢j, and jj, such that p; € A;,;,. The Swan quiver of
f is the quiver ¥z whose set of vertices is {i4,j5 | h = 1,...,m} and whose arrows are
Ph tih = Jh-

Example 4.7. Let us consider the quiver () shown on the left of Figure 4.1. Let 8 =
(a1, a2, a3, 04, a12). The Swan quiver X3 is shown on the right of Figure 4.1.

5. LOCALLY A-GRADED ALGEBRAS

In this section we introduce the notion of locally A-graded algebras and prove that they
admit a polynomial identity.
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Definition 5.1. Given a positive integer n, a locally A-graded algebra of size n, is a Z-
graded F-algebra A = @ ;7 A? with the property that each homogeneous vector subspace
is a direct sum A% = Di<ij<n Agj such that

dim(4¢;) <1, (5.1)

there exists an homogenous linear basis

B= {egj)} of A which is matrix like, i.e. egj) € Azj, (5.2)

and

(@) (d) _ [Sjuel TR if At £,
€ij Cke = ’ ’

0 otherwise,
where ¢;;, is the Kronecker delta. We say that B is the standard basis of A.

Remark 5.2. If A is a locally A-graded algebra for which there exist d, ¢ and j such that
Al # 0 forall 0 <t < d then P, Af; is A-graded in the sense of Arnold [6]. This
explains the choice of terminology.

Example 5.3. Let Q be the quiver
N
[ ] [ ]
()ég,\\A ° /;é4

The bound quiver algebra A = FQ/{ayas — azay) (also called the commutative square
algebra) is locally A-graded.

Non-example 5.4. The path algebra F'QQ of the quiver in the previous example is not
locally A-graded (with respect to the standard basis) since there are two different paths
with the same endpoints and of the same length.

Example 5.5. The algebra M, (F) is locally A-graded with B = {e;;}.

Example 5.6. The path algebra of a quiver 7" whose underlying graph is a tree is locally
A-graded. Indeed, given two vertices there is at most one path between them. In this
case, the stronger condition dime; FT'e; < 1 holds.

Lemma 5.7. The path algebra of C, is locally A-graded.

Proof. Given two vertices ¢ and j of C,,, there is at most one path of a given length d
starting in ¢ and ending in j. O

Non-example 5.8. The path algebra of the quiver

(&3
alC.H.Dai} (5.3)

is not locally A-graded. Indeed, the two distinct paths ajaiasas and ajasasas have the
same endpoints and length.

Open question 5.9. It would be interesting to characterize quivers whose path algebra is
locally A-graded.
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The next lemma provides more examples of locally A-graded algebras.

Lemma 5.10. Let A be a locally A-graded algebra with standard basis B. If B C A is a
subalgebra of A spanned by a part of B then B is locally A-graded. Dually, if I C A is a
two-sided ideal spanned by a part of B then A/I is locally A-graded.

Proof. 1t follows immediately from the definition. O

Corollary 5.11. Let Q be a quiver whose path algebra A = FQ is locally A-graded. Then,
for every monomial ideal I C FQ, the quiver algebra A/I is locally A-graded.

Proof. By hypothesis, I is generated by paths in (). The result is hence a consequence of
Lemma 5.10. U

Example 5.12. Given n > 2, the algebra UT,,(F) of upper triangular n x n matrices is
locally A-graded. In particular, the path algebra of A, is locally A-graded.

Example 5.13. The algebra of nilpotent upper triangular matrices is locally A-graded.
Proposition 5.14. Every basic Nakayama algebra is locally A-graded.

Proof. Let A be a basic Nakayama algebra. By [7, Theorem V.3.2] there is an isomorphism

A= FQ/I where Q is either A ,, or C), for some n and [ is an admissible ideal (in particular
A is finite dimensional). It is known that I is a monomial ideal and hence we conclude by
Corollary 5.11. O

The following is our first main result.

Theorem 5.15. Let A be a locally A-graded algebra of size n. Then Sto, is a polynomial
identity for A.

Proof. Let A be alocally A-graded algebra of size n. Since Stg,, is multilinear and alternat-
ing, we need only to check evaluations at pairwise different elements of the multiplicative
basis B = {ez(-;l)} of A. Let B = {f1,...,P2n} C B be such a choice. The Swan quiver ¥g
of B (see Definition 4.6) satisfies (4.1): indeed, |(X3)o| < n and [(X3)1] = |B] = 2n.

For every o € Sy, the element v = 8,(1)B5(2) - - - By(2n) belongs to a graded piece Ag{j
where d = deg(51) + --- + deg(f2,) and i and j are suitable vertices of ¥g. Such an
element 7 corresponds to a unicursal path from 7 to j in ¥3. By Theorem 4.4, there is

some unicursal path 7’ in ¥g from ¢ to j with sgn(y’) = —sgn(y). Since A is locally
A-graded, v = 7/ as elements of A and hence they cancel each other out in the expansion
of Sth(ﬁla s aﬁQn)- U

As a corollary we find new examples of Pl-algebras.

Corollary 5.16. The path algebra of the n-cycle C,, satisfies Sto,. In particular, FC, is
a Pl-algebra.

Remark 5.17. The minimal degree of a polynomial identity on F'C), is 2n. Indeed, there
are 2n — 1 elements that have a unique non-zero product. More precisely, the Swan quiver
Y of the set § = (Cp)oU(Cp)1\ {an} of all primitive idempotents and of all arrows except
one has a unique unicursal path.

By definition, Nakayama algebras are finite dimensional and thus PI. The following im-
mediate corollary of Theorem 5.15 gives a polynomial identity whose degree is independent
of the dimension of the algebra.
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Corollary 5.18. A basic Nakayama algebra KQ/I satisfies Sty)q,|-

Example 5.19. The algebra F'C,,/I where I = (af8) # 0 can be shown to be isomorphic
to a fundamental algebra (see [2]).

6. PI-QUIVERS

In this section, we classify the quivers whose path algebras are PI. For simplicity, we
introduce a name for them:

Definition 6.1. A quiver is called a PI-quiver if its path algebra is PI.
The following is our second main result.

Theorem 6.2. A quiver Q is PI if and only if each vertex of Q lies in at most one
oriented cycle.

Proof. If a quiver () contains a vertex v which belongs to two oriented cycles ¢; and co, then
the subalgebra B(cy, ¢2) of F'Q generated by c¢; and ¢y is isomorphic to the free algebra in
two generators. It follows from (2.1) that Id(F'Q) C Id(B(c1,c2)) = Id(F(x1,z2)) = {0}
and hence F'@) is not PIL.

Let us prove the other implication. Thus, let @) be a quiver such that every vertex of
belongs to at most one oriented cycle. Let n = |Qo| be number of vertices of Q). We prove
that Sto, € Id(F'Q). More precisely, we claim that for any set 5 = (p1, p2, ..., pan) of 2n
paths in @), we have

St2n(p1>p27 cee 7p2n) =0. (61)
If the elements of 5 are not all distinct, then (6.1) follows by the fact that Sty, is an
alternating polynomial. Let us suppose that || = 2n. If every product of all the elements
of ( is zero then (6.1) holds by definition (2.4). We may assume, up to a reordering
of B, that pipa...pa, # 0. We notice that every non-zero summand of Sy, (p1,...,p2n)
corresponds to a unicursal path in the Swan quiver ¥3. We notice that the number of
vertices of X3 is less or equal the number of vertices of ), which is n and the number of
arrows of X3 is || = 2n; thus Xg satisfies (4.1) and we can apply Swan’s Theorem 4.4.
The following is the key lemma to conclude the proof.

Lemma 6.3. Let (Q be a quiver in which each vertex lies in at most one oriented cycle.
Let B = (p1,-..,pm) be a set of paths in Q such that pips...pm # 0. Then given two
vertices i, j € (Xg)o of the Swan quiver of B, all unicursal paths in Xz from i to j represent
the same path in Q).

For convenience of the reader, we postpone the proof of Lemma 6.3 below and finish the
proof of Theorem 6.2 as follows. By the key Lemma 6.3 all those paths represent the same
path in @ and thus they cancel each other out in Sa,(p1, ..., p2n). We conclude that (6.1)
holds. O

Proof of Lemma 6.3. We denote by Ag the subalgebra of F'QQ generated by 3. We proceed
by induction on m = |3 > 1. If m = 1, then there is only one unicursal path in g and
hence there is nothing to prove. Let us assume that m > 2. There are two possibilities,

every arrow of ¥ lies in an oriented cycle of g, (6.2)
there exists an arrow o of ¥

that does not lie in an oriented cycle of 3. (6.3)
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If (6.2) holds, we claim that there exists an oriented cycle C' C @ such that 5 C FC.
Indeed, we notice that ¥z is strongly path connected (to see this, we notice that there
exists a path from 7 to j or from j to i because ¥ 3 has a unicursal path and now we
conclude by the fact that every arrow of X3 is part of an oriented cycle). Now, p; is
part of an oriented cycle of ¥3 that we call C(1) and thus there exists an oriented cycle
C in @ such that every arrow of C(1) is a path of C, in particular p; € FC. If C(1) = X3
we are done. Otherwise, let p’ € 8 but not an arrow of C(1). Then there exists a path
¢ from any vertex v € (C(1))g to s(p’) and another path go from ¢(p’) to v and thus an
oriented cycle C'(2) which is the support of the closed path ¢1p'¢g2. Since v is both in C'(1)
and in C(2), v is a vertex of @ lying in two oriented cycles; since there are no vertices
in @ lying in two different oriented cycles, we conclude that C'(1) and C(2) represent the
same oriented cycle C' of Q and thus p’ € FC. It follows that § C FC. Since there are
no vertices of @ lying in two different oriented cycles, then C' = C), is an n-cycle for some
n > 1. Since, by Lemma 5.7, F'C is locally A-graded, then, by Lemma 5.10, Ag C FC
is locally A-graded as well. In particular, since all unicursal paths of ¥3 have the same
length, by fixing a starting and an ending vertex, any unicursal path with those chosen
endpoints represents a unique element of F'Q).

If (6.3) holds, then by Lemma 4.5, there is a decomposition of ¥\ {a} = X(1) L 3(2)
into disjoint subquivers. In particular, every unicursal path 7 in X3 can be written in the
form ~yjay2 where 71 is unicursal in 3(1) and 7 is unicursal in ¥(2). By induction, every
unicursal path in ¥(1) starting in s(7;) and ending in s(«) represents the same element of
FQ and every unicursal path in 3(2) starting in ¢(«) and ending in #(v2) represents the
same element of F'(). This concludes the proof of Lemma 6.3. O

Example 6.4. The quiver shown in (5.3) is PI, but its path algebra is not locally A-graded
(see Non-example 5.8).

Non-example 6.5. The quiver shown on the right of Figure 4.1 is not PI, because it
contains a vertex which lies in two different oriented cycles.

Remark 6.6. If every vertex of X3 has flow zero, then (6.2) holds. The quiver on the
right of Figure 4.1 shows that the converse is not true.

For infinite quivers the situation is different.
Lemma 6.7. Let Ai%}ét be the infinite quiver with vertex set N = (1,2,3,...) and arrow
set (i —i+1]ieN). Then FATE is not PL

Proof. The algebra FATEY is the direct limit FATE" = U~ UT,(F) and Id(FAYEY)
Nns1 IA(UT,(F)) = {0} (see also [12]).

ol

Remark 6.8. In view of Lemma 6.7, Theorem 6.2 does not hold for infinite quivers.

Open question 6.9. Infinite quivers whose Leavitt path algebra has finite GK-dimension
are classified in [15, Theorem 6.4]. In view of the analogy between finite PI quivers and
Leavitt path algebras with finite GK-dimension mentioned in the introduction, it is natural
to ask if the quivers appearing in loc. cit. are PL

7. ACYCLIC QUIVERS

In this section we find generators for the T-ideal of finite dimensional path algebras,
i.e. path algebras of acyclic quivers. Notice that among the class of PI algebras the subclass

Ann. Repr. Th. 3 (2026), 2, p.165-177 https://doi.org/10.5802/art.38


https://doi.org/10.5802/art.38

PI-Quivers 175

TN
/ \./
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for which is known a description of the generators of the T-ideal is quite small. For
example, the set of generators of the T-ideal of M, (F') is not known unless n = 2 in which
case it is described in [11]. The following is our third main result. (See (2.3) for the
definition of u,.)

Theorem 7.1. Let F' be a field of characteristic zero and let Q be an acyclic quiver. Then
Id(FQ) = (um)r (7.1)

where m — 1 is the mazximal length of a path in Q.

Proof. A path of maximal length in ) gives an embedding of Z)m in @, because @ is
acyclic and hence the vertices of this path are all distinct. Hence FA,, C F(@ and,
by (2.1), Id(FQ) C Id(FXm). By Lemma 3.6 and Theorem 2.8, we get Id(F'Q) C (um)7.

To prove the other inclusion, we notice that, since @ is acyclic, for any paths ~; and
72 in @, the element [vy1,72] is either zero or a path up to sign; if it is a non-zero path,
it has length I(v1) 4+ {(72) > 1, because [e;, ;] = 0 for any 4,j € Qo. Thus, a non trivial
evaluation of u,, will produce a concatenation of m paths each of length at least 1, which
is zero by hypothesis. Therefore u,, € Id(FQ) and hence (u,,)r C Id(FQ). O

Remark 7.2. Let A = FQ/I be a finite dimensional monomial quiver aigebra and let
m — 1 be the maximal length of an element of its standard basis. If FA,, C A then
the same argument as above proves that Id(A) = (uy,)r. The embedding Fzm C Ais
necessary to have this equality, as the next Non-example shows.

Non-example 7.3. Let us consider the monomial quiver algebra F'Q)/I where
Q= o % e and I=(5).

We notice that the longest standard basis element of A is a8 but F Zg ¢ A. In this case,
it is still true that ug € Id(A) but it is not of minimal degree. Indeed, us € Id(A) as well.
Furthermore, (us)r € (ug2) = Id(A).

8. A GLIMPSE INTO QUIVER ALGEBRAS

In this section, we take a first look at the behavior of quotients of non-PI quivers. The
simplest examples of such quivers arise by gluing two oriented cycles at a common vertex.
We denote by C), x, Cy, the quiver obtained by gluing C,, and C,, at a vertex v (see
Figure 8.1 for the case n = 3 and m = 4)

Theorem 8.1. Let Q be a quiver given by the gluing of an n-cycle C(1) and an m-cycle
C(2) at a vertex v, for some n,m > 1. Let « be the arrow of C(1) ending in v and let 3
be the arrow of C(2) starting from v. The monomial quiver algebra A = FQ/{af) is PI.

More precisely, St(Q?St;i) is a polynomial identity for A, where k = max{n,m}.
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Proof. Let us use the shorthand

f(@1,...,2ax) = Stog(z1, ..., Tox) Stor(Tok+1, - - -, Tak)-

We need to prove that f € Id(A). Since f is multilinear in 4k variables, it is enough to
evaluate f on 4k standard basis elements of A. By definition, these are either paths of
C(1), or paths of C(2) or of the form 7271, where v; € FC(i), for i = 1,2. Let, thus,
S = (p1,-..,par) be a tuple of 4k such elements. If every product of all the elements
of S is zero, then f(p1,...,par) is zero. Up to a reordering of S, we can hence assume
that pipa...pa # 0. If S € FC(2) then Stox(p1,...,p2r) = 0 by Corollary 5.16 applied
to C(2) and (2.5). Otherwise, let ¢ be the first index such that ¢(py) € C(1). If ¢ < 2k
then p, € FC(1) for every s > ¢, and, again by Corollary 5.16 applied to C(1) and (2.5),
Stok (P2k+1s - - - s Pag) = 0. If £ > 2k then similarly Stox(p1,...,p2r) = 0. O

Remark 8.2. The quiver algebra considered in Theorem 8.1 is not finite dimensional.
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