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Global Weyl modules for thin Lie algebras are

finite-dimensional

Vladimir Dotsenko ™ * and Sergey Mozgovoy

ABSTRACT. The notion of Weyl modules, both local and global, goes back to Chari and Pressley in
the case of affine Lie algebras, and has been extensively studied for various Lie algebras graded by
root systems. We extend that definition to a certain class of Lie algebras graded by weight lattices
and prove that if such a Lie algebra satisfies a natural “thinness” condition, then already the global
Weyl modules are finite-dimensional. Our motivating example of a thin Lie algebra is the Lie algebra
of polynomial Hamiltonian vector fields on the plane vanishing at the origin. We also introduce
stratifications of categories of modules over such Lie algebras and identify the corresponding strata
categories.

1. INTRODUCTION

Weyl modules W () were originally introduced by Chari and Pressley [10] for the ex-
tended affine Lie algebra g = g ® C[t,t~1] @ Cd associated to a finite-dimensional simple
Lie algebra g; they are parametrized by dominant integral weights A\. These modules were
related to the Demazure modules of affine Kac-Moody algebras [9], and generalized to a
plethora of contexts, an incomplete list of which includes twisted affine Lie algebras [7, 21],
algebras of g-valued currents on arbitrary affine algebraic variety [16], Yangians [36, 37],
toroidal Lie algebras [28, 32], currents valued in an arbitrary Kac-Moody Lie algebra [14],
Lie superalgebras [1, 5], Borel-de Siebenthal pairs [8], and Lie algebras of TKK type [29];
generalizations for the case of non-dominant weights have also been considered [18, 19, 20].
More precisely, one can talk about global Weyl modules and local Weyl modules. In both
cases, one considers the category Z(g) of g-modules that are integrable over g. For each
dominant weight A of g, the global Weyl module W () € Z(g) is the maximal integrable
module that possesses a cyclic vector v of weight A and such that zv = 0 for every x € g
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of positive h-weight. Local Weyl modules are obtained from the global ones by imposing
the condition that the cyclic vector v is additionally an eigenvector for the weight zero
subalgebra of g.

All the examples above share a common feature: the algebra g whose representations
one considers is, in a sense, made of several copies of the adjoint representation of the Lie
algebra g. Therefore g is graded by a root system [3], and as such fits into the general
framework of [31]. In this paper, we consider a more general case of Lie algebras g that
contain a finite-dimensional semisimple Lie algebra g in a way that the adjoint action
of g on g is integrable, so that g is graded by the weight lattice of g. We shall however
assume that all nonzero weights of the adjoint action g on g are either positive or negative;
for instance, this way one can consider various subalgebras of the Lie algebra of vector
fields on the plane that preserves the origin, or the Lie algebras sl(\), A € C, defined by
Feigin [15].

Our original motivation came from thinking about the Lie algebra Hs of polynomial
Hamiltonian vector fields on the plane. Several different constructions of Hs-modules
emerged in representation theory and algebraic geometry in the past years. For instance,
that Lie algebra acts on global sections of various vector bundles on Hilbert schemes of
points on the plane [24], on the “y-ified Khovanov—Rozansky homology of links” of [23],
and on vector spaces of the form H®(X)[z,y], where X is a moduli space of stable parabolic
Higgs bundles of certain rank and degree for a generic stability condition [25]; in this latter
case, this action was instrumental in one of the proofs of the P = W conjecture. It is
probably reasonable to speculate that at least some of these actions emerge because the
Lie algebra Hs is very close to the Lie algebra of the group of polynomial automorphisms
of the plane, see [35].

The Lie algebra Ho has no nontrivial finite-dimensional representations; however, it has
an important Lie subalgebra Ly(H2) of Hamiltonian vector fields preserving the origin.
That latter Lie algebra acts on finite-dimensional vector spaces of global sections of the
above-mentioned vector bundles over the punctual Hilbert schemes; moreover, the vector
spaces H®(X)[x,y] look like the underlying vector spaces of modules that are coinduced
from that subalgebra (in reality the action is more complicated and is not coinduced).
This raises a question of better understanding finite-dimensional representations of the
Lie algebra Lg(H2), and the question of studying Weyl modules and their quotients arises
naturally. While studying these modules, we realized, that, by contrast with most previ-
ously studied cases (with the exception of some of the Weyl modules of [8]), already all
global Weyl modules over Lo(Hz) are finite-dimensional.

In fact, once this was observed, we managed to prove that the global Weyl modules are
finite-dimensional for a large class of algebras that contains Ly(H2). Namely, let us call the
Lie algebra g thin (with respect to g) if the centralizer of g in g is zero and all irreducible
g-modules have finite multiplicity in g. In the case of a thin algebra, a very general result
on finite-dimensionality holds. To state that, we define the functor B<y: Z(g) — Z(g) that
sends an integrable g-module V to the maximal quotient of the induced g-module Indg \%
that is g-integrable and A-bounded. (In particular, the module B<x(L(\)) coincides with
the global Weyl module W(A).) The general finite-dimensionality result that we prove is
the following one.

Theorem. If the adjoint action of g on g is thin, then the functor B<)x maps finite-
dimensional modules to finite-dimensional modules.
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Independently of the above result, we prove that the category Zp(g) C Z(g) of g-modules
that are integrable and bounded over g can be equipped with a (left) stratification structure
so that the global Weyl modules are the standard objects and the local Weyl modules are
the proper standard objects of this stratification. (At this point we must warn the reader
that the existing literature contains many closely related notions of stratification of abelian
categories [11, 12, 27, 30, 39]. Additionally, standardly stratified categories [12, 30] are
often referred to as stratified.) The strata categories of this stratification are parametrized
by dominant weights A € Py and can be identified with the categories Mod Ay of left
modules over the associative algebras Ay ~ Endg(1W(\))°P originally introduced in [6] for
the Lie algebras of the form g = g ® A, where A is commutative. If § = ;> §(;) is non-
negatively graded, with g = g and finite-dimensional components g;), then the category

modZ(g) of Z-graded g-modules (bounded over g) with finite-dimensional components can
be also equipped with a left stratification structure. We will show that this structure is
a full stratification if g has an automorphism that restricts to —id on b (this is true, in
particular, for g = Lo(Hz2)).

The paper is organized as follows. In Section 2, we fix the notational conventions
concerning semisimple Lie algebras and prove an adjunction result involving maximal
integrable quotients of g-modules. In Section 3, we introduce the functor B<,, prove
the finite-dimensionality results, and give several examples of situations where this result
applies. In Section 4, we introduce left recollements and left stratifications of abelian cat-
egories. We introduce the algebras Ay, generalize to our context the categorical approach
of [6, 31], and equip the category Z,(g) with a left stratification structure with strata
categories Mod Ay. Moreover, we show for Z-graded Lie algebras g = @;>( §;) that the
category mod% (g) has a full stratification structure if g satisfies some additional conditions.
In Section 5, we discuss appropriate local Weyl modules, particularly those arising from
augmentations g — g. We conclude with a conjecture motivated by experimental data on
local Weyl modules for the Lie algebra Lo(Hs): in particular, it appears that the socle of
every local Weyl module for that Lie algebra is isomorphic to the defining two-dimensional
sly-module.

2. INTEGRABLE AND BOUNDED MODULES

2.1. Notation. Throughout the paper, we use the following notation. The symbol C
denotes a possibly non-strict inclusion. Let g be a semisimple Lie algebra with Cartan
subalgebra h C g, root system A = AL UA_ C h*, coroots a¥ € h for « € A, and Chevalley
generators (e;, fi,hi)i_;. Welet Q = > canZa and P = {A € bh*|(\,a¥) €Z Va e A}
be, respectively, the root lattice and the weight lattice of g. Furthermore, let Q4+ =
Yaea, Lo and Py = {A € P|(\,a") € Zzg ¥ a € Ay} be, respectively, the positive
root monoid and the dominant weight monoid. The monoid P is contained in the positive
root cone Qg =2 aca, Q@>oc. We shall consider the partial order on P defined by A < p

ifu—XAe Qg. This poset is locally finite since the intervals
Py={rePA<v<p=Pn(A+QHn(n-QY

are finite. In particular, the set Pf/\ ={pePy|p< A} C Py is finite. We may have
Pf)‘ # & for A € P4; for instance, if we consider g = sl3, so that Q@ = Za; & Zay with
(a1,00) = (a2, a0) = 2, (a1, 0) = —1 and P = Zwy ® Zws, where wy = %(2041 + a) and
Wy = %(al + 2a), we have w € Pf)‘ for A = 3wy — ws.
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2.2. Integrable modules. A g-module V is called weighted if V = @)cp+ Vi, where
Vi ={veV|hv=Ah)v Vheb} is the weight A\ subspace. A weighted g-module V'
is called integrable [26, Section 3.6] if all e; and f; are locally-nilpotent on V. One can
show [26, Section 3.8] that integrability is equivalent to either of the following properties:
e every vector of V is contained in a finite-dimensional g-submodule.
e V is a direct sum of finite-dimensional g-modules.
Note that under these conditions we have P(V) = {\ € h* |V, #0} C P.

For a weight A € P, a weighted g-module V is called \-bounded if P(V) C X — Qg.
Furthermore, such module is said to be bounded if P(V) C Ui~ (\i — Qg) for finitely many
weights A; € P. Note that an integrable g-module V' is A-bounded if and only if u < A for
every irreducible summand L(u) of V.

Lemma 2.1. For a weighted g-module V' the following conditions are equivalent:

(1) P(V) is finite.
(2) V is integrable and bounded.

Proof. The implication (1) = (2) is trivial. Assuming (2), we consider the action of the
Weyl group W on P(V). Let wy € W be the longest element so that wo(Q+) = —Q+.

Then P(V) € U;;(woi + Q) N (A; — QF) and the sets Py, = PN (A + Q) N (1 — QF)
are finite. 0

In what follows, we denote by Z(g) the category of integrable g-modules, by B(g) the
category of bounded g-modules, and by Z,(g) the category of integrable and bounded
g-modules. The BGG category O C B(g) consists of modules having finite-dimensional
weight spaces. The intersection O N Z(g) consists of finite-dimensional g-modules. For
V € B(g), let I(V) denote the maximal integrable quotient of V. In view of Lemma 2.1, this
module may be constructed as follows. Since V' is bounded, we have P(V') C |J;(\i — Qg)
for finitely many A\; € P, and we may consider the finite set Q) = Ui’j Pugr;,»; and define
I(V) as the quotient of V' by the g-submodule generated by @,¢q Vu- If f: V = U isa
morphism in B(g), consider the composition f: V — U — I(U). Then f(V) C I(U) is
integrable and bounded, hence the map f factors through the maximal integrable quotient
of V' and we obtain the morphism I(f): I(V) — I(U).

Lemma 2.2. The mazimal integrable quotient V +— I(V') defines a functor I: B(g) —
Zp(g) that is left adjoint to the embedding functor v: Tn(g) — B(g).

Proof. Let V be a bounded module and U be an integrable and bounded module. Consider
a morphism f:V — U. The module V' = f(V) C U is integrable and bounded, hence
the map f factors through the maximal integrable quotient of V. Thus, we have

Homz, (I(V),U) = Homp(V,+(U)) = Homp(V, U),
as desired. O

For A € Py, let L(\) € Z(g) denote the irreducible g-module of highest weight A. Every
V € Z(g) can be written in the form

V=P vWe LK), VY =Homg(L\),V). (2.1)
)\EP+

The number [V : L(\)] = dim V) is called the multiplicity of L(\) in V.
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3. FINITE-DIMENSIONALITY OF GLOBAL WEYL MODULES

We now fix the following set-up that will be assumed throughout the paper. Let g be
a Lie algebra containing a semi-simple Lie algebra g as a subalgebra and assume that the
adjoint action of g on g is integrable. Let

b=g, a_=EPa 1+=Pa.,

A<0 A>0
and assume that g =n_ ©h D n.

Example 3.1. As indicated in the introduction, our original motivating example was the
Lie algebra Lo(H2) of polynomial Hamiltonian vector fields on the plane vanishing at the
origin. Consider the graded algebra R = @, Ri = C[z,y], where degx = degy = 1, and
set R>p = @,y i for k > 0. The algebra Hy is the Lie algebra (with 0, = %, Oy = %,
fo=0f, fy =0yf)

Hy = {Xf = fxay — fyax ‘ fe R} - Der(R) = RO, ® Ray.

The map f +— X has a one-dimensional kernel and induces an isomorphism of vector
spaces R>1 == Ha. Under this identification, the Lie bracket of vector fields corresponds
to the Poisson bracket

{fag}:fxgy_fygm f,9 € R.

The Lie algebra Der(R) inherits a grading from R, where § € Der(R) has degree k if
d(R;) C Ry for all i > 0. The subalgebra Hy is also graded, with deg Xy = deg f — 2.
Let g = Lo(H2) C Ho be the Lie subalgebra of elements of nonnegative degree. Under the
isomorphism R>1 == Ha, it corresponds to R>2. The degree zero component of the Lie
algebra g is identified with Rs and is isomorphic to the Lie algebra sls. Using the standard
basis of slo, we consider the isomorphism

er— Xp2pp =20y, [fr— X_ 20 =y0s, hr— X_yy =120, —y0.
The Lie algebra g admits a basis e;; = X, iv1,41, for 4,7 > —1 and i +j > 0, with bracket

i+1 j+1

e el =1 11 141

Citk,j+1-

The adjoint action of sly on g is integrable. In fact, we have an isomorphism of sls-modules
9 ~ L(i +2) for all i > 0. In particular, h = —eqo and [eqo, €;;] = (j — 7)e;5, hence e;;
has weight i — j and degree i + j. Note that h = ;>0 Ce;i is an abelian subalgebra.

Remark 3.2. In the case of a Lie algebra g integrable over g = sly (like g = Lo(H2)), the
assumption § = . © b @ 0, is automatically satisfied since P ~ Z. This phenomenon
does not persist for other Lie algebras of vector fields from the Cartan classification [33].
In particular, it is easy to check that for each of the two natural generalizations of the
Lie algebra Hs, namely the Lie algebra g = Ha, of polynomial Hamiltonian vector fields
on the 2n-dimensional affine space (with its subalgebra g = sp,,) and the Lie algebra
g = Sp+1 of polynomial vector fields of zero divergence on the (n + 1)-dimensional affine
space (with its subalgebra g = sl,,11), the direct sum n_ @ b @ i, is a proper subalgebra
of g for n > 1. It is tempting to find a way to separate weights into positive and negative,
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for instance to fix a vector z € b for which (o,z) > 0 for all & € Ay and (\,z) = 0 for
A € P implies A = 0, consider the decomposition

=( P %)@%@( o m)
(M\z)<0 A\z)>0

and then modify the partial order on the weight lattice using x-positive weights appearing
in g (cf. [27]). However, already for the Lie algebra Hy the corresponding partial order is
not locally finite, so a generalization of our results to that case is far from straightforward;
we do not know if our main finite-dimensionality result (Theorem 3.11) admits an analogue
in that case.

The following definition of the global Weyl module usually appears in the literature.

Definition 3.3. For A € P, the global Weyl module W ()) is the maximal g-integrable
g-module generated by the vector vy of weight A such that n vy = 0.

For example, if A is a unital commutative algebra, we may consider the Lie algebra
g = g ® A, for which the global Weyl modules W (\) are the modules introduced in [16,
Definition 3]. Note that if W(\) # 0, then A is dominant. Indeed, W () is integrable and
A € P(W(X)). We have A+ «; ¢ P(V), hence (\, ;) > 0 by [26, Corollary 3.6].

3.1. Truncations. We shall now define functors that give a categorical context for Weyl
modules. For V' € Z(g), we consider the decomposition (2.1) and define the A-truncation
<A (V) and the complementary A-truncation T<x(V') by the formulas

o) =@ VW e L), FuV)=pvW
759 HEX

Let Z(g) denote the category of g-modules that are integrable over g. The forgetful
functor Z(g) — Z(g) has the left adjoint

Indd: Z(g) — Z(5), V+—U() Quy V-

Let Z<x(g) denote the full subcategory of Z(g) consisting of modules V' such that
V = 7<,V. The embedding functor Z<(g) — Z(g) has the left adjoint

2y I@) —Ia@, Ve VU@T)V
The composition
By =72, Ind: Z(g) — Z<a(d)
is left adjoint to the forgetful functor Z<,(g) — Z(g).

Notice that the functor B<) depends only on the set {2 = Pf)‘. As we will see below, all

our arguments use only the fact that Pf)‘ is finite. In fact, the proofs become somewhat
shorter and cleaner if we adopt that level of generality and define, for any finite subset
QC P+,

V) =@ VW e Ly, 7oV)=@VWe L. (3.1)
HEQ HEQ
We denote by Zq(g) C Z(g) the category of objects V' € Z(g) such that V = 7q(V). The
embedding functor Zq(g) < Z(g) has the left adjoint

5 2@ — Zo(@), Vi V/U@7TaV. (3.2)
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We consider the composition
B = 7§ Indd: Z(g) — Zo(d). (3.3)

Note that a left adjoint functor maps projective objects to projective objects. Therefore
all objects in the image of B (in particular, in the image of B<)) are projective. The
following result, generalizing the known property of global Weyl modules in the case
g = g ® A for a commutative algebra A [6, Section 3.3], relates the classical definition of
Weyl modules to the functor B<.

Proposition 3.4. There is an isomorphism of g-modules
W(A) =~ B<x(L(N)).

Proof. Consider the Lie algebras b=h@n, and b_ = h D n_. Let b act on Cv), through
b—bh 2, C and let N(\) = Indg((Cv,\). We have b+b_ = g, hence N(\) is generated by v

under the action of U(b_). Therefore N(\) is A-bounded, and we have W()\) = I(N()))
by Definition 3.3. On the other hand, we note that the module W (\) is integrable and
A-bounded, hence its irreducible summands L(u) satisfy 1 < . The highest weight vector

vy € N(X) induces a morphism L(A) — N () of g-modules, hence a surjective morphism
Box(L(A) = 72, Indd L(A) — W(A).

of g-modules. The module B<)(L(\)) is integrable, generated by vy and is A-bounded,
hence fipvy = 0. By the maximality of W(\), we conclude that the surjective map
B<)(L(X)) = W()) is an isomorphism. O

Lemma 3.5. For all V € ZT<,(g), we have an isomorphism of vector spaces
Homg(W(A),V) ~ Vi.
Proof. Indeed, Homg(W (A),V) = Homg(B<) L(\), V) ~ Homgy(L(X), V) ~ V). O
The following result is known in the case g = g ® A for a commutative algebra A
[6, Proposition 4]; it gives an explicit construction of global Weyl modules, which is useful
for doing explicit computations with those modules. In particular, it is this definition that
we implemented in Magma to compute various examples throughout the paper. However,

we shall see that for theoretical purposes, one can entirely bypass this construction and
only use the universal properties of the Weyl modules.

Lemma 3.6. The global Weyl module W () is isomorphic to the cyclic module with a
cyclic vector vy such that

Apon=0,  hlv))=Ah)ox Vheb, 0Ty —ovi=1,...r

Proof. The proof is completely identical to that of [6, Proposition 4]; essentially, it is an
immediate consequence of the formula W (\) >~ B<)(L(\)) of Proposition 3.4, combined
with the standard fact that L(\) is the quotient of U(g) by the left ideal generated by

nyoy =0,  h(vy)=Ahwvy Yheb, LT 20 vi=1,.. . n 0

]
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3.2. Global Weyl modules for Ly(Hz). For the graded Lie algebra g = @;508¢;) =
Lo(H2), the explicit formula of Lemma 3.6 implies that if we set the degree of vy to be
equal to zero, the global Weyl W (\) obtains a Z-grading compatible with the grading of
g. The following are sly-decompositions of global Weyl modules for the Lie algebra Lg(Hz)
for A = 0,...,7, listed degree by degree: the top row is the degree zero component of
W(A) ~ B<x(L(A)), which is always L(X), the next row is the degree one component, etc.

L(2) L(3)
W) = L), W) = L(), we =2 we =L@ e L),
(1) L(3) @ L(1)
L(5)
L) L) & L(2)
W(4) = L(4>LG§32)L%L)%)L(O), W(5) = L(5) ®2L(3) @ 2L(1) ,
L(3) @ 2L(1) 2L(4) @ 3L(2) ® 2L(0)
L(5) @ 2L(3) ® 3L(1)
L(7)
o) L(6) & L(4)
L(5) & L(3) L(7) @ 2L(5) & 2L(3) @ L(1)
we) = HOS2LWS2LR) S LO) oy 916) g 404) @ 4L(2) @ L(0)

)
2L(7) ® 4L(5) @ TL(3) @ 6L(1)
3L(6) ® TL(4) & 9L(2) & 5L(0)
L(7) © AL(5) & TL(3) @ TL(1).

In particular, all these modules are finite-dimensional. As we shall see below, this is
always the case for Lo(Hz), as well as a large class of other Lie algebras.

3.3. Main finite-dimensionality result. The category Z(g) is closed under tensor prod-
uct, hence it makes sense to talk about algebras in this category. For an associative al-
gebra A in Z(g), let Mod(A,Z(g)) be the category of left A-modules in Z(g). Similarly,
for a finite subset Q C Py, let Mod(A,Zq(g)) € Mod(A,Z(g)) denote the full subcat-
egory of left A-modules whose underlying objects lie in Zg(g). The embedding functor
Mod(A,Zq(g)) — Mod(A,Z(g)) has the left adjoint

74 Mod(A,Z(g)) — Mod(A, Za(g)), M —s M/A7q(M).

For example, if § = g @ I, where [ is an ideal of the Lie algebra g, then the universal
enveloping algebra A = U(I) is an associative algebra in the category Z(g). We have an
equivalence of categories Mod(A,Z(g)) ~ Z(g) since every g-module can be identified with
a g-module M equipped with a morphism I ® M — M of g-modules that makes M a
module over I. The functor 74 coincides with the truncation functor 7§ defined in (3.2).

Proposition 3.7. If V is a finite-dimensional g-module such that [V : L(0)] = 0, then
the algebra Sq(V') = (SV)/(SV - 7q(SV)) is finite-dimensional.

Proof. The g-module A = S (V') has only irreducible summands L(u) with p € €. There-
fore it has a weight decomposition A = @,cp Ay such that P(A) = {u € P[A, # 0} is
finite. Consider the weight decomposition V' = @,cp V), and let A, be the image of

S(V,) in A. If p # 0, then S*(V,) is mapped to A, which is zero for k > 0. Therefore
Ay is finite-dimensional. We have A,y = C for all but a finite number of u € P, hence
B =TI,0 A(u) C A is finite-dimensional.
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The algebra A is generated over the algebra B by the image of Vj. Let us show that
the elements of this image are integral over B. The assumption [V': L(0)] = 0 implies
that V4 is spanned by elements of the form u = fv, where f € g_, and v € V,, for some
a € A. The endomorphism f of V induces a derivation of S(V'). This derivation preserves
Ta(SV) and the ideal SV - 7o(SV) (which are both g-modules). Therefore f induces a
derivation of A. Let @, € A be the images of u,v € V. The element f™(7") is a linear
combination of products [, f* (%), where k; > 0 and 3, k; = m. We have f*(v) € B
if k # 1, hence [[™, f*(v) € Bu", where r = #{i|k; = 1}. For m > 0 we have 7™ = 0,
hence 0 = f™(@™) € m! - @™ + "' Ba". Therefore ™ € Y™ ' Ba" and @ is integral
over B. This implies that the algebra A is generated over B by finitely many integral
elements, hence A is finite over B. ]

Remark 3.8. Consider the case g = sly and suppose that V = V() @ L(2) is the sum
of several copies of the adjoint module L(2). In this case, the algebra S<)(V) for A = 2
is precisely the algebra Com™*(V) from [13], and the finite-dimensionality of that alge-
bra (in fact, a precise description of its underlying vector space) is established in [13,
Proposition 3.2].

The previous result motivates the following definition.

Definition 3.9. An integrable g-module V is said to be thin if the multiplicities of irre-
ducible g-modules in it are finite and [V : L(0)] = 0.

Corollary 3.10. If V is a thin g-module, then the algebra Sq(V') is finite-dimensional.

Proof. Consider the decomposition V- = V' @ V" where V' = 1q(V) and V" = 7o(V).
Then V" C 7q(SV), hence @~; S¥(V") € S(V") is mapped to zero in Sq(V). Therefore
the map Sq(V’) — Sq(V) is surjective. By Proposition 3.7, the algebra Sq (V') is finite-
dimensional. U

Theorem 3.11. If the adjoint action of g on g is thin, then the functor Bq: Z(g) — Za(9)
maps finite-dimensional modules to finite-dimensional modules.

Proof. Let V be a finite-dimensional g-module. We have Bo(V) = N'/A(TqN'), where
A =U(g) and N' = A®y) V. For N = A® V there is a surjective morphism N =
N/A(TqoN) — N'JA(TaN') = Bq(V). Thus, to show that Bq(V) is finite-dimensional, it
suffices to prove that N is finite-dimensional. Let A = D,cp, AW @ L(p). The image of
AW ® L(u) ® V in N can be nonzero only if there is a summand L(v) of L(p) ® V such
that v € (2. We have

Homgy(L(p) ® V, L(v)) ~ Homg(L(p), Hom(V, L(v))),

hence L(p) has to be a summand of Hom(V, L(v)) for some v € Q. The set £’ of such
p € Py is finite. We conclude that A7q/(A) ® V is mapped to zero in N, hence N is a
quotient of (A/ATq/(A))®V and it is enough to show that the A-module M = A/A(Tq A)
is finite-dimensional. The PBW filtration (F;);>o on A induces the filtration (F;M);>0
on M. The epimorphism A — M induces the epimorphism between associated graded
modules Gr A ~ Sg — Gr M. We have To-M = 0, hence T Gr M = 0 and the above
map factorises through Sg — Sq/(g) = (S§)/(S9- T/ (Sg)). According to Proposition 3.7,
Sqr(g) is finite-dimensional, completing the proof. O
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3.4. Applications of the main result. Let us give some examples of situations where
our result applies. We begin with a class of examples including that of Ly(H2). Let us
denote by Wy the Lie algebra of all polynomial vector fields on the plane, and by Ly(W2)
the Lie subalgebra of that algebra consisting of all vector fields that vanish at the origin.

Corollary 3.12. For every Lie subalgebra § C Ly(Wa2) that contains
g= (C{xayvyaxaxax - yay} ~ sl

and does not contain the Euler vector field x0, + y0y, all global Weyl modules are finite-
dimensional.

Proof. A vector field vanishing at the origin is of the form f(z,y)0,+g(x,y)0,, where f and
g belong to the ideal of C[z,y| generated by x and y. It easily follows that, if we consider
Ly(Ws) as an sly-module with respect to the adjoint action, we have an isomorphism of
sla-modules
Lo(W2) ~ L(1) @ € L(k) ~ P (L(k — 1) & L(k + 1)).
E>1 E>1

We note that each irreducible sla-module appears in this decomposition with multiplicity
at most two. Moreover, this decomposition has exactly one summand L(0); it appears for
k = 1, that is, for linear vector fields, and corresponds precisely to the Euler vector field.
It follows that the adjoint action of g = sly on g is thin, and Theorem 3.11 applies. U

Another class of examples where our results apply is that where we consider a finite-
dimensional Lie algebra containing g.

Corollary 3.13. For every finite-dimensional Lie algebra g containing g as a Lie subal-
gebra and graded by the root system of g, if the centralizer of g in g is zero, then all global
Weyl modules are finite-dimensional.

Proof. The root grading defines the necessary decomposition § =i @ h @ n,. Moreover,
finite-dimensionality of g together with the zero centralizer condition assures that the
adjoint action of g on g is thin, so Theorem 3.11 applies. g

To give one final example, let us recall the definition of the Lie algebra sl(\) introduced
by Feigin [15]. Given A € C, consider the quotient of the universal enveloping algebra

U(sly) by the two-sided ideal generated by A — %, where A =ef + fe+ h—; € Ul(sly) is
the Casimir element. Let gl(\) be the Lie algebra obtained from that associative algebra
by considering the usual Lie bracket [a,b] = ab—ba. If A =n € Z>1, the Casimir element
acts by "22_ L on the irreducible sly-module V' = L(n — 1) of dimension n. Therefore we
have a surjective algebra homomorphism gl(\) — gl(V) ~ gl,,, explaining the name gl(}).
Let sl(A) = gl(A)/C1 be the quotient of gl(A) by the center. Being a quotient of U(sly),

the Lie algebra g = sl(\) contains g = sly as a Lie subalgebra.

Corollary 3.14. For the Lie algebra g = sl(\) and its Lie subalgebra g = sla, all global
Weyl modules are finite-dimensional.

Proof. We have a decomposition with respect to the adjoint action of sly [15]

sl(A) = @ L(2n),

n>1

so the adjoint action of g = sly on g is thin, and Theorem 3.11 applies. O
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4. STRATIFICATIONS

In this section we will equip the category A = Z,(g) of g-modules that are integrable
and bounded over g with a (left) stratification structure over the poset Py. It turns out
that the strata categories Ay of this stratification (for A € Py ) are the categories of left
modules over certain algebras Ay originally introduced in [6] for the Lie algebras of the
form g = g ® A, where A is commutative. These algebras were further studied in [31] for
the root-graded Lie algebras g, where it was shown that the algebras A, are isomorphic
to the algebras originally introduced in [34] in the context of A-admissible modules. We
will see that AP is isomorphic to the endomorphism algebra of the Weyl module W ().
The Weyl functors Wy: Mod A, — Z(g) (for the algebras g = g ® A) have been used
to produce and study new g-modules, but their interpretation as building blocks of a
stratification structure seems to be missing in the literature. Using this point of view, we
can interpret global Weyl modules as standard objects and local Weyl modules as proper
standard objects of our stratified category (cf. [27]).

4.1. Left recollement. If j*: A — B is an exact functor between abelian categories, then
the category C = Ker j* is a Serre subcategory of A and the induced functor A/C — B
is faithful and exact [38, Lemma 12.10.7] . The functor A/C — B can be full even if
j*: A — B was not.

Lemma 4.1. Let j*: A — B be an exact functor between abelian categories having a fully
faithful left adjoint functor ji (equivalently, the adjunction morphism id — j*j is an
isomorphism). Then the induced functor A/C — B, for C = Kerj*, is an equivalence
(cf. [22, Proposition 111.2.5]) and the embedding functor i.: C — A has a left adjoint i*.

Proof. Consider the induced functor j*: A/C — B and the composition j;: B LA AJC.
Then j*j) ~ id and we need to show that j;j* — id is an isomorphism. For every X € A,
the morphism jjj*X — X is an isomorphism in A/C, since j*(jij*X) — j*(X) is an
isomorphism in B and A/C — B is faithful and exact. This implies that j;j* — id is an
isomorphism.

For X € A, let i*(X) = X' = Coker(j1j*X — X). We have an exact sequence

JRiTX = X — X0,

implying that 7*X’ = 0 and X’ € C. For Y € C, we have an exact sequence
0 — Hom(X",Y) - Hom(X,Y) — Hom(jij*X,Y).
Since Hom(515*X,Y) ~ Hom(j*X, j*Y) = 0, we conclude that

Hom(i*X,Y) = Hom(X',Y) ~ Hom(X,Y). O

A recollement of abelian categories (cf. [2, Section 1.4]) is a sequence of exact functors
C 2 A 2 B between abelian categories such that:

(1) 7% =0 and i.: C — Kerj* is an equivalence.
(2) s* has left and right fully faithful adjoints ji, js.

i* i
/_\

RS
in—r A —j*— B
-

C

Nl ¥
(A J*
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By Lemma 4.1, the functor i, has left and right adjoints i*,7' and the induced functor
A/C — B is an equivalence. The adjunction morphisms

iy — id — i'iy and ¥, — id — §%5

are isomorphisms. We will say that we have a left recollement if only the fully faithful
left adjoint functor j is required to exist.

Example 4.2. Let (X, 0) be a ringed space, U C X be an open subset, Z = X\U and
j: U= X, i: Z — X be the embeddings. Let A = M (X, O) be the abelian category of
(left) O-modules over X and similarly for B = M (U,O) and C = M(Z,O). Then there is
a recollement
i* Jt
/\ /\
M(Z,0) —i.— M(X,0) —j*— M(U,0O)
'\/ '\_/

Nl -
A VA

where

j5M(X,0) — M((U,0) and i*: M(X,0) — M(Z,0)
are restriction functors,

Jx: M(U,0) — M(X,0) and i.: M(Z,0) — M(X,0)

are direct image functors, j;: M (U, ©O) — M (X, O) is extension by zero, and i': M(X,O) —
M(Z,0) is the functor of sections supported on Z. For F' € M (X, Q) there are exact se-
quences 0 — jij*F — F — i,i*F — 0 and 0 — i,i'F — F — j,j*F. For an arbitrary
recollement we don’t have exactness on the left in the first sequence in general (but we
have exactness on the right by Lemma 4.1).

Assume that we have a left recollement C LN AL B.

Lemma 4.3 (cf. [6, Theorem 1]). An object X € A lies in the essential image of ji if
and only if

Hom(X,C) = Ext'(X,C) = 0.

Proof. Let X = j1Z for Z € B and let Y € C. Then Hom(X,Y) = Hom(Z,j*Y) = 0. If
0 —-Y — X' - X — 0 is an exact sequence, then j*X' ~ 7*X = j*5iZ ~ Z and this
isomorphism induces X = 51Z — X’ which splits the above exact sequence.

Conversely, assume that X € A satisfies Hom(X,C) = Ext!(X,C) = 0. We need to
show that jj*X — X is an isomorphism. Consider an exact sequence 0 — Y7 — jij* X —
X — Yy — 0. Applying j*, we obtain an isomorpism j*j1j*X = j*X, hence Y7, Y5 € C.
As Hom(X,C) = 0, we obtain Y5 = 0. As Ext!(X,C) = 0, we obtain jj*X = Y; ® X. But
Hom(517*X,Y1) ~ Hom(j* X, j*Y1) = 0, hence Y; = 0 and jij*X ~ X. O

Lemma 4.4. If B has enough projectives, then the functor ji: B — A is exact if and only
if Ext?(51B,C) = 0.

Proof. Let j; be exact. Consider an exact sequence 0 -+ X' — P — X — 0 in B with
projective P. For Y € C, we have an exact sequence Ext!(j X', Y) — Ext?(j1X,Y) —
Ext?(jiP,Y). The first term is zero by the previous lemma. The last term is zero since 7
is left adjoint, hence maps projectives to projectives.
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Conversely, given an exact sequence 0 — X’ — X — X” — 0 in B, we have an exact

sequence j; X’ ER 71X — 54 X" — 0 and we need to show that f is a monomorphism. Let
Y1 = Ker f and Yo = Im f. We have an exact sequence

0— j*V1 — j* 5 X — 7 5 X.
Since j*ji ~ id, we conclude that j*5 X’ — 7*51 X is a monomorphism, hence j*Y; = 0 and
Y7 € C. Using the short exact sequence 0 — Yo — 71X — 51X” — 0, we obtain an exact
sequence
0 = Ext'(jiX, V1) — Ext'(Ya, Y1) — Ext?(1 X", Y1) = 0,
hence Ext!(Ys, Y1) = 0. Therefore X' = Y; @ Yo. But Hom(j1X’,Y1) = 0, hence
Y: =0. O

Lemma 4.5. If A" C A is a full subcategory such that Hom(C, A’) = Hom(A’,C) = 0, then
j*: A" — B is fully faithful. This is true if A’ is a Serre subcategory such that A'NC = 0.

Proof. For X, Y € A, we have
HomA/C (X7 Y) - thomA(X/7 Y/Y/)

where the limit is taken over X’ C X with X/X’ € C and Y/ C Y with Y' € C. If X,
Y € A, then X/X'=0and Y’ = 0, hence Hom 4,¢(X,Y) = Homy(X,Y) = Hom 4 (X,Y).
This implies that j*: A" — B is fully faithful.

Let A" C A be a Serre subcategory such that A/ NC =0 and let X € C, Y € A.
For every morphism f: X — Y, we have Im f € A'NC = 0, hence f = 0. This implies
Hom(C, A’) = 0. Similarly Hom(A’,C) = 0. O

Lemma 4.6. If L € A\C is simple, then M = j*L is simple and L is a quotient of jiM.
If L, L' € A\C are simple and non-isomorphic, then j*L, j*L' are non-isomorphic. If A is
of finite length, then there is a 1-1 correspondence between isomorphism classes of simple
objects in A\C and isomorphism classes of simple objects in B.

Proof. For a nonzero subobject N «— M = j*L, the corresponding map jN — L is
nonzero, hence an epimorphism. Therefore N ~ 75N — j*L is an epimorphism and
N = M. This implies that M is simple. We have seen that jiM — L is an epimorphism.
Let A/ C A be the Serre subcategory generated by L,L’. Then A’ N C = 0, hence
Hom(L, L") ~ Hom(j*L,j*L"). If j*L,j*L" are isomorphic, then Hom(L, L") # 0, hence
L, L’ are isomorphic.

Assume that A is of finite length. For a simple object M € B, let L be a simple quotient
of *M. A nonzero map j'M — L corresponds to a nonzero map M — j*L. We have seen
that j*L is simple, hence j*L ~ M. This implies that j7* induces a bijection between the
corresponding sets of isomorphism classes. O

4.2. Left stratifications. We say that a poset A is lower finite if, for every A € A,
the set A<y = {p € A|p < A} is finite. A lower subset of A is a subset Q@ C A such
that A € € and p < X implies p € Q (equivalently, A<y C Q for all A € 2). We define
a left stratification of an abelian category A by a lower finite poset A to be a collection
of Serre subcategories (Aq)oca for finite lower subsets 2 C A and a collection of abelian
categories Ay (called strata categories ) for A € A such that the collection (Ag)gca is
order preserving (if Q C ', then Ag C Ag/), Az =0, Ug Aq = A, and for all finite lower
subsets 2 C A and A € max 2 we have compatible left recollements of abelian categories

Ao 2 Ag L5 Ay
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The above data is called a stratification if all sequences are recollements (cf. [39, Sec-
tion 2.1]).

Remark 4.7. The above conditions on a left stratification imply that, for a finite lower
subset 2 C A, the embedding i.: Ag — A has a left adjoint i*: A — Aq (such that
i*is ~id). For compatibility we require that

Ay L5 Aqg
is isomorphic to

X\ .

Ay 25 Ay 5 Ag,

for A € max Q) (note that A<y C 2 since Q C A is a lower subset). This implies i*j, ~ j{’
which is equivalent to j*i, ~ j3.

/\
\/

Our notion of a left stratified category is related to the notion of a highest weight category
in [27] and a (standardly) stratified category in [30], although in these papers one only
requires existence of the left adjoint ji*: Ay — A<y for the projection ji: A<y — Ay =
A</ A<x. Note that in [30] the authors require j* to be exact while we require it to be
fully faithful.

Remark 4.8. If A £ pu, consider Q2 = A<y U Ag;, with A € max (2. Then j1A, C Aqg\y,
hence

A<y

Hom(j!A)\,j!_Au) - 07 EXt1<j!A/\7j!Au) = 0, V )\ ﬁ L. (41)

Example 4.9. Let (X, O) be a ringed space and X = | | ¢ X be a partition of X for a
finite poset A such that the closures of the parts are X = Ll<x Xu- As in Example 4.2,
we consider A = M(X,0), Aqg = M(Xq, O) for a lower subset 2 C A and the closed set
Xa = eq X, and Ay = M(X,,0). For A € max Q, the subset X C Xq is open in Xq
and Xq\) C Xq is closed in Xq. The recollements

AQ\)\ Z—*> Aq AN Ay
form a stratification of A. Considering
7 X\ j—>X§)\ L}XQ,
we obtain i,j{* = ij{* = (ij*)) = ji which proves compatibility.

Lemma 4.10. For a simple object L € A, there exists a unique A € A such that L €
A\ A
Proof. Let 2 C A be a minimal lower subset such that L € Ag and let A € max ).
Consider the left recollement .

AQ\)\ — Ag ]—*> Ay
If j*L = 0, then L € Agq\y, a contradiction. Therefore j*L # 0, hence jij*L — L is

nonzero. Since jij*L € ji(Ay) C A<y and A< is a Serre subcategory, we obtain L € A<y
and L ¢ A_y.
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Assume that L € A<, \Ac, for some p # A. If X < p, then L € A<y C Ay,
a contradiction. This implies that A is maximal in Q = A<y U A<,. Then j*: Ag — Ay
satisfies j*(L) = 0 since A<, C Aqy». Therefore j3L = 0 and L € Ay, a contradiction. [J

Let Irr(A) denote the set of isomorphism classes of simple objects in .A. Then we have
a commutative diagram

Irr(A S | | Irr(AN)

AEA (4.2)
\ /

where, for L € Trr(A) contained in ASA\A<A, we define p(L) = X and ¢(L) = j3(L) €
Irr(Ay). It follows from Lemma 4.6 that the map ¢ is injective and that it is bijective if A
is of finite length. Let © be a set parameterizing isomorphism classes of simple objects in .4
(so that we have a bijection L: © — Irr(.A)). For 6 € ©, we denote A = pL(6) by p(f) and
we denote ¢L(0) € Ay by Ly(6). We define the proper standard object (cf. [27, 30, 39])

A(0) = HLA(0) € A<y

Assuming that Ly(f) € A) has a projective cover Py(0) € Ay, we define the standard
object

A(Q) = ng)\(Q) S Ag)\.
We say that a left stratified category is standardly stratified if the projective cover P(0)
of L(#) € A has a filtration such that the top factor is A(f) and all other factors are of the
form A(0') with p(6’) > p(). Note that under certain mild restrictions, every stratified
category is standardly stratified [39, Section 2.4], but this will be not our case.

4.3. The algebra A,.

Lemma 4.11. There is a uniquely defined surjective algebra homomorphism
¢: U(h)* — Endg(W (X))

such that ¢q(vy) = avy for a € U(h).

Proof. We have Endg(W (X)) ~ W(A)x by Lemma 3.5. For every a € U(h) we obtain
¢a € Endg(W (X)) specified by ¢q(vy) = avy € W(A)y. For a,b € U(h), we have

Pa®b(v) = Pa(bvy) = bavy = dpa(va),
hence ¢: U(h)°P — Endg(W (X)) is an algebra homomorphism. The composition
U(h) —2 Endg(W(N)) = W(A),
is given by a — av) which is a surjective map. Therefore ¢ is also surjective. O
We consider the ideal Jy = Ker ¢ = Ann; ) (vy) and define the algebra
Ay :=U(h)/Jx =~ Endg(W(X))°P.

We see that the Weyl module W () is a U(g)-Ax-bimodule (with (uvy)a = ¢q(uvy) =
uavy for u € U(g) and a € Ay) and each weight space W (\),, is an Ay-bimodule. Moreover,
we have an isomorphism of Ay-bimodules

Ay = W(A)a, a— avy.
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Let Mod Ay denote the category of left modules over Ay. By analogy with [6, Section 3.4],
we define the Weyl functor

W, : Mod Ay — Z<\(9), M — W(X) ®@a, M.
The following result generalizes [6, Section 3.
Lemma 4.12. Let Q C Py be a finite lower subset and A € max ). Then the functor
Wy: Mod Ay — Zq(g), M — W) ®a, M,
is left adjoint to the functor
Ry: Zo(g) — Mod Ay, V V) ~ Homg(W(A), V).

The adjunction morphism id — RAW ) is an isomorphism, meaning that Wy is fully
faithful.

Proof. Recall that W(A) = B<y L()\) by Proposition 3.4. For all V € Zq(g), we have
(cf. Lemma 3.5)

Homg(W (X), V) = Homg (B<y L(A), V) ~ Homg(L(X), V) =~ Vj.

Therefore Ry(V) = Vy ~ Homg(W(A),V) is a left module over Ay ~ Endg(W(X))°P.
Explicitly, for a € Ay and f € Homg(W(A),V) with v = f(vy), we have (af)(vy) =
(fda)(vr) = f(avy) = av. The claim on the adjunction follows from

Homg(W (M), V) ~ Homa, (M, Homg(W (A),V)) ~ Homa, (M, Rx(V)).

We have R\W (M) = (W(A) ®a, M)y =W (A)) ®a, M ~ M since W(A) =~ Ay. O

Using the experimental data presented in Section 3.2, one can obtain some information
about the algebras A in the case § = Ly(H2). In particular, it is easy to see that, contrary
to the case of affine algebras [10], the global Weyl module W (\) is generally not a free
Ax-module.

Example 4.13. Let us consider the global Weyl module W (4) for the algebra g = Lo(H2).
As indicated in Section 3.2, this is a finite-dimensional vector space of dimension 31. Since
the multiplicity of weight 4 in this module is equal to 2, the algebra A4 is two-dimensional,
and the Aj-module W (4) is not free.

Theorem 4.14. The category A = L,(g) is left stratified by the poset A = Py with
the Serre subcategories Aq = Lq(g) for finite lower subsets Q@ C A, the strata categories
Ay = ModA) for A € A, and the left recollement for A € max Q (where i, is the embedding)

Aaiy 25 Ag % Ay = Mod A,

Proof. We have seen that R has the left adjoint ji = Wy which is fully faithful. The
functor i, has the left adjoint i* = 7'5\/\ (3.2). The category Agqy» can be identified with
the subcategory of objects V' € Agq such that Ry(V) =V, =0. O
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4.4. Graded case. Let § = @;>( §(;) be a graded Lie algebra with the semisimple degree
zero component g = g(g). We say that a g-module V' is Z-graded if it is equipped with a
grading V' = ;¢ V(;) compatible with the grading of g, meaning that g;)V(;) C Viiyy)
for all 4,j. We define the shifted module V[n] with V[n];) = V(;_,). Let T%(g) denote
the category of Z-graded g-modules that are g-integrable (with morphisms of degree zero)
and let A = ZZ(g) € Z%(g) be the subcategory of modules that are bounded as g-modules.
For a finite (lower) subset Q C P, let Aq = Z5(g) C A consist of V' € TZ(g) such that
V=13(V).

The simple objects of Z2(g) are objects L(\,n) = L()\)[n] indexed by pairs (\,n) €© =
Py x Z; such an object is simply L(\) placed in degree n, on which g acts via the pull-
back along the projection 7: g — g(). The functor W defined in (3.3) can be lifted
to Wa: Z%(g) — Z&(g). In particular, the global Weyl module W(\) = B<y(L()\)) €
7Z,(§) is a graded g-module (with the degree zero component equal to L()\)). We define

W(A,n) =W (N)[n] for n € Z.

Example 4.15. At this point, we may already see that the category I%(Q) is not generally
a standardly stratified category. If that were the case, it would imply that projective
modules P(A) have a filtration by standard modules, which are exactly the global Weyl
modules. Let § = Lo(Hz). We have P()\) ~ Indg[2 L()), and using this formula, we can
immediately compute the first few graded components of P(0):

PO)= 16y L(1) @ L(2)

If the module P(0) had a filtration by standard modules, the above decomposition would
have a copy of W (3) with degrees shifted by one, and examining the decomposition of W (3)
above, we see that this would imply presence of L(0) in the degree 2 component of P(0).

The resulting contradiction shows that the category ZZ(Lo(Hs)) is not standardly strati-
fied.

The algebra Ay ~ Endg(W ()))°P is Z-graded (here we consider endomorphisms of all

degrees). Its degree zero component is U(h)/(h — A(h) : h € h) ~ C. Let Ay = Mod%(A,)
be the category of Z-graded left Ay-modules. Its simple objects are of the form Cy[n], for
n € Z, where C, is the module corresponding to the projection Ay — (Ay)g = C. Similarly
to Theorem 4.14 we obtain the following result.

Theorem 4.16. The category A = TE(g) is left stratified by the poset A = P, with
the Serre subcategories Aq = I%(@) for finite lower subsets 2 C A, the strata categories
Ay = ModZ%(Ay) for A € A, and the left recollement for A € max§) (where i, is the
embedding)

Agix =5 Ag 7% 4y = Mod?(Ay).

The functor Ry: A<y — A, induces a 1-1 correspondence between isomorphism classes
of simple objects L(A, n) € A<)\\A<) and isomorphism classes of simple objects Cy[n] € Aj.
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We obtain a commutative diagram (cf. (4.2))

O=Ax2Z — 2 | | Irr(Ay)

AEA (4.3)
\ /

where ¢ is the bijection that maps (A\,n) € O to the irreducible module RyL(\,n) =
Ca[n] € Ay and p(\,n) = A. The projective cover of Cy[n] is Ay[n], hence the correspond-
ing standard object is

A(A n) = Wi(Ax[n]) = W(A)[n], (4.4)
the shifted global Weyl module. The corresponding proper standard object is
A\, n) = Wi(Cy[n]) = W)(Cy)[n]. (4.5)

Later we will identify these objects with local Weyl modules.

4.5. Full stratification. Let g be a graded Lie algebra as before, with finite-dimensional
graded components. Let modZ( ) be the category of Z-graded g-modules that are finite-
dimensional at every degree and let A = modZ(g) = mod%(g)NZZ(g) and Ag = mod4(g) =
modZ(g) N Z5(g) for finite lower subsets @ C A = P,. Similarly, let Ay = modZ(Ay) be
the category of Z-graded Ay-modules that are finite-dimensional at every degree. We have
W(\) € mod%,(g) and the induced functor Wy : mod?(Ay) — modZ,(§) which is left
adjoint to the functor Ry : m0d<)\( ) = mod?(A,). We would like to construct the right
adjoint of the functor R which will be a part of the (full) stratification structure on the
category A = mod%(ﬁ). Specifically, we shall now show that this can be done if there
exists a (degree-preserving) Lie algebra automorphism o: § — g such that o|, = —id.
The restriction of such automorphism o to g = (o) sends every root space g t0 g—qa, SO,
up to a choice of a Chevalley basis, it is given by the Chevalley involution of g, so that
0'(67;) = _fi7 O'(fl) = —€; and O'(h,) = —hi.

Example 4.17. As in Example 3.1, let § = Lo(Hz2) be the Lie algebra of Hamiltonian
vector fields of degree > 0. We consider the automorphism of g given by o(f0, + ¢g9,) =
f(y, —x)dy — g(y, —x)0, (corresponding to the symplectomorphism of C? given by (z,y) —
(y, —x)). Recall that sly >~ g with e = 20,, f =y, h = 20, — y9,. Note that though
the restriction to sly is the Chevalley involution, on the whole Lie algebra g = Lo(H2) we
only have 0% = id.

In what follows, for any algebra homomorphism ¢: A — B, we denote the induced
functor Mod B — Mod A again by ¢. Consider the duality functor
D: mod?(g)°® — modZ(g), (DV)@uy = V(*_,»),
and similarly D: mod?(Ay)°? — mod?(ASP). Note that (DV), = V*, for V € mod”(g)

and A € P. Taking the pullback along o, we obtain the module DV = DoV such that
(DV)\ = V. This implies that D restricts to an equivalence

D: mod4(g)® —» mod4(g)

Lemma 4.18. For a finite lower subset @ C A, A € maxQ and V € mod4(g), we have
an isomorphism of U(h)-modules

DR,D(V) ~ ¢SR, (V)
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where S: U(h)°® — U(h) is the antipode (defined by S(a) = —a for a € b). In particular,
the ideal Jy = Ker(U(h) — Ay) is stable under the action of oS.

Proof. The left action of U(h) on RyDV = Vi is given by (af)(v) = —f(c(a)v) for a € b,
f € Vi and v € V). Therefore the right action of U(h) on DR\DV = Vj is given by
va = —o(a)v for a € h. This coincides with the right action of U(h) on 0 SR)(V). The
last assertion follows from the fact that DR)D(V) is a module over A). O

The above result implies that we have an equivalence
D = DoS: mod?(Ay)°P —s mod”(A))
such that R\D ~ DR,.
Lemma 4.19. For a finite lower subset Q) C A and A\ € max (), the functor
R, : mod5(g) — modZ(Ay)
has the fully faithful right adjoint 5_1W>\ﬁ.
Proof. For M € modZ(Ay), V € mod4(g) we have
Hom(R,V, M) ~ Hom (DM, DR, V)
~ Hom (DM, R\DV)
~ Hom(W,DM, DV)
~Hom(V,D "W,DM). O
This result together with Theorem 4.16 implies:

Theorem 4.20. For a Lie algebra g that has a degree-preserving automorphism o such
that oly = —id, the category A = modZ(g) is stratified by the poset A = P, with the
Serre subcategories Aq = modé(ﬁ) for finite lower subsets 0 C A, the strata categories
Ay = mod?(Ay) for X\ € A, and the recollement for X € max Q (where i, is the embedding)

Ao =5 Ag T Ay = mod?(Ay).

5. LocAL WEYL MODULES

In the case of affine algebras, map algebras, and other root-graded algebras, there is an
important notion of a local Weyl module; for instance, for algebras g of the form g ® A
with A commutative, local Weyl modules help to capture aspects of representation theory
of g at different points of Spec(A). In this section, we discuss a general version of this
definition and relate local Weyl modules to proper standard modules introduced earlier.

5.1. Definition and basic properties.

Definition 5.1. For z € (h)*, the local Weyl module W (z) is the maximal g-integrable
g-module generated by the vector v, such that

v, =0, hv, = z(h)v, Y hEh.

The standard example of a local Weyl module is as follows (see e.g. [16, Definition 4]).
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Example 5.2. Let X = Spec A be an affine scheme over C and A = >7/_; \iw; be a
dominant weight. Let § = g ® A so that h = h ® A. Let (2;j)1<j<, be a collection of
points in X. We can interpret them as algebra homomorphisms z;;: A — C. Consider the
linear maps z; = Z?;l zij: A — C and the linear map

2:h=h® A — C, hi ® a — zi(a).

We have z(h;) = z(h; ® 1) = 23\;1 zij(1) = A, hence z]y = A. The local Weyl module
W (z) is the maximal g-integrable g-module generated by the vector v, such that

Ad
(ny ® A)v, =0, (hi®a)vZ:Zzij(a)-vz V1i<i<r acA.
j=1

The local Weyl modules can be computed using the functor W of Section 4.3.

Lemma 5.3. Let z € (h)* and A = z|, € b*. If W(z) # 0, then X is a dominant weight.
Moreover, we have
W(z) ~ W,(C,),

where C, is the one-dimensional h-module corresponding to z.

Proof. Note that hv, = A(h)v, for h € b, so there is a surjective g-module morphism
W(A) — W(z) sending vy to v,. Since W (A) is non-zero only for dominant A, the first
assertion follows. We have W(z)y ~ C, as a module over U(h) (and Ay). This isomor-
phism induces a surjective map Wy (C,) — W(z). The generator of W) (C,) satisfies
the conditions of a local Weyl module, hence W(C,) — W (z) is an isomorphism by the

maximality of W (z). O
The main class of examples of local Weyl modules we are interested in is as follows.

Definition 5.4. Let A be a dominant weight and 7: g — g be a left inverse of the

embedding of Lie algebras g < g such that w(h) = h. The local augmentation Weyl
module W () is the local Weyl module corresponding to the linear function Ax: h — C.

Example 5.5. For a point p € X = Spec A (identified with the morphism p: A — C), we
may consider 1 =id®p: g=g® A — g® C = g. The corresponding local augmentation
Weyl module for A = >, A\jw; is precisely the module from Example 5.2 with z;; = p for
all 1 <75 < \;. Indeed, we have

z(h; ® a) = zi(a) = \ip(a) = A @p)(h; ® a) = Ar(h; @ a)
for a € A.

For a dominant weight A, the irreducible g-module L(\) can be made into a g-module
using the pullback along 7: § — g. This module satisfies all the conditions of Wy (\)
except maximality. Therefore, local augmentation Weyl modules are always nonzero.

Let us consider now the situation of Section 4.4, where we have extra grading. Using
the projection 7: § — §(p) = g, we may define the corresponding local augmentation Weyl
modules W (). By Definition 5.1 this is the maximal g-integrable g-module generated
by a vector v, such that nyv, = 0, hv, = A(h)v, for h € h and E(i)vz =0 for i > 0,
where we consider the decomposition h = Di>o b, with 6(0) = h. By Lemma 5.3, we have
Wr(\) = W(Ar) = W)(Cy;) and this is exactly the proper standard object A(,0) €
TL(g) introduced in (4.5).
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5.2. Local Weyl modules for Ly(H3). The following are sly-decompositions of local
augmentation Weyl modules for the Lie algebra g = Lo(H2) for A =0,...,7, listed degree

by degree.
L(2) L(3)
Wrr(o) = L(O)v Wﬂ(l) = L(l)a Wﬂ'(2) = ) Wﬂ'(3) (2) @ L( )
(1) o
L(5)
L(4) L(4) @ L(2)
L3) & L(1)
We(4) = , Wos) = 2L(3)@2L(1) |
W 2L(2L)ff)L(0) ®) L(4) & 2L(2) & 2L(0)
(1)
L(7)
L(6) L(6) ® L(4)
. )LS)Q;'?(L)(Z’; L) 2L(5) @ 2L(3) @ L(1)
W (6) = WA(7) = L(6) @ 3L(4) ® AL(2) ® L(0)

(4

L(5) @ 3L(3) @ 3L(1)’ 2L(5) & 5L(3) & 5L(1)

(4)@4LE §@2L(0> 2L(4) & 5L(2) © 4L(0)
L(1).

Examining this data and computing basis elements in these modules, we arrived at the
following conjecture.

Conjecture 5.6. For all n > 1,

(1) the module Wy (n) is concentrated precisely in degrees 0,1,...,n — 1,

(2) the socle of the module Wy (n) is isomorphic to L(1),

(3) for the Hamiltonian vector field u = 2xyd, — y2d, (the basis element of the weight
—1 subspace in g, ), the submodule U(g)uv, of Wr(n+ 1) is isomorphic to W (n).
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