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*

Andrew Schopieray

ABSTRACT. We classify modular fusion categories up to braided equivalence with less than four
distinct twists of simple objects by observing that under this assumption, for each positive integer IV,
there are finitely many modular fusion categories of Frobenius—Schur exponent N up to braided
equivalence whose twists are a proper subset of the N roots of unity.

1. INTRODUCTION

A modular fusion (tensor) category [13, Definition 8.13.4] determines a (2+1)-dimensio-
nal topological quantum field theory, i.e. a monoidal functor from the category of 3-
dimensional cobordisms to the category of finite dimensional vector spaces. This naturally
provides a projective representation of the mapping class group of closed surfaces. The
modular data of the modular fusion category is the data of this projective representation
associated to the torus, whose mapping class group is the modular group SL(2,7Z); this
data is central to the role of modular fusion categories in mathematical physics and low-
dimensional topology. Though not determining the modular fusion category uniquely [21],
the modular data determines many characteristics of the modular fusion category such as
rank, global dimension, fusion rules, etc. and is often reported as a pair of matrices of
cyclotomic integers S, T with T a diagonal matrix of roots of unity 6x for all simple
objects X: the twists of the modular fusion category. It was shown that once S,T are
rescaled appropriately to a normalized pair s, ¢, the corresponding SL(2, Z)-representation
can be factored through a congruence subgroup representation. That is to say one has
an SL(2,7Z/nZ)-representation where n € Zx>p is the order of the matrix ¢. Irreducible
SL(2,Z/nZ)-representations for any n € Z>; have been completely described [29, 30],
so computational methods can be utilized towards classification efforts by rank, i.e. the
number of isomorphism classes of simple objects, leveraging the copious restrictions on the
representation coming from the underlying categorical structure. For a modular fusion
category C, we will universally use N € Z>1 to denote the order of the T-matrix of C
which is also known as the Frobenius—Schur exponent FSexp(C) [25]. Classifying modular
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fusion categories by N is more complex than a study by rank in the sense that there
exist infinitely many inequivalent modular fusion categories C with any given Frobenius—
Schur exponent greater than 1, e.g. untwisted doubles of finite groups of exponent V.
Nonetheless, we show there are finitely many modular fusion categories with less than
four distinct twists modulo the infinite families of modular fusion subcategories of twisted
doubles of finite groups of exponent 2 and 3. These finitely many sporadic categories are
explicitly listed up to braided equivalence in Tables 5.1-5.2.

One striking observation from this novel classification is that the sporadic, or excep-
tional, categories with two and three twists (those with N # 2,3, respectively) can be
characterized in an unexpected way. These are precisely the examples for which the sets
of twists are incomplete. In other words, when restricted to less than four twists, for each
N € Z>1, there are finitely many modular fusion categories C up to braided equivalence
with FSexp(C) = N whose twists are a proper subset of the N roots of unity. To il-
lustrate how rare modular fusion categories with incomplete twists are in this setting,
consider all modular fusion categories C with FSexp(C) = N = 4. Such a category is
nilpotent [17], and therefore must be a fusion subcategory of a twisted double Z(Vecg,) of
a finite group G of exponent 2 or 4 for some w € H3(G,C*) [9, Theorem 1.2]. Despite the
inordinate number and variety of such modular fusion categories, our results prove there
are exactly seven up to braided equivalence whose twists form an incomplete set: the two
metric groups of rank 2 (Theorem 5.1), four metric groups of ranks 4 and 16 (Theorem 5.3
and Example 5.16), and exactly one twisted double of the elementary abelian 2-group Cj.
The latter is the largest of the incomplete examples with less than four twists. It has rank
22 and dimension 64, and its modular data is given in Figure 1.1 below.

One may be tempted from this data to conjecture that only finitely many modular fusion
categories exist up to braided equivalence with a fixed Frobenius—Schur exponent and
incomplete sets of twists, but even for four distinct twists this is false by taking products
of modular fusion categories with complete sets of twists with those with incomplete sets.
By insisting the modular fusion category has no nontrivial factorizations, i.e. it is prime,
the following question is natural: does there exist an infinite family of prime modular fusion
categories of fized Frobenius—Schur exponent N € Z>1 whose twists are proper subsets of
the N™ roots of unity?

A powerful application of our classification is proof that vast infinite families of represen-
tations pp of SL(2,Z/nZ) for n € Z>; cannot arise from the modular group representation
pc of a modular fusion category C (see Section 3 for details). This is a problem that dates
back over 30 years to [11], but has made a strong resurgence in the classification of modular
fusion categories by rank (e.g. [23, 24]) and other related studies (e.g. [28, 35, 40]). One
of the technical challenges is the appearance of t-eigenvalues with high multiplicity. The
reader may reference [24, Section V.A] to see these challenges in practice. Our approach
faces these difficulties head-on and essentially demands that t-eigenvalues appear with
high multiplicity. For example, there exist irreducible SL(2,7Z/4Z)-representations with
t-eigenvalues {(4}, {C4, (3}, and {1, (4, (3}; any nonnegative integer linear combination of
these can potentially be realized as p; for a modular fusion category C with either two or
three twists. There are no results in the current literature showing that the number of
realizable linear combinations is even finite. But our classification dictates precisely which
linear combinations are realizable. The interested reader could take any nonnegative inte-
ger linear combination of the irreducible SL(2,Z/nZ)-representions from Lemmas 3.1-3.2
with combined at most three distinct ¢t-eigenvalues and reach similar conclusions.
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11 1 1 1 112 2 2 2 2 2 2 2 2 2 2 2 2 27
11111 111-2-2 2 2 2 2-2-2-2-2 2 2-2-2
111111112 2-2-2 2 2-2-2 2 2-2-2-2-2
r 1111 111-2-2-2-2 2 2 2 2-2-2-2-2 2 2
1111111122 2 2-2-2 2 2-2-2-2-2-2-2
r 1111 111-2-2 2 2-2-2-2-2 2 2-2-2 2 2
r1 11111112 2-2-2-2-2-2-2-2-2 2 2 2 2
r1 111 1111-2-2-2-2-2-2 2 2 2 2 2 2-2-2
2-2 2-2 2-2 2-2-4 400 0 0 0 0O O0O0O0O0OO0OO
2-2 2-2 2-2 2-2 4-4 0 0 0 0 0 0 O O 0O O O O
g_ 2 2-2-2 2 2-2-2 0 0-44000O0O0O0O0O0O0OO0
2 2-2-2 2 2-2-2 00 4-4 0 0 0 0 0 0O 0O 0O 0 O
222 2-2-2-2-2 000 0-4400O0O0O0O0O0O0
222 2-2-2-2-2 0000 4-4 0 0 0 0 0 0 0 O
2-2-2 2 2-2-2 2 0 0 0 0 0 0-4 4 0 0 0 0 0 O
2-2-2 2 2-2-2 2 0 0 0 0 0 0 4-4 0 0 0 0 0 O
2-2 2-2-2 2-2 2 0 0 0 O O O O 0-4 4 0 O O O
2-2 2-2-2 2-2 2 0 0 0 O O O O 0 4-4 0 0 0 O
2 2-2-2-2-2 2 2 0 00O0O0O0O0OO0O0O0O-44°0O0
2 2-2-2-2-2 2 2 0 0 0 0 0 O O OO0 O0 4-4 0 O
2-2-2 2-2 2 2-2 0 0 0 0 0O O O OO OO0 0-4 4
12—-2-2 2-2 2 2-2 0 0 0 0 0 O O 0O O 0O 0 0 4-—4]
T= diagonal (17 17 17 1> 17 17 17 17 Cézf? C4a 45)7 C4a CE? <4a szf? <4a 427 <4a <Zil)’7 447 szl)’a 4.4)

with (4 := exp(7i/2).

FIGURE 1.1. The modular data of the largest incomplete modular fusion
category with less than 4 twists.

The manuscript contains a brief recollection and thorough list of sources of the defini-
tions and tools needed from the study of modular fusion categories in Sections 2-3 (and
Appendix A), followed by an alternative proof of the classification of spherical fusion cat-
egories of Frobenius—Schur exponent 2 [38] in Section 4. The main content of our novel
classification is Section 5 where one can find a description of the exceptional categories
with incomplete sets of twists in Tables 5.1-5.2. The notation used throughout is consis-
tent and nearly standard, albeit terse since some formulas and equations are quite lengthy.
We collect the commonly used symbols in Table 1.1 for continued reference of the reader.

2. MODULAR FUSION CATEGORIES

We will primarily adhere to the definitions and notation found in the standard text-
book [13] wherein a modular tensor category is a fusion category [13, Definition 4.1.1]
with a spherical structure [13, Definition 4.7.14] and nondegenerate braiding [13, Sec-
tion 8.20]. In particular, the set of isomorphism classes of simple objects of a modular
fusion category C will be denoted O(C) for brevity, and is assumed finite. All categories
will be considered over the complex numbers C. Our primary digression from [13] will be
to use the term modular fusion category in place of modular tensor category, and leave
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TABLE 1.1. Recurring notation

] Notation \ Meaning
C modular fusion category
O(C) set of isomorphism classes of simple objects of C
S, T unnormalized modular data of C
s, t normalized modular data of C
Ox,tx | eigenvalues of T" and t corresponding to simple X € C, respectively
N,n orders of T and t, respectively
oc SL(2, Z)-representation defined by s,t
oe SL(2,Z/nZ)-representation defined by s, ¢
Ce set of isomorphism classes of simple X € C with 0x = ¢
D¢ sum of squares of categorical dimensions of X € C¢
D global dimension of C
Tm m'™ Gauss sum of C; typically m = +1
& first multiplicative central charge of C
v chosen cube root of £
Z(C) double or “center” of C
Cm primitive m™ root of unity exp(27i/m)

the latter to include the study of similar non-semisimple categories, or those with |O(C)|
infinite. Essentially none of the categorical minutiae of modular fusion categories will be
used explicitly in arguments moving forward so there is no need to expound these details
here. There are five main tools used in the arguments below. The most important is
linear algebra and representation theory: the modular data and congruence subgroup rep-
resentation(s) corresponding to a modular fusion category which deserve their own section
(Section 3). Two concepts which are needed to a lesser extent are categorical: results
specific to the modular data of doubles of spherical fusion categories (Section 2.1), and
group actions and quotients of modular fusion categories (Section 2.2). These sections
will introduce notation and vocabulary for the necessary modular fusion categories found
in the statements of Theorems 5.1-5.3, and the curious reader may reference the given
sources for technical details. Lastly, we will require sporadic use of the (categorical) Ga-
lois action on O(C) [3] which arises from a (numerical) Galois action on the modular data
of C. An important consequence of this categorical Galois action is that certain numer-
ical invariants of modular fusion categories are algebraic d-numbers in the sense of [32].
We include both of these final topics in an appendix for the uninitiated reader (Appen-
dix A).

2.1. Modular data of doubles. To each spherical fusion category C one can associate
a modular fusion category Z(C), known as the double or center of C [13, Sections 7.13 & 8.5]
with trivial central charge and global dimension dim(Z(C)) = dim(C)2. The computation
of Z(C) given C is not straightforward; even the growth of the rank of Z(C) relative to
that of C is unknown in generality at this time. Simple objects of Z(C) are not-necessarily-
simple objects of C with data describing how this object commutes with others in C
[13, Definition 7.13.1]. As such, there is an obvious forgetful tensor functor F : Z(C) — C
remembering only the object itself. The adjoint of this functor I : C — Z(C), called
the induction functor [13, Section 9.2], is a main source of information regarding Z(C).
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For example, each nontrivial X € O(C) must satisfy the zero trace condition [33, Theo-

rem 2.5]
0= > [Y:I(X)]dim(Y)by, (2.1)
YEO(2(C))
while each X € O(C) with X = X* must satisfy the squared trace condition [33, Theo-
rem 2.7]
+dim(C) = > [V :I(X)]dim(Y)65, (2.2)
YEO(Z(0))

where [V : I(X)] = dim¢ Homz(ey(Y, I(X)). Such results are potent constraints on the
types of modular fusion categories which can arise as doubles of spherical fusion categories.

Example 2.1. Fusion categories C such that all X € O(C) are invertible, i.e. X®@X* =1,
are known as pointed fusion categories and are monoidally equivalent to the categories
Vec¢: of finite-dimensional G-graded vector spaces for a finite group G where the asso-
ciativity of the tensor product has been twisted by some w € H3(G,C*). Each pointed
fusion category has a canonical spherical structure [13, Corollary 9.6.6] such that the cat-
egorical dimensions of all simple objects are 1. On one hand, the doubles Z(Vecg) of
these spherical fusion categories, often called twisted doubles of finite groups, are classi-
cal and often overlooked as being fully understood — indeed, the modular data of such
categories can be computed from explicit formulas [4, 19]. On the other hand, very basic
but important observations about this infinite family of modular fusion categories have
only recently come to light. For example, it has been shown that modular data is not
a complete invariant of modular fusion categories using examples of twisted doubles of
finite groups [21, Corollary 4.2]. The current exposition gives another way in which these
categories produce examples exhibiting novel properties.

2.2. Group actions and de-equivariantization. The details of this topic can be found
in [13, Section 8.23] and [7, Sections 2, 3, 5]. De-equivariantization can be used as a means
of quotienting modular fusion categories by symmetry to acquire a modular fusion category
of smaller dimension, making it an indispensable tool akin to the ability to quotient groups
by normal subgroups. This analogy is literal when applied to the study of modular fusion
categories associated to finite groups [13, Example 8.23.7].

Given a modular fusion category C and a connected étale algebra A in C [7, Section 3.1],
one can consider the category of local A-module objects in C, denoted Cg [7, Section 3.5].
The carefully chosen hypotheses on the algebra A guarantee that CY is again a modular
fusion category [7, Corollary 3.30], and that [20, Theorem 4.5]

) 0 dim(C)
dim(Cy) = dim(A)2 (2.3)
This construction gives a well-defined equivalence relation on the collection of all mod-
ular fusion categories up to braided equivalence. Specifically, if C and D are modular
fusion categories, then we say C and D are Witt equivalent if there exist connected étale
algebras A and B in C and D, respectively, such that C% ~ D% is a braided equivalence
[7, Definition 5.1 & Proposition 5.15]. Each Witt equivalence class contains a unique rep-
resentative up to braided equivalence which cannot be reduced further [7, Theorem 5.13],
i.e. it contains no nontrivial connected étale algebras.

Example 2.2. A pointed (see Example 2.1) modular fusion category is known as a metric
group and is defined by a finite group G (necessarily abelian) and a nondegenerate qua-
dratic form ¢ : G — C* [13, Section 8.4]. For this reason we will use the notation C(G, q)
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to refer to such modular fusion categories. The Witt equivalence classes of metric groups
are completely known [7, Section 5.3] and can be described by the classes for p-groups for
primes p; for p = 2 there are 16 distinct classes while for odd p there are 4 distinct classes.

Example 2.3. Let C be a modular fusion category which is weakly group-theoretical in
the sense of [13, Definition 9.8.1]. These are roughly the modular fusion categories which
can be constructed using the data of finite groups. Weakly group-theoretical categories
include those which are solvable [15] and nilpotent [17] and this property is preserved
under the de-equivariantization process outlined above. It was shown in [22, Theorem 1.1]
that, up to braided equivalence, the unique minimal representative of the Witt class of
a weakly group-theoretical modular fusion category is the product of a metric group and
one of the eight braided equivalence classes of Ising fusion categories [10, Corollary B.16].

3. CONGRUENCE SUBGROUP REPRESENTATIONS

Let C be a modular fusion category and p¢ be its associated SL(2,Z)-representation
defined by a normalized modular data s,t as in [13, Remark 8.16.2]. In particular we
will denote the first multiplicative central charge of C as £ := £(C) and the chosen cube
root of £ by v. It is known that pe can be factored through SL(2,7Z/nZ) where again
n € Zx; is the order of ¢ [26, Theorem 6.8]. Thus to each modular fusion category C
one can associate a representation pp; of the finite group SL(2,Z/nZ) such that pc = ppm
where 7 : SL(2,Z) — SL(2,Z/nZ) is the canonical projection. The benefit being that the
irreducible finite-dimensional complex representations of SL(2,Z/nZ) have been described
explicitly, up to isomorphism [29, 30]. These irreducible representations of SL(2,Z/nZ)
can be described from the irreducible representations of SL(2,Z/p*Z) for p* dividing n
where p € Z>o is prime and A € Z>; (refer to [12, Section 3]). We will often refer to the
t-eigenvalues or t-spectrum of a modular fusion category, or of the representations p¢ or
the congruence subgroup representation pp. In the case pp is reducible, we may refer to
the t-spectrum of individual summands which should not cause any confusion in context.

The following (Lemmas 3.1-3.2) is a complete list of isomorphism classes of irreducible
SL(2,Z/nZ)-representations with less than four t-eigenvalues. Most notably, every ir-
reducible representation listed below is nondegenerate in the sense that its t-spectrum
is multiplicity-free. This is a crucial observation for future use of results such as [35,
Lemma 5.2.2].

Lemma 3.1. If p is an irreducible SL(2,Z/nZ)-representation for some n € Z>1 with two
or fewer t-eigenvalues, then p is isomorphic to one of the representations listed in Fig-
ure 3.1 or a tensor product of these with a one-dimensional representation of coprime level.

Proof. Let J be the set of the prime integers and assume n = [[ ¢ ; p® for some a;, € Z>.
Each irreducible SL(2,Z/nZ)-representation factors as p = @,c; pper Where pyap is an
irreducible SL(2, Z/p® Z)-representation [12, Lemma 7]. We say that irreducible SL(2,Z/
p®rZ)-representations are of level p®. Let ¢ € Q((,) be a t-eigenvalue of p where (, :=
exp(2mi/n).

If ¢ is the unique t-eigenvalue of p, then each p,ep has a unique t-eigenvalue. By the
classification of irreducible representations of level p® for all p € J, one finds only one-
dimensional representations satisfy this condition. Moreover p is one-dimensional and
there are 12 such isomorphism classes determined by (.

Now assume ¢ # ¢’ are the t-eigenvalues of p. If all irreducible factors ppar have a unique
t-eigenvalue, we have already explained that p is one-dimensional, against our assumptions.
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TABLE 3.1. Irreducible SL(2,Z/nZ)-reps. with less than three distinct
t-eigenvalues up to isomorphism. Their given names are from [29, 30] and
their levels are the collective order of their ¢-spectra.

Level Name #/ = t-spectra
12/ged(12,5), 0<j <11 Cj 12 {cis}
2 Ni(x1) 1 {-1,1}
3 Ni(x) 1 {¢s, G}
3 Ni(x) ® Cy, Ni(x) ® Cs 2 {1, {1 G}
4 Na(x) 1 {Ca,¢3)
5 R1(17X—1)>R2<ra X—l) 2 {C57C§}7{C§7<§)}
8 NS(X)+®Cj 4 {C§>C§}7{C§aC§}
{6 @G, ¢}

TABLE 3.2. Irreducible SL(2,Z/nZ)-reps. with exactly three distinct ¢-
eigenvalues up to isomorphism. Their given names are from [29, 30] and
their levels are the collective order of their ¢-spectra.

Level Name #/) = t-spectra
3 Ni(x1) 1 {1,¢3,¢3}
4 Ds(x)+, D2(x)+ ® Ce 2 {1, -1,¢}, {1, -1,¢3}
Da(x)+ ® Co, D2(x)+ @ C3 2 {1,640, ¢33 {1, ¢, G}
5 R1(1,x1), R1(2, x1) 2 {1,¢5, ¢33, {1, ¢3, 8}
7 R1(17X—1)7R1(27X—1) 2 {<77C727<$}7{C?7C?7C$}
8 RY(1,3,x)+, RY(1,3,x)+ ® Cs 4 {E1,6,68) {£1, ¢, ¢
R3(1,3,x)+ ®C3,R3(1,3,x)+ ®Cy 4 {3, &, &} {FU, . 3}
16 RY(1,1,x)+ ®Cj, RY(3,1,x)+ ®C; 16 (refer to [1, Table A.1])
for j =0,3,6,9

On the other hand, if there exist factors pyep and pgeq for some primes p # g both having
two or more distinct t-eigenvalues, then p would have at least four distinct t-eigenvalues.
Therefore p has a unique factor p,ep possessing exactly two distinct t-eigenvalues. By the
classification of irreducible representations of level p® for all p € J, one finds only two-
dimensional representations satisfy this condition. Therefore p is two-dimensional, and the
isomorphism classes of the unique two-dimensional factor can be listed in Table 3.1. [

Lemma 3.2. If p is an irreducible SL(2,7Z/nZ)-representation for some n € Z>1 with
exactly three distinct t-eigenvalues, then p is isomorphic to one of the representations
in Table 3.2 or a tensor product of these with a one-dimensional representation of co-
prime level.

Proof. The proof is the same as that of Lemma 3.1 since any irreducible representation
can only be a nontrivial tensor product of irreducible representations of prime power level
with one, two, or three distinct t-eigenvalues. ]

Proposition 3.3. Let C be a modular fusion category. If all t-eigenvalues of C have
coprime order, then Ox € {1,—1} for all simple X € C.
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Proof. Recall the Galois action on t-eigenvalues in a modular fusion category: for each
o € Gal(Q/Q) and X € O(C), tsx) = 02(tx) [8, Theorem II(iii)] (see also Appendix A).
The coprime assumption implies the ¢t-eigenvalues of C are individually fixed under square
Galois conjugacy, i.e. we must have tgél =1 for all simple X in C. Moreover there are at
most three distinct t-eigenvalues of C, and there is a very small list of possible irreducible
summands of pj found in Lemmas 3.1-3.2. Any tensor product of coprime irreducible sum-
mands of p;; would produce t-eigenvalues which are not coprime. Hence any irreducible
summand of p,, of dimension greater than 1 is either the unique two-dimensional level 2 rep-
resentation with t-spectrum {1, —1} or the two-dimensional level 3 representations {1,w}
for a primitive third root of unity w. If p, is a sum of one-dimensional representations,
then p, = mp for a unique one-dimensional representation p and m € Zx; or else [1,
Lemma 3.18] is violated. It follows that C is trivial by [35, Lemma 5.2.2]. If there exists
a two-dimensional level 2 irreducible summand of p/; but none of level 3, then any one-
dimensional summand of p, must have ¢-eigenvalue +1 or else [1, Lemma 3.18] is violated.
We are then done since N divides n [26, Theorem 7.1]. It remains to consider when pf,
has a two-dimensional level 3 irreducible summand. In this case, C is integral by [26,
Theorem 7.1] since the maximal real subfield of Q((12) is Q, therefore ¢® = 1 [16, Proposi-
tion 2.6] and moreover (y~!)® = 1. The t-eigenvalues of C are a subset of {1, —1,w}, thus
v = +£1 and therefore the twists of C are either {1}, {1,—1}, {1, —1,w}, or {1,—1,—w}.
The latter two contradict £ = £1 as the first Gauss sum 7 = a + bw is not real when
b # 0. O

The following section describes modular fusion categories satisfying the hypotheses of
Proposition 3.3.

4. N =2

Assume C is a modular fusion category with N = 1. Then abbreviating D := dim(C)
from this point forward, D = 7y7_; = D? [13, Proposition 8.15.4]. Therefore D = 1 and
thus C ~ Vec [14, Theorem 2.3]. We consider in this section the case when N = 2. The
results of this section are contained in [38], albeit in a lengthier exposition.

Theorem 4.1. Let C be a modular fusion category with N = 2. Then D = 2°™ for some
m € Z>1, £ € {—1,1}, and C is unique up to braided equivalence for each chosen pair of
m € Z>1 and § € {—1,1}.

Proof. Assume C is a modular fusion category such that 0x € {—1,1} for all X € O(C).
The S-matrix entries, and in particular the dimensions of simple objects, are contained
in Q(x1) = Q [2, Theorem 2.7]. Moreover, it is evident that 71 = 7_; hence D =
Ti7_1 is a perfect square integer and we conclude D = 22" for some m € Zs; by
[2, Theorem 3.9]. Now since C is nilpotent [14, Theorem 8.28] and £ € {—1,1}, then when
€ =1,C~ Z(Vec) is a braided equivalence for a finite 2-group G and w € H?(G,CX)
[9, Theorem 1.3]. Furthermore, N = 2 only if G has exponent 2 [25, Theorem 9.2], i.e. is
an elementary abelian 2-group. Otherwise £ = —1, and C ~ V X Z(Vecy;) for H = Cﬁ*l,
w € H3(H,C*), and ¢ > 1 where V is the rank 4 metric group with §x = —1 for all
nontrivial invertible X and CY is the trivial group. Note that N = 2 for Z (Vec"égn) for

any m € Z>; if and only if w is trivial [18, Theorem 4.7] and so our proof is complete. [

Remark 4.2. It was observed in [38, Theorem 4.2] that there are exactly two prime
braided equivalence classes of this type: Z(Vecc,) of rank 4, with twists 1,1,1,—1 and

Ann. Repr. Th. 3 (2026), 1, p. 113-140 https://doi.org/10.5802/art.36


https://doi.org/10.5802/art.36

Modular fusion categories with few twists 121

the category V of rank 4 with twists 1, —1, —1, —1. Both categories are pointed and will
be referred to in the future with the standard notation for metric groups C(G, ¢) where G
is a finite group and ¢ : G — C* a nondegenerate quadratic form [13, Section 8.4].

Corollary 4.3. Let C be a spherical fusion category. If FSexp(C) = 2, then C ~ Vecq is
a tensor equivalence for an elementary abelian 2-group G.

Proof. As FSexp(C) = FSexp(Z(C)) = N [25, Corollary 7.8], then Z(C) ~ Z(Vecq) is
a braided equivalence for an elementary abelian 2-group by Theorem 4.1. The forgetful
functor F : Z(C) — C is monoidal, hence for all simple X € Z(C), F(X)®? = F(X®?) = 1.
Thus C ~ Vec: is a tensor equivalence for an elementary abelian 2-group and w is trivial
by the reasoning in the end of the proof of Theorem 4.1. O

5. FIXED NUMBER OF DISTINCT TWISTS

Assume C is a modular fusion category and all simple objects have the same twist 6.
Then we compute using [13, Proposition 8.15.4],

D =m71_1=DIDH ! = D% (5.1)

Therefore D = 1 and moreover C ~ Vec [14, Theorem 2.3]. We devote the remainder of
this section to classifying modular fusion categories with either 2 or 3 distinct twists. The
number-theoretical implications of the relations analogous to (5.1) are the key to obtaining
finiteness results with a higher quantity of fixed twists.

5.1. Two twists. The entirety of this subsection will prove the following classification.
For brevity, we will use the Lie-theoretic notation for the modular fusion categories of
rank 2. The interested reader may reference [36] for a digestible overview of this ubiquitous
family of categories.

Theorem 5.1. Let C be a modular fusion category with exactly two twists: 1 and 8. Then
N =2 or C is braided equivalent to one of the categories in Table 5.1.

TABLE 5.1. Modular fusion categories with two distinct twists and N # 2
up to braided equivalence.

’ C ‘ #/ ~ Indexed by FPdim(C) 6 N ‘
C(Cg,q) 2 q: Cg — C* 2 q(l) 4
C(Cs,q) 2 g:C3 — C* 3 q(1) 3

C(sl2,5,q)aa 4 primitive ¢'° =1 %(5 +v5) ¢ 5

To justify Theorem 5.1, define C¢ := {X € O(C) : 6x = (} and D¢ := Y xee, dim(X)2.
Then one computes from [13, Proposition 8.15.4] and the definition of 74; [27, Defini-
tion 3.1],

Dy+Dy=D=mry=(Di+Dgf) (Di+ Dgb ") = D} + Dj + DiDg (0+67") . (5.2)

By Galois conjugacy of simple objects (refer to Appendix A), the t-eigenvalues of C are
roots of unity of order dividing 2% - 3 - 5 by inspecting prime powers p* with ¢(p¥) =
(1/2)p*~1(p—1) < 2, hence the same is true for N [26, Theorem 7.1]. If 24-5 divides N, the
t-eigenvalues have at least 4 square Galois conjugates which cannot occur by assumption.
So we divide our argument into the following distinct cases based on the type of argument
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required: 8 divides N (N € {8,16,24,40,48,80,120}), 5 divides N and 8 does not (N €
{5,10,15,20,30,60}), or neither 5 nor 8 divides N (N € {3,4,6,12}). Up to Galois
conjugacy of modular fusion categories [6, Section 4.3], we may assume that 6 is the
primitive root § = exp(2mi/N) := (x, hence § + 6~ = 2 cos(2w/N). For each possibility,
we have a quadratic relation between D; and Dy, and we know both D1, Dy > 0 by
definition. Specifically, by (5.2),

Dy + Dy =D} 4+ D+ D1Dg(0+671) (5.3)
= 0= D? + (2cos(2r/N)Dy — 1) Dy + Dp(Dy — 1) (5.4)

— D = % (1 — 2cos(2m/N) Dy % /(2 cos(2m/N) Dy — 1)2 — 4Dy(Dy — 1)) . (5.5)

51.1. N € {3,4,6,12}. If N = 12, then for D; to be real in (5.5), the discriminant of
the quadratic in (5.4) must be nonnegative, i.e. —DZ — 2(v/3 —2)Dg + 1 > 0. This
conservatively forces 0 < Dy < 1.304, and D; < 0 in this range, which cannot occur since
Dy > 1 [14, Remark 2.5]. We consider the remaining N using the same reasoning, with the
fact that if N € {2,3,4,6}, then C is integral [26, Theorem 7.1]. For N = 3, Dy € {1,2}
for the discriminant of the quadratic in (5.4) to be nonnegative, and when N € {4,6},
Dy = 1. We compute D; =1 when N =4 and Dy = 1. When N = 6, there are no positive
integer solutions for D;. Thus the only modular fusion categories with a unique nontrivial
twist +(4 are the metric groups of rank 2 by [34, Example 5.1.2(i)]. When N = 3 and
Dy =1, then Dy = 2. Any such category is pointed [34, Example 5.1.2(ii)], but all such
modular fusion categories have D; = 1. When N = 3 and Dy = 2, then D1 =2 or D; = 1.
The former is impossible because 3 is coprime to D = 4 [2, Theorem 3.9]. The latter has
D = 3 and is therefore a metric group of rank 3.

5.1.2. N € {8,16,24,40,48,80,120}. This is the shortest argument as no such categories
exist. When N € {8,16,24,40,48,80,120} then for D; to be real, we must have a non-
negative discriminant for the quadratic in (5.4), i.e.

(2cos(2m/N)Dy — 1)*> — 4Dg(Dy — 1) > 0. (5.6)

For N € {8,16,24,40,48,80,120} one may verify that 0 < Dy < 7 in any case, and
maximizing D; over this interval when D; € R for each N shows D; < 1. Moreover no
such categories exist by [14, Remark 2.5].

5.1.3. N € {5,10,15,20,30,60}. When N > 5, an identical argument is valid as in Sec-
tion 5.1.2 above. The case when N = 5 mimics the argument in Section 5.1.2, but a more
careful analysis is needed as examples do exist.

When N = 5, then for the inequality in (5.6) to hold, 0 < Dy < 1.05 conservatively, and
for D1 > 0, we must have D+ Dy < 2. Note that the maximal totally real subfield of Q((s)
is Q(v/5). Thus D is an algebraic d-number [32, Corollary 1.4] in Q(v/5) which is totally
greater than or equal to 1 [13, Proposition 7.21.14], but less than 2. There are exactly two
such numbers: 1 and (1/2)(5 — v/5) (see Appendix A). Since C is not trivial, we conclude
that D = (1/2)(5 — v/5) and moreover C is a Fibonacci modular fusion category [34,
Example 5.1.2(iv)]. There are four braided equivalence classes of such categories: two
equivalence classes of fusion categories each with two distinct braidings [31].
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5.1.4. Coprime twists. Having completed the proof of Theorem 5.1, in the final subsection
of Section 5, we note that Theorem 5.1 can be used to generalize Proposition 3.3 to coprime
twists.

Theorem 5.2. Let C be a nontrivial modular fusion category. If all twists of C have
coprime order, then C has exactly two distinct twists. All such modular fusion categories
are described in Theorem 5.1.

Proof. Let v be a cube root of §. Note that t51) = o?(y~1) for all ¢ € Gal(Q/Q), hence
O51) = a2(y~1)y. If y~! has two or more distinct nontrivial square Galois conjugates,
then the corresponding orders of the twists of the simple objects in the Galois orbit of 1
will not be coprime. In the case y~! has exactly one nontrivial square Galois conjugate,
all simple objects of C must have these two t-eigenvalues. The Fibonacci modular fusion
categories C(sla,5,q)aq are the unique modular fusion categories with this property by
Theorem 5.1.
Otherwise, 02(7) = 7 for any o € Gal(Q/Q), thus

Osx)7 " = tox) = 0°(tx) = a?(Oxy~") = *(Ox )7 (5.7)

Therefore 05(x) = 0?(0x). Moreover 6% = 1 for all simple X € C, and thus by the
coprime assumption, as in the proof of Proposition 3.3, there are at most three distinct

twists including 6y = 1. If there are only two distinct twists, these are described by
Theorem 5.1. It remains to consider the case there are three distinct twists, say 1, Ox
and 6y, where 9§( =1 and #3 = 1. In particular, ¢ is nontrivial. We may assume by

Galois conjugacy of modular fusion categories that 0y = (3, and 0x € {—1,(4,(s}. Note
that C is integral and solvable by [2, Theorem 3.9] and [15, Theorem 1.6], and therefore
Witt equivalent to a pointed modular fusion category [22, Theorem 1.1], i.e. there exists
a maximal connected étale algebra A such that Cg is pointed, completely anisotropic, and
nontrivial since £ # 1. This forces C% ~ Py X P3 to be a braided equivalence where Po
is pointed with dimension a (possibly trivial) power of 2 and Ps pointed with dimension
a (possibly trivial) power of 3. The twists of C§ are inherited from C and are coprime,
thus Po or Pj is trivial.

Assume first that only P, is trivial. Then P3 ~ C(Cs,q) where ¢(1) = (3 by our
previous assumptions. This implies ¢, and hence v, is (4, thus t3 = ¢}, ty = (12, and
Ox € {1,(4,¢{}. Therefore any irreducible summand of pe of level 12 would be one-
dimensional. This violates the non-empty intersection criterion [2, Lemma 3.18], so no
such categories exist.

Secondly, if only Pj is trivial, C% is braided equivalent to the unique metric group of
order 4 such that all nontrivial invertible objects have twist —1, or C(Cy, q) with ¢(1) = (4.
In the former case, the twists of C would be 1, —1, and (3, but such a modular fusion
category cannot have £ = —1. In the latter case, v = (g, hence t; = Cg, tx = (g, and
ty = (3. Such a combination of t-eigenvalues is not possible since any level 24 irreducible
summand of p;; would be a tensor product of level 3 and level 8 irreducible factors, and
all such products have t-eigenvalues which are not coprime by Lemmas 3.1-3.2. O

5.2. Three twists. The entirety of this subsection will prove the following classification.
For brevity, we will use the Lie-theoretic notation for the modular fusion categories of
rank 2 and 3. The interested reader may reference [36] for a digestible overview of this
family of categories.
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TABLE 5.2. Modular fusion categories with three distinct twists and N # 3
up to braided eq.

] C | #/ ~ Indexed by FPdim(C) 0,7 N |

C(CQ7Q) X C(CQaQ) 1 q: 02 — C~ 4 <4a Cg 4
C(Cy,q) 6 q:Cy— C* with 4 —1,q(1) 8

q(1)® =1,q(1)* # 1
I, 8 primitive s¢'® = 1 4 —1,q 16
C(Cs,q) 2 g:Cs — C* 5 q(1),q(1)~t 5

C 5[2, 5, q)ad

‘ZSC(E[Q, ;7 qfl)ad 2 primitive ¢'0 =1 2(3 + \/5) gt 5
C(sl2,7,q)ad 6 primitive ¢'4 = 1 %csez(ﬂ/ﬂ q*, q"? 7
¢(Ctha) e N 16 N

q(x) # —1for x € C?
2 (Vecgs) 1 w € H3(C3,CX) 64 G, G 4

Theorem 5.3. Let C be a modular fusion category with three distinct twists: 1, 8, and .
Then N = 3 or C is braided equivalent to one of categories recorded in Table 5.2.

Assume C is a modular fusion category with exactly three twists 1, 8, or . By Galois
conjugacy of simple objects (see Appendix A), the t-eigenvalues of C are roots of unity of
order dividing 2% - 32 - 5 - 7 by inspecting prime powers p* such that p(p*) = (1/2)p*~!
(p—1) < 3. But if 9 divides the order of ¢, p/ contains an irreducible summand v of level
divisible by 9, hence an irreducible factor of v is an irreducible SL(2, Z/9Z)-representation.
No such irreducible representation has < 3 distinct t-eigenvalues by Lemmas 3.1-3.2, so
this case need not be considered, reducing the orders of ¢ under consideration to divisors of
24.3.5-7. Lemma 5.5 will show that 8 dividing n implies N € {4,8,16}, and Lemma 5.6
will show that 12 dividing n implies N € {3,4,6}. Sections 5.2.2 and 5.2.4 show that
if 5 or 7 divide n, then N is 5 or 7, respectively. Since N divides n in generality [2,
Theorem 2.9 (a)], this demonstrates our argument can be separated into the specific N
below, listed in the order of the subsection discussing each case with the number of braided
equivalence classes of categories existing in each case.

TABLE 5.3. Possible N, the section or result which classifies such modular
fusion categories, and the corresponding number of braided equivalence
classes of categories.

Order of T"  Location — #/ ~
3 Section 5.2.1 o
4 Section 5.2.5
5 Section 5.2.4
6 Section 5.2.3
7
8

Section 5.2.2
Section 5.2.6
16 Lemma 5.5

0 = O O = Ut

In addition to the more involved Lemmas 5.5-5.6, we will rely on the following quadratic
relation analogous to (5.5) to prove Theorem 5.3.
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Lemma 5.4. Let C be a modular fusion category with three distinct twists: 1, 6, and 7.
Then

Dy + Dy + D,
=D} + Dj+ D2+ (0+071) DDy + (n+n7") DiDy+ (097 +07'n) DoDy. (5.8)
Proof. Expand D = 17— [13, Proposition 8.15.4] in terms of D1, Dy, D,,. O

Lemma 5.5. Let C be a modular fusion category with three distinct twists: 1, 6, and 7.
If 8 divides n, then either

(1) N =16 and C is an Ising modular fusion category [10, Appendix BJ,
(2) N =38, 0=—1andn is a primitive 8" root of unity without loss of generality, or
(3) N =4.

Proof. Eight must divide the level of some irreducible summand v C pp, hence v = 1y ® vy
where 1y is an irreducible factor with level coprime to 2 and 1o is an irreducible factor
with level divisible by 8. Note that all possible 1o have at least two distinct ¢-eigenvalues
by Lemma 3.1, therefore vy must be one-dimensional, say with unique t-eigenvalue w for
some third root of unity w. Lemmas 3.1-3.2 imply that vy is either level 16 or level 8 and
we will treat these cases separately.

If vy is level 16, then the t-eigenvalues of v are three distinct primitive 8" and 16"
roots of unity, hence the t-eigenvalues of v are three distinct 24" and 48" roots of unity,
determined by vg and v». Since v already has three distinct t-eigenvalues, the t-eigenvalues
of any other irreducible summand of p/; must be a subset of those of v. Therefore it has
level divisible by 24 as well, and moreover must be isomorphic to v itself by the above
reasoning. Thus p, = nv for some n € Z>1, and moreover n = 1 and rank(C) = 3 by [35,
Lemma 5.2.2]. There are exactly 8 braided equivalence classes of modular fusion categories
of rank 3 with a T-matrix of even order, each with two distinct spherical structures. These
16 are known as the Ising modular fusion categories [10, Appendix B], and are denoted Z,
where ¢ = 1 is a primitive 16*" root of unity.

TABLE 5.4. Twists when vy is level 8 with three distinct t-eigenvalues.

t-spectrum 5 & Twists t-spectrum v ¢ | Twists
W»WC&WCE? w_l 1 ]-aCSan wC4aw<87wC85 W_1C;1)’ C4 1a<§’a§§
w71§87 g) 17_17Cg wilcg CS5 1a_17<8
w_1<83 €8 17_1743 w_1C§) CS 17_17C85
—UJaWC&WCgB _w_l -1 15(87(5) WCZ%’WCS’WQ? w_1<4 Czi)’ 17(§’an
W B LG wlGl Q| L-1,Q
w_1<§) CS 17_1’C85 w_lgg CS ]-a_]-)CS
wawcgawcg wzlg) 17 17 Cg7<8; wC47w<§7w<87 w_icz Cé 17C87C§)7
w C8 8 17_17C8 W CS CS 17_17<8
w_ICS g) 17_17<8 w_1<8 Cg 1)_17C83
—W7W§§’7wfg _wil -1 17C§)>C87 ngvwcgaWCg w71<.4 CZI) 17C8>C§)
WG| G L1 w1 -1
w_1<8 g 13*1,@ w_1<8 Cg 1,717(87
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Alternatively, vy is level 8 and has either two or three distinct t-eigenvalues by Lem-
mas 3.1-3.2 and we will treat these cases separately to finish the proof. If 15 has three
distinct t-eigenvalues, then vy is one-dimensional, hence v has t-eigenvalues {w(, w(s, w(S}
or {w¢, w3, w(l} where ¢ is a fourth root of unity and w is a third root of unity; these
possibilities can be treated identically as w is divided out when computing the twists.
That is to say for each possible t-spectrum of v, there are three possible v = tﬂ_l, giving
ostensibly 24 options for the sets of twists of C, illustrated in Table 5.4.

Many of these combinations of fulls twists are incompatible with the corresponding &
since £ must have the same argument as 71 = D1 + Dyl + D,n. The possible twists and
¢ when 0 is a primitive eighth root of unity are the Galois conjugate pair {1, (s, (3} and
{1,¢3,¢4}, both with € = 1, and the Galois conjugate pair {1, (s, (8} with ¢ = ¢} and
{1,¢3, ¢} with € = ¢4. In the former case, Dy = D, hence,

Dy +2Dy = D} +2D§ + (0+07) DiDy — (0 +607") D1Dy — 2D} (5.9)

by Lemma 5.4, which implies Dy = (1/2)D1(Dy —1). If Dy € Z, then D = D? is a perfect
square integer with & = 1. As C is nilpotent [14, Theorem 8.28|, C is weakly group-
theoretical, and therefore C is Witt equivalent to a pointed modular fusion category [22,
Theorem 1.1] based on the possible twists. Furthermore, C must be Witt trivial as there
are no metric groups with only twists 1, (g, and (§. So we have C is the twisted double
of a 2-group [10, Theorem 6.6] of order D;. But let ¢ € G be any nontrivial element
of order 2. Then I(g) satisfies the zero trace property (2.1) only if 8y € {Cs, (3} for all
simple Y C I(g). Moreover, I(g) fails the square trace property (2.2) since 2 = (4 for all
Y C I(g). Therefore no such categories exist with D € Z, twists {1, (s, (J}, and & = 1.

If D1 € Z, Dy is an algebraic d-number as Cy is closed under Galois conjugacy. Moreover
D2 is an integer multiple of an algebraic unit, which implies (D; —1)? is a rational multiple
of a unit, i.e. D; — 1 is an algebraic d-number since D; — 1 is an algebraic integer.
Then Proposition A.4 implies that D; has a Galois conjugate less than 2. But since
D ¢ 7, the tensor unit has a Galois conjugate object (see Appendix A), say X, such that
dim(X)? = D/o(D) where o € Gal(Q/Q) satisfies 0(v/2) = —/2, and we have either
14+ D/o(D) or 1+ 0(D)/D is greater than 2 since D/o(D) is a totally positive algebraic
integer. Therefore no such categories exist with twists {1, (s, (3} or {1,¢3, (I}

To complete the case when 6 is a primitive 8" root of unity, it remains to consider
twists {1, (s, (3} with & = ¢} without loss of generality.

FIGURE 5.1. A geometric view of 71 = (3v/D with twists {1, (s, (3} and & = (3.
Geometrically, D1 = /D = /Dy + Dy + Dy;, hence

Dy = (1/2) (1 +4/1+4(Dg + Dn)> .
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Elementary trigonometry gives Div/2 = Dy + D,,, hence
Dy = (1/2) (1 +/1+ 4\/§D1>

which implies D; = 1 + v/2 which cannot occur since D; has a Galois conjugate less than
zero, and D; must be totally greater than or equal to 1 since §; = 1. We may then
conclude # = —1 and 7 is a primitive 8" root of unity, as we aimed to prove.

If 15 has only two distinct ¢t-eigenvalues, then 15 is one of the four isomorphism classes
of level 8 irreducible representations of dimension 2. This forces all t-eigenvalues of
C to be 24'™" roots of unity, i.e. {w(s,w(S,w(}, {wis,wE wl}, {wis,w,wl}, or
{w3, w3, w(l} for some primitive third root of unity w. For each option, there are three
choices for v, giving ostensibly 12 options for the sets of twists of C, recorded in Table 5.5.
All such sets of twists have N = 4 as we aimed to prove. O

TABLE 5.5. Twists when 15 is level 8 with two distinct ¢-eigenvalues.

t-eigenvalues v & | Twists | t-eigenvalues y & | Twists
wCs,wC,weg W | G| 1,-1,¢ || w,we,wed | w1, -1,¢
w G |G| 1,6 W@ G| 1L, -1,G
w@ | G| 1,-1,83 w g | ¢8| 1,¢4,¢3
wCs,w(s,wig | W | @ | 1,6n, ¢ || w@weg wl | w6 6|1, -1,
w1, 1,63 wGE | G| 1,0,
w s | G 1,-1,0 w s | G| 1,-1,¢3

Lemma 5.6. Let C be a modular fusion category with three distinct twists: 1, 6, and 7.
If n =12, then N € {3,4,6}.

Proof. As in previous proofs, Lemmas 3.1-3.2 give a finite number of possible irreducible
summands of p}, all of dimensions 1, 2, or 3. Note that if p; has a unique isomorphism
class of irreducible 2-dimensional summands with ¢-spectrum {&;,&>} for some roots of
unity &1, &2, and no irreducible 3-dimensional summands, then pj; = v @ v/ where v is the
direct sum of all irreducible summands of p, whose t-spectra are a subset of {£;,£2}, and v/
is the complement of v in pj,. This would violate [1, Lemma 3.18], hence there are only two
cases to consider: the irreducible summands of p} include only two distinct isomorphism
classes of 2-dimensional representations and no 3-dimensional representations, or p has a
3-dimensional irreducible summand. To understand the former case, we record all possible
2-dimensional irreducible summands in Table 5.6.

We may assume by Galois conjugacy of modular fusion categories that (12 is a t-
eigenvalue of C, hence ostensibly, the possible t-spectra of C and corresponding twists
are given in Table 5.7 up to Galois conjugates. One observes that IV divides 6 in any case.

Lastly we assume there exists an irreducible summand v of p, which is 3-dimensional,
and thus there exists a factorization v = v, ® 3 where v, has level 4 and v3 has level 3.
If v is 3-dimensional, then r3 must have a unique primitive third root of unity as its
t-spectrum, hence scaling by v~ implies the twists all have order 4. The same argument
holds if v3 is 3-dimensional, forcing the order of T to be 3. g

This completes the preliminary arguments and we may now proceed to classify the
categories in accordance to Table 5.3.
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TABLE 5.6. Two-dimensional irreducible representations with level divid-

ing 12.

Name t-spectrum Name t-spectrum Name t-spectrum
Ni(x)®Cs (3¢ [M()®0Cr s [M()®Co 1,6
Ni()©Cy  G2,¢ | Ni(x)®Cs (¢l | Milx)@Cy  —1,¢3
No(x)©Cy Ci2,¢Ts Na(x) (4, G} Ni(x) (3,¢3
Na(x) ® Cs 0.¢ls | Ni(x) ® Cs ING! Ni(x1) ® Cy (3, G5
Ni(x) ® Ciy (s, o Ni(x) ® Cy 1,¢3 Ni(x1) ® Csg (3,6
M)®C ¢ NM(xa) —1,1 Ni(x) ® Cs G6, 8

TABLE 5.7. Possible twists when 12 divides the order of ¢.

pp contains summand ¢-spectrum 7y Twists
NQ(X)@Nl(X)@)CS C4>C27C12 CZI) 17_17C('55
G 1,-1,¢3

3 1,6 G

Ni(x) @ (C2®Cn)  (1,G12,¢h ¢ 1,6,
1121 17_1a€6

Ci:)2 1,—1,C§

Ni() @ (CioCj) (3,626 G 1,6,
i#j€1{1,5,9} B L6.G
¢y 1,03,C3

MX)©(Cs®Cy) ¢ G.C¢h G 1,¢,¢
1121 17_17<§

C152 17_17<6

NI(X) ® (CQ 2] 04) 4127 <1527 C172 1121 1,-1, C3
(LG5,

<152 17_17<g

Ni(x) ® (Co®Cs)  (12,(i2: ¢l Cls 1,(3,¢8
4172 17_17<§

G2 1,-1,G6

5.2.1. N = 3. This case lies firmly in the study of finite groups. In this case C is integral,
and therefore nilpotent and D = 3™ for some m € Z>;. Moreover, C X P ~ Z(Vecg) is
a braided equivalence for a pointed modular fusion category P of dimension 1, 3, or 9,
a finite group G of exponent 3, and w € H3(G,C*). Infinitely many examples exist, e.g.
N = 3 for Z(Vec¢,) for any finite group G of exponent 3 when w is trivial [25, Theorem 9.2].

5.2.2. N = 7. Assume 7 divides N. In this case p, contains a simple summand v of
level divisible by 7, hence a factor of v is an irreducible SL(2,Z/7Z)-representation by
Lemmas 3.1-3.2; there are exactly two isomorphism classes of such representations with
< 3 distinct t-eigenvalues, each having exactly 3 distinct t-eigenvalues. Thus if v contains
any other irreducible factors, they are one-dimensional. Therefore, up to Galois conjugacy
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of modular fusion categories, the t-spectrum of v is {€(7, €2, €(+} where €!2 = 1. If v/ C p,
is any other irreducible summand, then ¢/ must share a t-eigenvalue with v and moreover
V' = v by the same reasoning and thus p; = mv for some m € Z>1. By [35, Lemma 5.2.2],
m = 1 and rank(C) = 3. Moreover, C ~ C(slz,7,q)aq Where ¢? is a primitive seventh root
of unity by [33, Theorem 1.1].

5.2.3. N = 6. In this case, C is integral [2, Theorem 2.7], so £ = 1 [16, Proposition 2.6],
and thus we can assume 7% = 1 as well. The t-eigenvalues are then v~ !, 8y, and ny~!
where either both 6 and 7 have order divisible by 3, or just n without loss of generality. If
7 were a primitive eighth root of unity, then there exists an irreducible summand v C pf,
of level 24. Lemmas 3.1-3.2 imply that v = s ® v3 where v, is an irreducible factor of
level 8 and dimension 2 or 3, and v3 is an irreducible factor of level 3 of dimension 1.
Therefore the t-spectrum of v is either two distinct 24*" roots of unity, or two distinct
24" 1oots of unity and a root of unity whose order is divisible by 3. The latter case is
impossible since C has a t-eigenvalue of order 8 and the former case is impossible since
any other irreducible summand v/ C p; which has a t-eigenvalue of order 8, has at least
two distinct t-eigenvalues by Lemmas 3.1-3.2. Moreover 4* = ¢4 = 1.

Ostensibly, there are 20 possibilities for distinct, nontrivial twists 8 and n which are
sixth roots of unity, but we have assumed N = 6 and Theorem 5.2 implies they cannot
have coprime order. This leaves only the options {1, —1,ng}, {1,(3,(6351}, {1,C§,§6ﬂ},
or {1,¢s, (8}, while up to complex conjugacy of modular fusion categories, we need only
consider the pairs of cases {1,—1,(s}, {1, 6, (5}, and {1,(3, G}, {1, G5, G2}

For {1,—1,(s}, geometrically we must have £ = (4. As C is integral, C is solvable [15,
Theorem 1.6], hence weakly group-theoretical, and moreover Witt equivalent to a pointed
modular fusion category P with £ = (4 [22, Theorem 1.1]. As P is nontrivial, P ~ Py X P
is a braided equivalence where Py is a metric 2-group and P3 is a metric 3-group. If P
were trivial, then the twists of P ~ Py are only +1, violating the fact that £ = (4. Hence
P3 is nontrivial which forces P2 to be nontrivial as well since C has no twists which are
third roots of unity. Checking the very small number of options, one finds there are no
such metric groups with the correct first multiplicative central charge and twists. When
the twists are {1,(s, (5}, then v = ¢ = 1. There are no nontrivial pointed products
P ~ Py K P3 which C could be Witt equivalent to, hence C >~ Z(Vec¢) for a finite group
G and w € H3(G,C*). But no nontrivial positive integer linear combination of 1, (s, (§
can vanish, hence I(g) for any nontrivial g € G cannot satisfy (2.1).

For {1,(s,(s}, we must have v = £ = (4, hence C is Witt equivalent to a nontrivial
pointed product P ~ Py X P3 as in the argument in the preceding paragraph; no such
products have the correct twists and ¢. Lastly, with twists {1,(3,(3} then ¢ = 1 or
& = (4. There is a unique product of nontrivial pointed categories with the desired twists:
C(C%,q-1) ® C(Cs,qc,) where g_1 and g¢, take the subscripted values on all nontrivial
elements of C% and Cj3, respectively. But this product has central charge (3, so it cannot
be Witt equivalent to C, and when £ = 1, C is a twisted double of a finite group G with
a nontrivial element of order 2, say g. It is possible that I(g) satisfies the zero trace
property (2.1), but only if 6y € {£(3} for all Y C I(g). But in this case I(g) fails the
square trace property (2.2) for self dual objects since 6. = (2 for all Y C I(g).

5.2.4. N =5. When N =5, it is possible to characterize dim(C) as one of the 5 algebraic

d-numbers from Lemma A.1 in Appendix A. All such modular fusion categories are easily
described using the existing literature.

Ann. Repr. Th. 3 (2026), 1, p. 113-140 https://doi.org/10.5802/art.36


https://doi.org/10.5802/art.36

130 Andrew Schopieray

Lemma 5.7. Let C be a modular fusion category. If D is one of the possible global
dimensions in Lemma A.1, then C is equivalent as a modular fusion category to one of the
following:

(1) the pointed modular fusion categories C(Cs,q),
(2) the Fibonacci modular fusion categories C(sl2,5,q)ad, or
(3) the products of Fibonacci modular fusion categories C(sla, 5, q1)aqa X C(sl2, 5, g2)ad-

Proof. The classifications for dim(C) € {(1/2)(3 — v/5), 5, (1/2)(3 + v/5)} were completed
in [34, Example 5.1.2] where fusion categories of these dimensions were described. We
will classify modular fusion categories of dimensions (5/2)(3 — v/5) which completes the
argument by Galois conjugacy of modular fusion categories. Note that the algebraic norm
of (5/2)(3 —+/5) is 52. Let o € Gal(Q/Q) such that o(v/5) = —+/5. Then dim(C) X
dim(C?) = 52 and our claim follows from [39, Theorem 4.15]. O

Assume now N = 5. In this case p contains a simple summand v of level divisible
by 5, hence a factor of this simple summand is an irreducible SL(2, Z/5Z)-representation.
There are four isomorphism classes of such representations with < 3 distinct t-eigenvalues
by Lemmas 3.1-3.2: two are three-dimensional and have exactly 3 distinct t-eigenvalues
1,¢, ¢! for a primitive fifth root of unity ¢; two are two-dimensional and have exactly 2
distinct t-eigenvalues ¢, (™! for a primitive fifth root of unity (. Thus if v contains any
other irreducible factors, they are one-dimensional. Therefore, up to Galois conjugacy of
categories, the t-spectrum of C is {e, €Cs, €C#} where €2 = 1. Note that v~! € {e, e(5, (2},
so the twists are either {1, (s, (2}, {1,(s5,¢2}, or {1,¢3,¢2}. The maximal real subfield of
Q(¢s) is Q(+/5), so this is where the dimensions of such a category lie [2, Theorem 2.7].

In the first case, using Lemma 5.4, with ¢ := (1/2)(1 + /5) for brevity, we have
Dy + Dg + Dy = D} + Dj + D} + ¢~ 'D1(Dy + Dy) + 2Dy Dy,. (5.10)

Factored as a quadratic relation in Dy, we have 0 = D? + (wp~! — 1) Dy +w(w — 1), where
w := Dy + D,, for brevity, with solutions

1

Dy = (1 — ol + \/(wgo_l —1)? — dw(w — 1)> (5.11)

For D to be real we require (wp~t — 1)2 — dw(w — 1) > 0, thus (o2 — 4)w? + (4 —
20 Hw +1 > 0. As a quadratic in w, one may verify that the above being nonnegative
implies w < 2, and the solutions for D; in (5.11) are maximized when D; < 2 as well.

Moreover D < 4. Hence D = (5/2)(3 —/5) ~ 1.910 by Lemma A.1 and our claim follows
from Lemma 5.7.

In the second case, we have
Di + Dg + Dy = D} + Dj + D} — DDy + ¢~ 'DygDy + ¢~ "Dy Dy, (5.12)
Factored as a quadratic relation in Dy, we have

0=D?+ (gp_ng — D, — 1) Dy + D} + D2+ ¢ 'DyD, — Dy — D, (5.13)
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with solutions

1
D=3 (1 — ¢~ 'Dg + @Dy

+ \/(w‘lDe — 9D, —1)> -4 (Dg + D2+ ¢ 'DyDy — Dy — Dn)> . (5.14)

One may verify the discriminant is nonnegative only if Dy < 2 and D, < 7, and the
solutions for D in (5.14) are maximized when D; < 7, hence D is one of the numbers
from Lemma A.1 and our claim follows from Lemma 5.7.

In the third case, we have

Dy + Dy + Dy = D} + D} + D2 — Dy (9D + 7' Dy) + 9" Dy, (5.15)
Factored as a quadratic in Dy, we have
0=D2— (ngg +o D, + 1) Dy + D} + D2+ ¢ 'DyD, — Dy — D, (5.16)

with solutions

1
Dl = 5 (@Dg —|— QO_an + 1

+ \/(che +o D, +1)2 -4 (Dg + D2+ ¢~1DyD, — Dy — Dn)> . (5.17)

For D; to be real, we require Dy < 6 and D, < 3. The solutions for D; in (5.17) are
maximized when D; < 6, hence D is one of the numbers from Lemma A.1 and our claim
follows from Lemma 5.7.

5.2.5. N = 4. The two cases to consider are if § = —1 and n = (4, and if 0 = —n = {4
without loss of generality. The first case is completely described by Lemmas 5.8-5.9 below,
which includes arguments that overlap with the needs of Subsection 5.2.6. The latter case
is then treated separately, which contains more interesting sporadic examples.

Lemma 5.8. Let C be a modular fusion category with FPdim(C) € Z. If the twists of C
are 1, —1, and ¢, where (¥ = 1 and ¢ # %1, then the unique minimal representative of
the Witt class of C is a metric group of order 2 or 4.

Proof. We must have D = 2™ for some m € Z>1, therefore C is nilpotent, hence weakly
group-theoretical. By [22, Theorem 1.1], C is Witt equivalent to a product BX D, where
D is pointed and completely anisotropic, and B is an Ising modular fusion category or
trivial. We must have B X D is nontrivial because it is not possible £ = 1 with the given
twists; we must have B trivial since all Ising modular fusion categories have twists which
are 16" roots of unity. The classification of completely anisotropic metric groups [10,
Appendices A.3—-A.5] completes our argument, with consideration to the restrictions on
the twists of C. O

Lemma 5.9. Let C be a modular fusion category with FPdim(C) € Z. If the twists of C
are 1, —1, and ¢, where (8 =1 and { # +1, then C is a metric group of order 4.
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Proof. Let Rep(G) C C be a maximal Tannakian fusion subcategory which, if nontrivial,
contains an invertible object X of order 2 by [15, Proposition 8.2], for example. The
category of local modules over the regular algebra generated by X is a modular fusion
category satisfying the hypotheses of our claim, or is dimension 2 since £ ¢ R. Repeating
this process a finite number of times produces one of the pointed modular fusion cate-
gories from Lemma 5.8. Therefore it suffices to prove there do not exist modular fusion
categories D satisfying the three conditions (1) dim(D) € {8,16}, (2) 6x € {1,—1,¢} for
all simple X € D, and (3) D% is braided equivalent to one of the pointed modular fusion
categories in Lemma 5.8, where A is the regular algebra of a Tannakian fusion subcategory
of dimension 2.

Proposition 1 of [5] implies we need to prove there does not exist a pointed modular
fusion category D satisfying (1), (2), and (3) from the preceding paragraph. The case when
dim (D) = 8 is immediately eliminated by perusing all possible modular data of rank 8 [24,
Appendix D.7]. When dim(D) = 16, the twists of simple objects are determined by [27,
Lemma 5.2]: ¢ with multiplicity 4 and +1 with multiplicity 6 each. We first claim that
if X is an invertible object of order 2, then 0x = +1. Indeed, X ®-generates a braided
fusion subcategory of dimension 2; if fx has order 4, then D factors as a product violating
the assumptions about the twists and there are no such dimension 2 pointed categories
with fx order 8. Now if there exists X of order 4 such that 8x = 1, then Oxgx = £1
and Ox+ = 1. There is no quadratic form on C} taking the values 1,1,1,—1, hence X
®-generates a Tannakian fusion subcategory of dimension 4 and therefore D is a twisted
double of a finite group, violating Lemma 5.8. Moreover all simple objects of twist 1 have
order 2. Take any two such X, Y of order 2 and trivial twist. If 0xgy = —1, then X and
Y ®-generate a modular fusion subcategory of D and therefore D factors, in opposition
to the assumed twists. Alternatively, x5y = 1 and X and Y ®-generate a Tannakian
fusion subcategory of D and once again D is a twisted double of a finite group, violating
Lemma 5.8. g

This completes the case § = —1 and 7 has order four, since the hypothesis FPdim(C) € Z
is automatic. We will repeat the argument of Lemma 5.9 in the case § = —n = (4 without
loss of generality, but to cut down on the amount of brute-force searching through finite
group modular data, we will prove the following ancillary results.

Lemma 5.10. Let G be a finite group and w € H3(G,C*) such that Z := Z(Vec:) has
exactly three distinct twists 1, 0, and n. Then either G has exponent 3 and the set of twists
is {1,(3,C3}, or G has exponent 2 or 4 and the set of twists is {1,(s, (3}

Proof. Let X € Vec; be simple object of order 2, if it exists. Then 0 = Tr(07(x)) = a-+bf+
cn for some a, b, ¢ € Z. If b and ¢ were both nonzero, then 2 = 2 [37, Proposition 3.8] and
therefore 6 = —n as 1,6, must be distinct. Moreover § = —n = (4 [37, Corollary 3.10].
Otherwise, ¢ = 0 without loss of generality and b # 0 since X 2 1 [37, Note 3.9]. Thus
f# = —1 in this case and 1 # +1 is not real. Let Y € Z be any simple object with 6y = 7.
Then for any X’ C F(Y'), we have 0 = Tr(0;(x+)) = a — b+ e with ¢ # 0, which cannot
occur since n = (b—a)/c € R. We conclude that if there exists an element of order 2 in G,
then the twists of Z are {1,(4,(}}. Moreover, G is a finite group of exponent 2 or 4 in
this case [25, Theorem 9.2]. Alternatively, G is a group of odd order. Since £ is trivial,
the twists are closed under square Galois conjugacy and include 1. The order of G being
odd implies all twists of Z have odd order which leaves only the possibilities {1, (s, C:% 1,
{1,¢5,¢3}, or {1,¢2,¢2}. The latter two cases are impossible, using the same argument as
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above: if Y € Z is simple with #y a primitive fifth root of unity, then Tr(I(X)) is a Z>o-
linear combination of only three distinct fifth roots of unity for any simple X C F(Y),
which cannot vanish. This completes the argument. O

Lemma 5.11. Assume G is a finite 2-group and Z := Z(Vecg) has twists 1, 0 = (4
and n = (3. Then for all simple X € Z, 0x = 1 if and only if X lies in the canonical
Lagrangian subcategory Rep(G) C Z, i.e. X C I(1).

Proof. The first multiplicative central charge of Z is 1, hence

|G| = dim(Rep(G Z dim = D1 + DgCs + Dy (3. (5.18)
Xeo(z
Therefore Dy = D, and the result is proven as D = |G|. O

Lemma 5.12. Assume G is a finite 2-group and Z := Z(Vecg) has twists 1, § = (4 and
n = (3. The simple summands of the canonical Lagrangian subcategory Rep(G) C Z are
self-dual.

Proof. Let Y € O(Rep(G)), and Z € O(Z) \ Rep(G) have 6z = (4 without loss of gener-
ality. We have Sy.z = G Y weyeaz NQ/Z dim(W)6y [13, Proposition 8.13.8]. But Rep(G)
is a fusion subcategory, thus N}/I’/ > = 0 unless Oy € {C4,¢3} by Lemma 5.11. Therefore
Sy,z € R for all such simple Z, and Sy z = dim(Y)dim(Z) € R for all Z € Rep(G) as
Rep(G) is Tannakian. O

Lemma 5.13. Assume G is a finite 2-group, G 2 Ca, and Z := Z(Vecg) has twists 1,
0 =C andn= (3. If X € Z is invertible, then X2 = 1 if and only if 0x = 1.

Proof. If Z has an invertible object of nontrivial twist ¢ € {(4,¢}} and order 2, then
Z factors as Z ~ D X P where P is pointed of dimension 2 and D has twists {1,('}.
This would imply G = Cy by Theorem 5.1. Conversely, if 0x = 1, then X € Rep(G) by
Lemma 5.11 and the result follows from Lemma 5.12. O

Lemma 5.14. Assume G is a finite 2-group, G 2 Ca, and Z := Z(Vecg) has twists 1,
0 = ¢4 and n = (3. Any invertible object of Z of nontrivial twist has order 4.

Proof. Let X € O(Z) have nontrivial twist and denote by D, the braided fusion sub-
category of Z ®-generated by X. If D were nondegenerately braided, then G = C5 by
the argument in Lemma 5.13, against our assumptions. Therefore D contains a non-
trivial Tannakian subcategory Cp(D) which contains anontrivial invertible object ¢ of
order 2 by Lemma 5.13, which in turn implies O(Cp(D)) = {1,d}. Moreover, the de-
equivariantization D¢, by the ®-action of § produces an anisotropic modular fusion cat-
egory, which must be dimension 2 by [10, Proposition A.13]. We are done as dim(D) =
2dim(Dc¢,) [13, Section 4.15]. O

Lemma 5.15. Assume G is a finite 2-group such that Z(Vecg) has exactly three distinct
twists. If there exists an invertible object X € Z(Vecg) with nontrivial twist, then Z(Vecg)
s pointed of dimension 4 or 16.

Proof. We may assume G 2 Cy, so that X ®-generates a braided fusion subcategory of
Z(Vecs,) of dimension 4 by Lemma 5.14, and X? := X®X has trivial twist by Lemma 5.13.
Let A := 1®X? be the corresponding regular Rep(C3) algebra and consider the category of
local A-modules Z(Vecg)Y, which is a twisted double of a finite 2-group H [9, Theorem 4.8]
with simple objects having twists in the set {1,(3,{4}. The A-module A ® X is invertible
of order 2 with nontrivial twist, hence H = Cy by Lemma 5.14. g
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Example 5.16. Lemmas 5.10 and 5.15 have shown we need only inspect the modular data
of the twisted doubles of groups of order 2 and 4, which gives exactly two examples of
modular data satisfying the conditions of Lemma 5.15. The smaller of the two, Z(Vec¢,)
for nontrivial w € H3(Cy,C*) is simply the product of the two inequivalent pointed
modular fusion categories of rank 2. The larger example is more interesting, having C?
fusion rules, but the category does not factor.

1 1 1 1
S = 1 31 j *11 T = diagonal(1,1, (3, ) (5.19)
1 -1 1 -1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17

1 1 1 1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1

1 1 1 1 1 1 1 1 -1 -1 -1 =1 -1 -1 -1 -1

1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1

1 -1 1 -1 -1 1 -1 1 C4 <4 4:13 2 4:13 C4 2 C4

1 -1 1 -1 1 -1 1 =1 & & ¢ G & a & &

1 -1 1 -1 -1 1 =1 1 ¢ & G G a & u &

P I B B B Tt L T ST S SR CRNS GRYCRe

T 1 -1 =1 ¢ ¢ ¢ ¢ -1 1 1 -1 & & U «

11 -1 -1 & & ¢ ¢ 1 -1 -1 1 & G & ¢

11 =1 =1 & G @ ¢ 1 -1 -1 1 ¢ & 4 &

11 -1 =1 ¢ ¢ & ¢ -1 1 1 -1 & G & ¢

1 -1 -1 1 ¢ & & G & « ¢ -1 1 1 -1

1 -1 -1 1 G G ¢ & ¢ a & a 1-1-1 1

1 -1 -1 1 ¢ & G G G ¢ & ¢ 1 -1 -1 1

L1 -1 -1 1 G G ¢ e d G -1 11 -1

(5.20)
T = diagonal(L 1a 1a 1a CZI)» <4a Czi))a 447 Czi)’a <47 C4a Cziiv C47 Cziiv Cza C4)

Lemma 5.17. Assume G is a finite 2-group such that Z(Vecg) has exactly three dis-
tinct twists. Then Z(Vecg) is one of the two pointed modular fusion categories from
Example 5.16, or the unique twisted double of C3 with exactly three distinct twists [18,
Figure 4].

Proof. The argument in the proof of Lemma 5.9 is immediately generalizable: it suffices to
inspect the modular data of finite 2-groups of increasing order until no examples are found.
The groups of orders 2 and 4 have already been inspected producing the modular data in
Example 5.16. The modular data of twisted doubles of groups of order 8 was investigated
in [18] and there is a unique twisted double of C3 with exactly three distinct twists [18,
Figure 4]. There are 14 groups of order 16 up to isomorphism but only 7 have exponent 4.
This leaves 204 sets of modular data to peruse by hand or using the computer algebra
software GAP (refer to [19, Chapter 5]), and none have exactly three distinct twists. [

To finish the N = 4 subsection, note that if § = —n = (4 without loss of generality,
then £ = 1 or £ = (g up to Galois conjugacy of modular fusion categories by Table 5.5.
In the former case, D1 = v/D and D € Z, hence C is a twisted double of a finite group.
Lemma, 5.17 describes the three possible braided equivalence classes for C in this case. Oth-
erwise, as illustrated in Figure 5.2, D1 = Dy + D,), hence D = 2D;. But the Pythagorean
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theorem gives 2D? = D, hence D1 = 1 and D = 2, which cannot occur with three dis-
tinct twists. We conclude there are only 3 braided equivalence classes of modular fusion
categories with three twists and N = 4.

FIGURE 5.2. A geometric view of 7y = (gv/D with twists {1, (s, (3} and & = (s.

5.2.6. N = 8. In this case n is divisible by 8 [26, Theorem 7.1] and Lemma 5.5 states that
the twists of C are 1, —1, and (g up to Galois conjugacy of modular fusion categories and

= (g or & = (3 by observing the possible ¢ in Table 5.5. If ¢ = (3, the argument for
nonexistence is roughly the same as the final N = 4 case above. The calculation of ¢ = (3
is illustrated in Figure 5.3.

FIGURE 5.3. A geometric view of 7, = (3v/D with twists {1, —1, (s} and
£=G.

Geometrically, D, = VD = /D1 + Dy + D,,, hence
D, = (1/2) <1 +/1+4(D1 + D,,)) .

Elementary trigonometry gives Dn\/i = D1 + Dy, hence

D, = (1/2) (1 +4/1 +4\/§D7,> ,

which implies D, = 1+ v/2 which cannot occur since D, has a Galois conjugate less than
zero, and D, must be totally greater than or equal to 0 [14, Remark 2.5].

Lastly, if £ = (s and D € Z, then D = 4 by Lemma 5.9 and D is pointed, so we may
consider only D € Q(v/2) \ Q. In this case, D1 = Dy and D,, = /D = \/2D; + D,;, hence
Dy = (1/2)Dy,(D,, — 1). Note that D; is an algebraic d-number as C; is closed under
Galois conjugacy. Moreover D? is an integer multiple of an algebraic unit, which implies
(D, —1)? is a rational multiple of a unit, i.e. D, —1 is an algebraic d-number since D, — 1
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is an algebraic integer. Moreover, D, must be totally greater than or equal to 2, or else
Dy = (1/2)D,(D,, — 1) has a Galois conjugate less than (1/2)(2)(1) = 1, which cannot
occur since the tensor unit exists. Thus D, is a quadratic integer in Q(v/2) satisfying
these conditions, which does not exist by Proposition A.4 below.

APPENDIX A. A CATEGORICAL GALOIS ACTION AND ALGEBRAIC d-NUMBERS

Let C be a modular fusion category. The characters of the Grothendieck ring of C
are in one-to-one correspondence with maps Y — sy x /sy x for some X € O(C). This
gives a well-defined permutation action on O(C) via the corresponding Galois conjugacy of
characters. Specifically, for each o € Gal(Q/Q) there is a unique permutation & : O(C) —
O(C) given by o(sy,x/s1,x) = Sy,s(x)/S1,6(x) for all X,¥Y € O(C). When restricted to
X = 1 for example, we have the relation dim(5(X))? = (D/o(D))o(dim(X))%2. The
interested reader can read more about this Galois action in [3, 8], for example.

The Galois action on the characters of modular fusion categories implies the modular
data of a modular fusion category consists of cyclotomic numbers [13, Theorem 8.14.7]
and certain numerical invariants of modular fusion categories are algebraic d-numbers, in
the sense of [32]. These are algebraic integers which generate Galois-invariant ideals in the
ring of algebraic integers. For identification and classification purposes, there are many al-
ternative definitions [32, Lemma 2.7]. For the purposes of this manuscript, aside from the
integers themselves, it suffices to consider algebraic d-numbers « such that [Q(«) : Q] = 2.
In this case, a is an algebraic d-number if and only if a? is an integer multiple of an
algebraic unit [32, Lemma 2.7 (iv)] and algebraic units in real quadratic fields are multi-
plicatively generated by +1 and a chosen fundamental unit by Dirichlet’s unit theorem.
Equivalently, with A'(«) and T («) the algebraic norm and trace of o in Q(«)/Q, « is an
algebraic d-number if and only if 7 ()? is divisible by M («a) [32, Lemma 2.7 (v)].

Both the above characterizations of algebraic d-numbers will be used to prove the fol-
lowing ancillary results needed for specific lemmas in Section 5.2.

Lemma A.1. The algebraic d-numbers o € Q(\/5) whose norm is a power of 5 and whose
Galois conjugates lie between 1 and 18 are (1/2)(5 £ /5), (5/2)(3 £+/5), and 5.

Proof. Denote ¢ := (1/2)(1++/5). The only possibilities for the norm of « in the extension
Q(v/5)/Q with the assumed bounds are 5, 25, and 125. In the first case, if a # 5, we
must have a? = 5¢™ for some m € Z [32, Lemma 2.7]. The bound 1 < a? < 20? implies
—3 <'m < 9 and a finite check shows the only possibility is a = (1/2)(54+/5). Repeating
this argument in the norm 25 case gives —6 < m < 5 and thus a = (5/2)(3 = /5). The
final case gives —10 < m < 2 and none of these satisfy the hypotheses. O

Lemma A.2. Let o := 2% for some a,b € Lo where €3 1= 1++/2. If a is totally greater
than 2 and o — 1 is an algebraic d-number, then b =0, i.e. a € Z.

Proof. Since a — 1 is an algebraic d-number for all a € 7Z, it suffices to prove the claim for
a such that Q(a) = Q(v/2), hence b > 0, and moreover a > 0 since « is totally greater
than 2. From this, it also follows that b is even, and 2% > 2} = ologs(€2)b+1  Therefore,
b < logy(ea)~Y(a — 1) for all @ € Z>;. The remainder of the proof is providing a lower
bound on b € Z>;.

Denote the trace and norm with respect to the field extension Q(v/2)/Q by 7 and N.
In this case, o has exactly one other Galois conjugate and we compute 7 (o — 1) =
T(a)—2and N(a—1) = N(a) — T () + 1. From assumption, N (« — 1) is positive, hence
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N(a) +1>T(a). We have N(a) = 22¢ and T (a) = 2°T(¢}) = 2¢F1m for some integer
m for brevity, since the trace of any algebraic integer in Q(v/2) is even, hence m < 2971
A lower bound on m requires more subtle analysis. To achieve this bound,

N(a=1) =N(a) = T(a) +1 =22 — (2°"m — 1) . (A1)

We have T(a — 1) = T(a) — 2 = 2(2%mn — 1). Therefore for & — 1 to be an algebraic
d-number, we require

(T(a=1))* _ T(a)—4T(a) +4 _,2%m? - (2°"'m —1)

N(a—1) N(a) = T(a)+1 220 — (20+1m — 1) < (4.2)
Thus (22%m? — (2¢Ftm — 1))/(22% — (2%T'm — 1)) € Z since the denominator is odd.
Simplifying,
2a,,2 _ (oa+1l,, at+l,, _ 2 _
2°9m® — (2°Tm 1):m2+(2 m—1) (m 1)’ (A.3)
22a _ (2a+1m _ 1) 92a _ (2a+1m — 1)

and so a — 1 is an algebraic d-number only if (2¢+1m —1)(m?—1)/(2%¢ — (29" m —1)) € Z.
We have ged(22¢ — (2¢7tm — 1), (297 m — 1)) = ged (222,29 m — 1) = 1 since 29 1m — 1
is odd. So if the right-hand side of (A.3) is an integer, we must have

22 — (2%F1m —1) <m? — 1< 227D g (A.4)

where the second inequality follows from m < 2¢~1. Thus 2¢t1m > 220 — 22(e=1) L 9 and

therefore

220, _ 22((1—1) )
2a+1

m > =3.2073 4279 > 3.2073, (A.5)

As a result, T(e}) = 2m > 3-2%72 and question remains if this is possible with the upper
bound on b from the first argument of the proof. It is clear T(e}) < €} = 2!°82(2) gince
1—+/2 < 0, hence in sum, we require 32972 < T(}) < 2'982(2)b < 20— But this implies
3/2 < 1 so no such a € Z> exists. O

Lemma A.3. Let a := 2%€3+/2 for some a,b € Z>o where 3 := 1 ++/2. If a is totally
greater than 2 and o — 1 is an algebraic d-number, then b =0, i.e. o € Z.

Proof. The proof follows that of Lemma A.2. From « being totally greater than or equal
to 2, it follows that b is odd, and 2¢ > 21/2¢} = 2lo82(2)b+1/2 " Therefore, b < logy(e2) !
(a —1/2) for all @ € Z>;. The remainder of the proof is providing a lower bound on
be Zzl'

Denote the trace and norm with respect to the field extension Q(v/2)/Q by 7 and N.
In this case, « has exactly one other Galois conjugate and we compute 7 (a—1) = T (o) —2
and N (a—1) = N(a)—T (a)+1. From assumption, N (a—1) is positive, hence N'(a)+1 >
T (a). We have N(a) = 229+ and T (a) = 29T (5v/2) = 2¢2m for some integer m for
brevity, since T (€5v/2) = 4 - U, where Up := 0, Uy := 1, and U,, := 2 - U,,_1 + U,_2, hence
m < 2971 As before,

N(a=1) =N(a) = T(a) + 1 =22%1 — (2%+2m — 1). (A.6)

We have T(a — 1) = T(a) — 2 = 2(2* 'm — 1). Therefore for a — 1 to be an algebraic
d-number, we require

(T(a—-1)%  T(a)?—4T(a)+4  22@+tDm2 — (2042, — 1)
Nia—-1)  N(a)—T(a)+1 = 22+l (2a+2p 1)

€Z. (A.7)
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The simplification is only slightly different in this case:

22(a+1) 2 _ (902, _ 1 20+2, — 1) (2m2 — 1
m ( m ):m2+( m )(m )’ (A.8)
922a+1 _ (2a+2m _ 1) 922a+1 _ (2a+2m _ 1)
and so, as above, we must have
220t (292 — 1) <2m? —1< 2. 2207 (A.9)

where the second inequality follows from m < 2%~!. Thus 2¢+2m > 22+l _92e=1 1 9 and
therefore
22a+1 _ 22a71 192
m = 2a+2

=3.2073 977l (A.10)

As a result, T(e5v/2) = 4m > 3-2%1 4 27(@=1) and question remains if this is possible
with the upper bound on b from the first argument of the proof. It is clear T (e}v/2) <
Bv/2 + 27 (@71 = gloga(e2)b+1/2 4 9=(a=1) gince (1 — /2)* < 27@ 1 hence in sum, we
require

3-2071 42707 < T () < 2ome(@bH/2 4 9(a]) < gy g=(aml), (A.11)
But this implies 3/2 < 1 so no such a € Z>; exists. O

Proposition A.4. Let a be an algebraic d-number in Q(ﬂ) whose norm is a power of 2.
If « is totally greater than or equal to 2 and o — 1 is an algebraic d-number, then o € Z.

Proof. Any algebraic d-number « in Q(v/2) whose norm is a power of 2 has a? = 2% for

some a € Z>o and m € Z. If the norm of « is a perfect square, then o has the form as in
Lemma A.2, otherwise it has the form as in Lemma A.3. O
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