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Bounds for SLo-indecomposables in tensor powers

of the natural representation in characteristic 2

Michael Jeffrey Larsen

ABSTRACT. Let K be an algebraically closed field of characteristic 2, G be the algebraic group SLa
over K, and V be the natural representation of G. Let ka’v denote the number of G-indecomposable

factors of V®*, counted with multiplicity, and let § = £ — 21‘1’5;.

multiplicatively periodic function w(x) such that bg;k’v = bQGk’Kl is asymptotic to w(k)k~°4*. We also

Then there exists a smooth

prove a lower bound of the form ey k~°(dim W) for ka’W for any tilting representation W of G.

1. INTRODUCTION

Let G = SLy over an algebraically closed field K of characteristic 2, and let V' be the
2-dimensional natural representation of G. Let ka’V denote the number of G-indecomposa-
ble factors of V& counted with multiplicity. Coulembier, Ostrik, and Tubbenhauer ask
[2, Question 6.1] if there exist ¢1,c2,d > 0 such that

etk 02k < bPV < ok 02k (1.1)

They give a heuristic argument, due to Etingof, predicting that § = % - 21?§g32. In this

paper, we prove that their prediction is right. Indeed, something stronger is true.

Theorem 1.1. Defining § as above, there exists a smooth function w: R — (0,00) such
that w(4%) is periodic (mod 1) and

GV GV _
bop = bopyy ~ w(k)k™4",

We construct the function ¢ (z) = w(x)z ™% explicitly as an infinite convolution of distri-
butions of the form g + @5, where §y is the delta function concentrated at 0, and the g
are rescalings of the theta series associated to the (mod 4) primitive Dirichlet character x.
This theta series is positive and has rapid decay at both 0 and oco. These facts follow
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almost immediately from (4.8), which is essentially the functional equation of the Dirichlet
L-function L(s,x).

Our proof interprets bgk’v as the number of paths of length &, counted with multiplicity,
of the fusion graph of V®2, the directed graph giving the decomposition into indecom-
posable factors of the tensor product of a given indecomposable tilting module with V&2,
In the characteristic zero case, the vertex set of the graph would be N, and the arrows
would connect pairs of consecutive non-negative integers, so we would end up counting
left factors of Dyck paths of length k. In our characteristic 2 case, the graph reflects the
dyadic nature of the representation category of G. See Figure 2.1 below (which shows only
the component of the graph corresponding to even highest weights.)

Classifying paths of length k according to their final endpoint n, we observe two striking
departure from the familiar characteristic zero behavior. Firstly, the number of paths with
given k is roughly inversely proportional to 2 to the power of the number of 1’s in the
binary expansion of n. Second, for fixed k, the number of paths terminating in n falls off
sharply when n is significantly smaller than v/k as well when n is significantly larger than
VE (this latter case being in line with characteristic zero behavior). This can be regarded
as the discrete analogue of the rapid decay of our theta function at co. In proving these
claims, we are helped greatly by the fact that the generating function Xos(¢) of paths of
length k£ terminating in 2° satisfies the recursive formula

o Xas(B)?
1 —2X0s ()2

I would like to acknowledge a very helpful correspondence with the authors of [1].
Shortly after answering [2, Question 6.1], I learned that they had independently done so
and had, indeed, extended their result to all positive characteristics. Our methods were
different enough that we agreed it would make sense to write separate papers rather than
combine forces.

An early version of [1] asked whether there exists a continuous function w as in Theo-
rem 1.1. I realized that my approach would give a direct construction of w. Their most
recent draft gives a non-constructive answer to the same question.

Their paper also asks for asymptotic formulas for tensor powers of tilting modules other
than V. In the case p = 2, this paper gives a lower bound of the form ¢y k=% (dim W),
but we do not yet have an upper bound of the same form, let alone an asymptotic formula
as in Theorem 1.1.

I would like to thank the referee for a very careful reading of the manuscript and many
useful corrections and suggestions.

Xgor1(t) (1.2)

2. TILTING REPRESENTATIONS AND THE FUSION GRAPH

For every non-negative integer n, let T'(n) denote the (unique) indecomposable tilting
module of G with highest weight n. Thus V' is isomorphic to T'(1). Every tensor product
of tilting modules is again a tilting module [3] and is therefore determined by its formal
character, which we express as an element of Z[t,t1].

The formal characters of the T'(n) are well known. Following [7, Proposition 2.6], if

n+1=2+a; 127"+ +a,
with a; € {0, 1}, we define the support of n to consist of all integers m in the set

supp(n) = {2/ £ a; 1277 & Fag} .
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From [7, Proposition 5.4], the formal character of T'(n) is

tm o g—m

> (2.1)

m € supp(n)
where m ranges over the support of n. This can be expressed as

Yolt) = (7 =7 ) Moy (P +67) 2 —p? M (#+). @2

_4+—1 _ 41
bt P ey

From this, it follows immediately that if n + 1 is even, x1(¢)xn(t) = Xn+1(%), so
VeaTn) =Tnh+1).

By induction on r > 1,

(t + t’1> ﬁ (tT + t’2i> - (tT + t’2T) + 226 ﬁ (tQj + t’2j>
i=0 i=1j=1

From this it follows that if 2" is the highest power of 2 dividing n + 1,

r+1
N\ B2
VEReT(2n) 2 T(2n+2) @ @PT (2n+2-2)
=1

unless n = 2" — 1, in which case we omit the 7°(0) terms from the above sum:
®2 T i\ 2
VER@T(2n) = T(2n+2) 0 @PT (2n+2-2') .
i=1

Consider the labelled directed graph on non-negative integers n, where there is an arrow
from n to n + 1 labelled 1 and arrows labelled 2 from n ton+ 1 — 2t for 0 < i < r, where
r is the number of factors of 2 in n + 1 except that we omit all arrows leading to 0. The
multiplicity x,,, of T'(2n) as an indecomposable factor in V®2k is therefore the sum over
all directed paths of length k£ from 0 to n of the product of labels.

Let X, = X,(t) =>p xnﬁktk denote the generating function of this sum, so ka,v is the
sum over n of the t* coefficient of X, (). As there are no edges from any vertex to 0, we
have Xy(t) = 1. For m > 1,

T
X, =t <Xn_1 +2)° X2i+n1> ,
=0
where 2" is now the highest power of 2 dividing n. We rewrite this equation
Xy = tLy(Xo, X1, X2,...), (2.3)

where we define

r
Ln(yo,y1,92,--.) = Yn—1 + 22y2i+n71‘

i=0
For n < 2%, L, is a linear combination of yg,y1, ..., %2s_1, so the system of equations
yi:tLi<y07~~-ay25—1)7 1< < 28 (24)

consists of 2° — 1 equations in 2° variables. The matrix of this system of homogeneous
linear equations has rank 2% — 1 over Q((¢)) because its (mod t) reduction has rank 2% — 1.
Therefore, the solution set of (2.4) over Q((¢)) is 1-dimensional.
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For 0 < i < 2%,
Los1i(yo,y1,---) = Li(y2s, Y2s 41, - - .)

s0 (Xos, Xosq1,...,X9s+1_1) is the scalar multiple of (Xg, X1,...,X2s_1) by an element
of Q((t)) (which is, in fact, Xss, since Xy = 1.) Therefore,

Xosy; = Xos X (2.5)
for 0 <4 < 2%, which implies the general formula
q
X251+...+23q == H XQSi (26)
i=1
if s > s9 > --- > s4. The sequence X,, is therefore determined by its subsequence as n

ranges over powers of 2.

Proposition 2.1. Let F(x) = 2% — 2, and let F°*(z) denote the s-fold iterate of F. Then
(F5(1/t — 2)) Xas(t) = 1.

We remark that the fact that the sequence X2_s1 is obtained by iterating F' is equivalent

o (1.2).
Proof. From Figure 2.1,
> t

=Y 2" = —— 2.7

=3 —, (27)
SO

1
X, (1) (t - 2) =1,

and the proposition holds for s = 0. By (2.3) and (2.5),

s s
Xos = tX9s_1 + 2tZX23+2¢_1 =tX9s_1 + 2t X9s Z X2i_1.
=0 =0

so rearranging terms and dividing by tXos X9s_1, we obtain

1 1 ® 1
= — -2 (2.8)
XZS tHf:& X2i % H X2g
Dividing both sides by Xss and subtracting 2,
1 1
— — 2= -2 )
X225 H X22 2 S XZ] X25+1

where the last equality comes from substituting s+1 for s in (2.8). The proposition follows
by induction on s. O

The proposition justifies identifying the power series Xss(t) with the rational function
(Foe(1/t —2)~

Proposition 2.2. For all s > 0, we have
¥

12;1 (1 — (2 + 2 cos (2§;+11)7r) t) '

Xos(t) = (2.9)

Ann. Repr. Th. 2 (2025), 4, p. 575-598 https://doi.org/10.5802/art.30
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FIGURE 2.1. The fusion graph of V®2

Proof. By induction on s, F°*(2cosf) = 2cos2°0, so F°*(y —2) = 0 if y is of the form
2 + 2cos (222;11)”, i=0,1,...,2° — 1. As cos (221;11)” is strictly decreasing as i ranges from
1 to 2%, this gives 2° distinct values. It must include all roots of F°*(y — 2) = 0, since this

is a polynomial equation of degree 2°.

Thus,

1 2 /1 (2 — )7

— = | I - —(242cos ———
Xos (;) =1\ 2

z (1 — (2 + 2cos (2;5;11)”) t)
IR ;

which implies the proposition. O

Lemma 2.3. If P(t) is a monic polynomial with distinct roots ri,...,ry, then

n n—1
1 . ’l“j

P (1 =rjt) ]21 P'(rj) (1 —rjt)

Proof. Both are rational functions with simple poles at 1/rq1,...,1/r, and no other poles,
so it suffices to check that the residues are the same. Indeed, the residue of the left hand
side at the pole 1/r; is

1/r; B 7“2%2
Hj;éi(l—Tj/Ti) P'(r;)’
which is the same as that on the right hand side. O

Let
P,(x) :iﬁl(x— (2+2COS<21’28__’_})7T>) . (2.10)

Lemma 2.4. For any integer j € [1,2%],

2j — 1)7r> _ (—1)i+12s

s+1 . (25— ”
2 sin 28+1)

P! (2—1—2(:os<

Proof. Let ( = (gs42 = /2" Then the roots of Py(z) are Boj—1 =2+ (¥ + (1% as
j ranges from 1 to 2%. For j > 2,

p1— Poj—1=(¢ (1 — CQj_Q) (1 — C_Qj) .
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Since
25—
H (1 . <2]) — 2S+l,
j=1
we have
25 .
A 25+1 2S+1Z 25
H (/81 /82]—1) C 1 — C_Q C _ C_l sin 7T/25+1’

j=2
which proves the lemma in the j = 1 case. The remaining cases follow by Galois conjuga-
tion. ]

Proposition 2.5. For k > 2%, the t* coefficient of Xos(t) is given by

2- Z 1)+ 2j_1)7r<2+2cos(2j_1)7r>k_1. (2.11)

23+1 28+1

Proof. Together Proposition 2.2 and Lemmas 2.3 and 2.4 imply that for k& > 2%, the ¢
coefficient of Xss(t) is given by

28

2j — 1)m\ "
a; <2+2605(‘7)7r> ,

— 9s+1
J:
where
. 251
(—1)7*1 sin (2JS+11)7r (2 4+ 92cos & 25+11) )
CLj = 95
The proposition follows immediately. 0

3. DISCRETE CONVOLUTIONS

The formula (2.6) can be understood as expressing the sequence of coefficients x,, , of a
general X,,(t) as the convolution of the sequences s j, as s ranges over the s;. As 4_kbg’;€’V
is the sum over all n of 4*kxn7k, we would like to understand the sum over all finite sets
of s-values of the convolutions of the functions A,: Z — R such that As(k) =0 for k < 0
and Ag(k) = 4_kx2s7k for £ > 0.

In this section, we analyze such sums more generally. We assume each A, is non-
negative, supported on the natural numbers, with sum 1/2 and with small differences
between consecutive terms and finally that each A; is concentrated at values of k such
that log, k is close to s. It is not difficult to show that our particular functions A, satisfy
these conditions, but we defer this to a later section and work more generally in this
section.

If A:Z — R is any function and d is a positive integer, we denote by || A|a,00 (resp.
|Alla,1) the £2° norm (resp. ¢! norm) of the restriction of A to [a,00)NZ. If d is a positive
integer, we denote by A%(z) the function A(z + d) — A(x).

Lemma 3.1. Let A,B: Z — [0,00) be summable and supported on N. We have
[A* Bll1 = [IAllL ] Bl}x

and

[ A+ Blloo < min([[Al|1[Blloos [[Alloo || Bll1)-

Ann. Repr. Th. 2 (2025), 4, p. 575-598 https://doi.org/10.5802/art.30
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Proof. For the first claim,

I|A* Bl = Z Ax B Z Z A(p
n=-—00 n=-—00 p+q=n

= > > AB(g) = |AllBlh

p=—00g=—0

Moreover, for all n,

AB= > A <Y Ap )sup Blg) = [[A]1]| Bl
p=—00 p=—00
By the symmetry of convolution, this implies the second claim. ([l
Lemma 3.2. Let Ay,..., A, be functions Z — [0,00) supported on N, a1,...,a, be non-

negative integers, and a be an integer greater than or equal to ay + - -+ a,. If ||Ai|l1 = %
fori=1,...,r, then
T
A1+ 5 Ao < 277 [ Aillao
i=1

Proof. If tg > a > a1 + --- + a,, then in any representation of zg as a sum x1 + - - - + x,
of integers, the condition x; > a; must be satisfied for at least one value of ¢. It suffices to
prove that

[e.9]

> > Ar(@r) - Ar(@r) < 277 Ailla, o0

Ti=a; 14+ Ti—1+Tip1 T =To— T4
Since x; > a;, this sum is bounded above by
| Ailla;,00 > Ar(xr) - Aic1(Tim1) Aipr (Tign) - Ar(2r), (3.1)
L1, 5 Ti—1,Li41,"" ,Tr

whose ith summand is
[ Aillag,o0ll ALl - lAi—all1 [ Aigall - - ARl = 27| Adlas 00 O

The following lemma gives explicit form to the principle that the convolution of a rapidly
decaying sequence with a slowly varying sequence is well approximated by the termwise
product of the second sequence with the sum of the first.

Lemma 3.3. If A,B: Z — [0,00) are supported on N and a and b are non-negative
integers, then

|A % B — || A1 Bllatseo < |Alln sup [ B,
0<d<a

Proof. If g > a + b, then

a

A x B(xzg) = ZA B(xzg) + B(xg — 1)) + B(zo A )+ Z A(i)B(zo — 1)
i= i=a+1
= S A B (o — i) + Blxo) (\Aul— ) A@) +S A@)Blro— i)
i=0 i=at1 i=a+1
==Y A@)B'(xo —i) + A1 B(zo) + Y A(i)(B(zo — i) — B(x))-
i=0 i=a+1

Ann. Repr. Th. 2 (2025), 4, p. 575-598 https://doi.org/10.5802/art.30


https://doi.org/10.5802/art.30

582

Michael Jeffrey Larsen

We have Y ¢ A(i) < ||Al]1, so the lemma follows. O

Henceforth, we suppose Ay, Ay, ... are functions Z — [0, co) which are supported on N.
For each finite set S C N, we denote by Ag the discrete convolution of A; over all s € S.
For T a subset of R, we define By : Z — [0, 00| as the sum of Ag over all non-empty finite
subsets S of TN N, where a divergent sum gives the value oco.

We make the following assumptions.

(I) For all s, >, As(k) =1/2.
(IT) For all r > 0 there exists C, such that A4(k) < C,47%(4%/k)" for all k > 0.

(III) There exists C such that for all s, k1, k2,

|As(k‘1) — As(k2)| < C(|k‘1 — k2|16_5 + 8_5).

Lemma 3.4. For d,m,s > 0 and S C N a finite, non-empty set, the above assumptions
imply:

(1) |As]loc = O(47%).

(2) | Asllzm o0 = O(2%~4m).

(3) | Asllzm1 = O2%75m).

(4) | As]loo = O(27 18127 2max5),

(5) HAS”2m,oo — 0(2—|S|26maXS—4m).

(6) 4] = O(27151 (gm3maxs g gmdmas )

Proof. Parts (1) and (2) follow from assumption (II) in the » = 0 and r = 4 cases respec-
tively.
Part (3) follows from assumption (I) if m < 2s. Otherwise, (2) implies that for r > 0,

2m+'r+1 -1

> Ak = O (2,

fe=2m-tr

and summing over r, we get (3).
For the remaining parts, let S = {s1,...,s} with s; > so > -+ > s,. By (1),
| As, ||oo = O(47°1). Thus,

14slloo < 14s, ool Asa l1 -+ [[4s, 1 = 2" Asy [l

implying (4).
On the other hand,

T
Z 2m—i < Zm’
i=1
so by Lemma 3.2, (2), and the fact that s; <1+ s; — i, we have

,
| A4sl2m 00 < 2177 3 [[As llamei o = O (271S1285170m)
i=1
implying (5).
For (6),
Al :Agl*ASZ*"'*Asr-

By assumption (III),

= O(273%1 4271514,
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Therefore,
HA%HOO < 19 (21—7"(8—51 + 16—51d)> -0 (2—\5\ (2—3maxS + 2—4made>) )
O
Lemma 3.5. If s € N, S is a finite subset of (s,00) N7Z, n > s, and k € [4",4"TY) | then

1 - — | max(max n,zn é n—s
Agyus(k) — §As(l€) 20(2 S|~ (max(max S+n.,2n)+2( )))

Proof. We apply Lemma 3.3 with A = A,, B = Ag, and a = 2""% and b = 22"~ to obtain

1
A{s}us<k>—2As<k>:o(sup a3 AslHAsHoo) (32)

d S on+s

|

22n—1 ,00

Suppose max S > n. Then

3max S > maxS—i—n—i—g(n—s)

and

3
4maXS—n—32maXS+n+g(n—s).

Using || A% [|an+s oo < [|A%]loo and applying part (6) of Lemma 3.4,

|4

=0 (2—\S|2—(max(max S+n,2n)+%(n_s))) .

2nts oo

3
2max S+ 3(n — s) ZmaXS—l—n—}—g(n—s),

by parts (3) and (4) of Lemma 3.4,
| Aollznssy [Aslloo = O (27181g~ (max(maxsn2m)+5(=0)))

so the lemma follows from (3.2).

Likewise, if n — %5> < max S < n, then we have

3max S, 4max S —n—s, 2max S+ 3(n—s) > 2n+§(n—s),

and the lemma follows as before.
If, on the other hand, max S < n — =2 then since

10
|4

22,,7(,1700 S QHAS|’22TL71,OO’

by part (5) of Lemma 3.4, we have
Al ns = O (21512 Fn-y2n).
As max § > s,
2max S +3n —3s > 2n + g(n —3),
so by parts (3) and (4) of Lemma 3.4,
|Asllanse 1| Aslloe = O (271127500 72m)

and again the lemma follows from (3.2). O
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Proposition 3.6. For all € > 0, there exists r > 0 such that if n > r is an integer and

k € [4",4"FY) ) then
3\ " 3\ 7"
‘(2) Ba(®) = (5)  Biursn (¥

Proof. By part (4) of Lemma 3.4, for S C [0, s),
Asyus(k) =0 (2_“9'4_5) :

<ed ™.

i > A{s}us(k)zO( i 4y 2—|S|>

s=n+r+1 S C[0,s) s=n+r+1 S clo,s)
3 n—+r
of(= .
(©7)

(2.0

@) 7 (Balk) = Boin(®) =0 (4—” @)) . (3:3)

By Lemma 3.5 and induction on ¢, if S C [n —r,n + r| and

It follows that

n—r>s'1 > >st,
then
L _ 0 (2"5"‘12_%7’4’") if max S <mn,
AsUfst } (B) =271 As (k) = {0 (21812 ErgmexS=ng=n) if max 5 > n
If se[n—r,n|and S C [n—r,s), then

—|9’ — 3\ —2r,—n
> (A{S}USUS’(k)_2 'SlA{s}us(k‘)) =O<2 151 (2) 27574 >,

S’ C[0,n—r)
SO

Z Z (A{s}uSuS/(k) - 2_|S/|A{s}us(k‘)) =0 ((Z)s 2_37“4_”) )

ScC[n—rs) S'C[0,n—T)

Therefore,
I\ & ,
)" X% (Amusus® -2 ag0s®)
s=n—r SC[n—r,s)S" C[0,n—r) (34)
o2t

If se€ (n,n+r]jand S C [n—r,s), then

-8’ — 3\"" —2r9n—s,—n
> (Agusus(k) -2 'S'A{S}Us<k>)=0<2 () e )

S' C [0,n—r)
SO
3

> ) (A{S}USUS’(k') - 2"5"A{5}U5(/@)) =0 ((2>S 2-?7“2”—84—") _

S C[n-rs) S’ C[0,n—r)
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Therefore,

(2)n > Y Y (Amusus® -2 A0 0s0)

s=n—r SC[n—-r,s) S’ C[0,n—T)

=0 (2—%7“4—") . (3.5)

By (3.3), (3.4), and (3.5), the sum of all terms in (3/2) " Bg(k) which do not occur in
(3/2) 7" Bjy—yn+r) (k) can be taken to be an arbitrarily small multiple of 4" by making r
sufficiently large. O

4. REAL CONVOLUTIONS

Let x denote the unique primitive (mod 4) Dirichlet character, so for every integer r,

x(4r+1)=1x(4r —1)=—1, and x(2r) = 0. Let
7r2n2
o(z) = {g Yoo x(n)ne” 16 if x>0, (4.1)
0 if z <0.

As (2.11) suggests, the sequence ws ) determines a step function which, after suitable
rescaling, converges as s — 0o to ¢. See Proposition 5.5 below for the precise statement
and proof. We prove in this section a continuous analogue of Proposition 3.6 which enables
us to define the function ¢ (x) of Theorem 1.1 as a limit of sums of convolutions. There
are significant differences between Proposition 3.6 and Proposition 4.6, however. For one
thing, because we want to prove the limit function is essentially multiplicatively periodic,
the index set for the convolutions must be Z rather than N. For another, since we want
to prove the limit is smooth, we must bound derivatives of all orders. Nevertheless, the
proofs are formally very similar.

We begin with some basic facts about convolutions of Schwartz functions over R. The
convolution of any two such functions ¢ and 7 is again a Schwartz function, and the
derivative of o * 7 is o/ * 7 = o x 7' ([6, V, Proposition 1.11]). If o and 7 are non-negative
and supported on [0, 00), the same will be true of o * 7. We define ||f||a,00 (resp. || flla,1)
to be the L™ norm (resp. L' norm) of the restriction of f to [a,00).

Exactly as in Section 3, we have the following lemma:

Lemma 4.1. Let o,7: R — [0,00) be Schwartz functions supported on [0,00). Then the
Schwartz function o x T satisfies

los 7lls = llollu7ll
and

lo s 7lloo < min([lofl1[I7floos [lolloc]ITll1)-
Lemma 4.2. Letoq,...,0,: R — [0,00) be Schwartz functions whose support is contained
in [0,00), let ay,...,a, be non-negative numbers and a > ai + -+ + a,. If ||oi|ls = & for

1=1,2,...,7, then

T
Ho'l koeee ok Ur”a,oo < 2t Z Hal'Hai,OO'

i=1
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Proof. We proceed by induction on r, the base case being » = 2. In this case, for g > a,
we have

o1 * og(xg) = /Oal o1(x)oe(zg — x)dx + /(:0 o1(x)oa(zo — x)dx.

Since oa(zg — ) < ||02]|as,00 in the first integral and oq(z) < ||o1||a;,00 in the second
integral, we have

1 1
lor % o2llace < llotllillozllag,co + llotllaecllozlls = Sllozllas,ee + Sllotllayco.  (4:2)
The general case now follows by induction. O

Lemma 4.3. If o and T are non-negative Schwartz functions supported on [0,00) and
a,b >0, then

lo* 7 = lloll17latboo < allofli]l7 b0

Proof. If g > a + b, then

o *xT1(xg) — 7(x0) /oo (z)dx /OOO o(x)(—=7(xo) + 7(xo — x))dx

’/ T(z0) + 7(x0 — ))dx —|—/ —7(x0) + 7(xo — x))dx

< llolall~ Hb,oo +llolla1 (2ll7lloo)

since for = < a, |T(xo — z) — T(20)| < a||7'||p,00 by the mean value theorem. O

Let ¢ be a non-negative Schwartz function supported on [0, 00) with

1
ol = 5. (43)

For all s € Z, we define
Ps(x) =47 (4 %),

so ||¢s|l1 = 3. If p is a non-negative integer, then

ot

For any finite subset S C Z, we define ¢g to be the convolution of ¢ over all s € S. If
S ={s1,...,s}, then

— 4~ (p+1)s

@ . (4.4)

o0

P =P x i, oy

Lemma 4.4. Ifp>0, j >2p+2, m € Z, and S C Z is finite and non-empty, the above
assumptions imply:

(1) |9 =0 (2-r2).

(2) 69 o 0 = O (22920 223m).

(3) 6% lam 1 = O (2029225~ (=1)m),

(4) 1162150 = O (27 1819-Crs2ymaxs)

(5) Hﬁbgp) [2m 00 = O (2_‘3‘ (2<2j—2p—2) max S—jm | 9(4j—4p—4) max S—(2j—1)m>)‘
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Proof. As ¢®)(z) is bounded, |4(p+1)5¢>gp)(:v)| = |¢®)(4=%2)| < C for some constant C,
which gives [|¢P|| < C2-P+2)s implying part (1).
As ¢P)(z)27 is bounded, there exists C' such that ¢ (z) < Cz~J for all z, so

¢(p) (z) = 4*(P+1)S¢(4*8x) < C4—(P+D)s gis =i < (02(2j—2p=2)s—jm

S
if £ > 2™. This gives part (2). Furthermore,

/OO P (z)dx < C22I~22)s /OO

rdr = O (2(2j72p72)s7(171)m) :
2 2m

giving part (3).
Let S ={s1,...,8}, s1 > -+ > s,. Applying (1) for s = s;, part (4) follows from

o < 6% ||eges ]|, =27 6]
Finally, by (4.2),
Hégp)Hw,m <2 ¢‘("’}17) om=1 oo + ‘ ¢g€) 2m—11 “¢{52""’ST} 2m=1 00

By (2), the first summand on the right hand side is O(271812(21=2p=2)s1=jm+7) - Applying
Lemma 4.2 with 0; = ¢s,,, and a; = om—1=i e get that

,
_ 2—r (2j—2p—2)s;+1—73(m—1—1)
gt o = O <2 22 + ) ;
i=1
and as (25 — 2p — 2)s,41 — j(m — @) is strictly decreasing as ¢ increases, this is

O (2—r2(2j—2p—2)52—jm) .

Hd’{sz,,..,sr}

By (3),
(p) — (2j—2p=2)s1—(j—1)m
) 0a1 am-11 0 (2 ) '
Together, these estimates give (5). O

Proposition 4.5. If p is a non-negative integer, s is a negative integer, and S is a finite
subset of [s,00), then on [1,4],

H‘?g)}us(a:) - %qﬁgp)(g;) -0 (2—|S|23) .

1,1

Proof. We apply Lemma 4.3 with ¢ = ¢, 7 = ¢g)), a=2%and b= % to obtain

—0 (25
1,1

Applying part (3) of Lemma 4.4 with j = dp + 4, we obtain
| fsll2s1 = O (2(2p+3)s) 7

¢g+1)

6yusta) - 505

(ol o] ). @)

so part (4) implies

[@sll2:,1 qug))H =0 (2(2p+3)82—\5\2—(2p+2) maxS) ‘
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If max S > 0, we again use (4) to bound qugJH)HL o < Hﬁbng)Hoo, and (4.5) gives
27

H¢{s}us(9€) - %qﬁs(ﬂﬁ)

» =0 (2*|S| (232*(2p+4) max S + 9(2p+3)s9—(2p+2) maxS))

=0 (2—|S|252—(2p+2) maxS) :

implying the proposition. If max S < 0, we apply (5) with j = 2p+3 to bound ||q55gp+1) |1 oo
27
so using the fact that max .S > s, (4.5) implies

0 (2—|S\2s25max5 + 9(2p+3)s9—[S|9—(2p+2) maxS) -0 (2—|S|25> ’
and the proposition again follows. O

For every subset T" C R, we define 17 to be the sum of ¢g over all non-empty finite
subsets S C T'NZ. When T NZ is finite, {7 + g is the convolution of the distributions
¢s + 0o, t € T NZ, where &g is the delta function concentrated at 0. For r a non-negative
integer, we define

Yy = (3/2)_T¢[—r,r}- (46)

Proposition 4.6. Let ¢: R — R be a non-negative Schwartz function supported on [0, 00)
which satisfies (4.3). There exists a unique smooth function : (0,00) — [0,00) such
that the sequence 11,12, ... converges uniformly to v on every compact subset of (0, 00).
Moreover,

Y(42) = 2o ().

Proof. It suffices to prove the existence of . In fact, we prove slightly more, namely for
each fixed p € N, (3/ 2)_7"11#[(3 ) ] converges uniformly on compact subsets of (0,00) for

1,72
any sequence of pairs (r1,72) for which both 71 and r2 go to co. As

¢[—r1—1,r2—1} (:E) = 4¢[—r1,r2] (433)7

it suffices to prove convergence on the interval [1,4]. Moreover,

vian) = tim(3) v )

r1,r2—00 \ 2
—ri—1
. (%) (%) w[—ﬁ—l,m—l](x)
= lim
71,7200 4 (4.7)

3 3\ "t
= lim <2) 1/1[—r1—1,r2—1] (l’)

g 71,72 —00
= 24(a).
If pe N and z € [1,4], by part (4) of Lemma 4.4, we have

3\, 3 )
<2> ¢[5r17r2+u(~”‘7)—(2> Vs, (@)

N (2> B Z ¢g)~)2+1}u5(95)

S C[—ri,r2]
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SC[-r1,r

3\ " /3 r1+ra+1
— —2(7’2—1—1) < <
oz () ()

8\ "
=0|(= .
(5)7)
By Proposition 4.5,

(2)_T1 1 w[—rl 1) (%) = (g)_n d)[(f)rl’rz](x)
(3)

S (st - 508 @)

SC [—7’1,7"2]

3 —r1—1 o i8]
(2) 27" >ooo2
SC [—'I‘l,’rg]

o)

Applying these together, we conclude that ]wr +1( x) — ) (x)| is bounded above on [1, 4]
by an exponentially decaying function of r, and the sequence converges uniformly. O

:O(g—(2p+2)(r2+1) (3)_” 3 2—|S|>
2
]

I
Q

Proposition 4.7. The function ¢(x) in (4.1) satisfies the hypotheses of Proposition 4.6.

Proof. The k" derivative of ¢(z) for > 0 is
o 2,2\ % 2 2
Z ( ™n ) ne_ﬂl'g m’

k. 2k+1 7”—1
which is asymptotic to (1)7;4k—+3€16 at +oo. Therefore, to prove that ¢ is a Schwartz

function, it suffices to show that it has a kth derivative at 0 for all k, i.e., that

ool

o0

lim Zx(n)n2k+1e_ 6 * =0.

+
x—0 el

By a theorem of de la Vallée Poussin [5, Theorem 10.6], we have
16
_ -3/2_ (15 4
ola) = 8(nz) /% () (1)
for x > 0. Repeatedly differentiating this identity, we can express (™ (z) as a linear com-
bination of terms of the form 27 ¢®) (16 /n%z), where j € {k +3/2,k +5/2,...,2k + 3/2}
and k € {0,1,...,n}. Each such term has exponential decay at = 0 since go(k) (y) has

exponential decay at y = oo
The integral of ¢(z) over R is the limit as a — 07 of [ ¢(z)dx, which can be integrated

termwise. Thus,
o0 T o= 16nx(n) 2L(1,x) 1
d - = = = —,
/_oo plw)dz 8 nzz:l m2n2 T 2
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Finally, for the positivity of ¢, it suffices by (4.8) to verify it for > 4 /7. This, in turn,
follows from the fact that for m > 0 and z > 4/,

(4m + 3>677T2 (4m+3)2m —8m2x —27
(4m + 1)e—m>(@m+1)% < 9e se” <l -

The function w(z) in Theorem 1.1 is defined to be ¥(z)2?. By (4.7), w(4z) = w(x).

5. CONVERGENCE TO %

In this section, we prove the main theorem. We follow the notation of Section 4. In
particular, p(z) will be defined by (4.1), 1, will be defined as in (4.6) where ¢ is taken
to be ¢, and ¥ (x) will be the limit of the 1, as in Proposition 4.6. The key point in the
argument is that A; = 4"%2% is well approximated by s, and the same thing remains
true when we compare convolutions of the sequences Ay indexed by a finite set S and the
corresponding functions ¢g.

For any function o: R — R, we write [o] for the sequence obtained by restricting o to Z.
We use the same notation || ||; and || || for norms on R and Z; which norm is meant in
each case should be clear from context.

Lemma 5.1. For any Schwartz function o: R — R,
]l < llolls +llo”]l1-
Proof. By the mean value theorem,
lo(z) = o(lz])] < [0l

Therefore, for every integer n,

[ ot = ottaplie < [ o' @

n n
SO summing over n,

[e.e]

00 0 n+1
/_Ooa(x)dx—Za(LxJ)dx <y /n+ lo(2) — o(|z))|dz
© n+1
<Y [ @l =], O

Lemma 5.2. For any non-negative Schwartz functions o and T,
[lo# 7] = [o] * [7]]l o < (lelly + lo" )17 [loo + llo" oo (17111 + [1771]1)-
Proof. If m and n are integers and x € [0, 1], then
lo(n)T(m —n) —o(n+z)7(m—n— )|

<on)|r(m—n)—7(m—n+z)|+7(m—n+z)|o(n) —o(n—z)|

< o(n) /m”+1 7 (t)| dt + (m — n) /n1|o’(t)|dt.

m—n —

Integrating x over [0, 1] and then summing n over Z, we get

oo [e.@] oo
Y. om)r(m—n)—oxr(m)| < Y om)||7'| + Y Tm—n)|o|,.
n=-—00 n=—oo n=—o0o
from which the desired inequality follows by Lemma 5.1. O
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Lemma 5.3. If 01,...,0, are non-negative Schwartz functions with ||o;|[1 + [|o}|1 < %,
and ||0}||cc < €, then

H[Ul*'--*UT] — [01]*...* [O-T]HOO < 3e.

Proof. We prove the upper bound (2r —2)(3/4)" e for > 2 by induction on r, and that
implies the claim. The case r = 2 follows from Lemma 5.2. If » > 3, then

||[01*-u*or]7[01]*~-*[0r]||oo < ||[01*-~-*Jr]7[01}*[02*--*07«]”00
+ |[lo1] * ([o2 % - - o] = [2] % - - - % o]
< ||[O'1*-~~*O'r]—[0'ﬂ*[0'2*--~*0'T]||OO

+lloalllaf[(foz = - -+ 00] = [o2] -+ o]

o
We have
3 r—1
ozl + (oo 50y < o2+ )y -l < (5)
and
3 r—2
(2w w0 < lolelionly ol < (5) e
Applying Lemma 5.2 to o1 and o9*- - -0, and using the induction hypothesis for o9, ..., o,
3 r—1 3 r—1
llovs e xa] — s slolle<2(3) ex-9(3) e 0
Lemma 5.4. Let Ay,..., A, and A, ..., Al are summable functions Z — R, then

[Arsex A = Apsx AL <Y (1A = Afloo [T max([| 411, 145]11)-
i=1 ji

Proof. By the triangle inequality,

Arx-ox A — Ay s x Al < Ars-ox A1 x (A — A« Al % x A
1 7l oo i i+1 Tlloo
i=1

-
< ZHAl ok A x Ay x ek A;’HlHAi — Aillo-
i=1
For each 1,

i—1 r
[Av s Ay Ay -+ AL < TT A I TT 11451
=1 =i+l
< [T max (45111, [ 45]1,)- 0
J#i
Proposition 5.5. For all k > 0, we have
4R g9 1 = @s(k — 1) + O(879).

Proof. Suppose k > 23%/2. For a > b > 0, the maximum of e % — ¢~ on [0,00) depends
loga
a—1"

only on a/b, so we may consider the case b = 1. The maximum value is achieved at
and by I’'Hopital’s rule, this value divided by a — 1 approaches 1/e as a — 1. As

1+ §
log (;OSSU> = —% + O(z),
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for j < 25/4,
. k—1
1 + cos Z=Um 2j — 1)272 _
Moreover,
s (21w . —2s—1 306 —4
s _ . s s
2 SIHW—(QJ 1)2 7T+O(j2 )
Therefore,

25+1 2

— (27 - 1)7T exp (_ (27 — 1)271'2 (/ﬁ _ 1))‘ _ 0(873)

. k-1
_ . (25— 1)m [ 14 cos (2;;11)7r
275 E sin

9s+1 4. 45+1
Moreover, for m sufficiently large, the sums

. k-1
_ (25 -7 1—i—cos(2;s_7+11)7r
27° Z sin

‘ 92s+1 2
om/2 <j<2s

and
(2j — )7 ( (2] — 1)%n2
> e (o (k=)
Ppei? 9s+1 4 . 4s5+1

both have the properties that each term is less than half of the previous term, and the
initial term is 0(8%). The proposition follows for k > 23%/2.

We may therefore assume 3 < 2° < k < 239/2. As o(z) is Schwartz and identically 0 for
x < 0, it follows that p(x) = o(x%) as z — 0, so @((k — 1)47572) is o(87%).

To prove that 4 ¥zqs , is also 0(87%), it suffices to show that Xos(1/4 —1/4k) is o(87%).

For this, we observe
1 1\t 4
Xil-—— =24 —.
! (4 4k:) R
By induction on 1,

1 1\ 1 1\2 4 \? i+l
o [-——) =X, (--=) —2>(2 252
2“(4 4k> 2(4 4k> —< +k—1> R

for 0 <4 < s—1. If r is the smallest integer such that 4" > 4(k—1), then r = m/4+O(1),

and )
1 1\~

Xor [~ — — .

2 (4 4k) >0

1 1\! i
Xoi [ = — — > 42 2
2 (4 4k) = +

for all ¢ > r, since it holds for ¢ = r, and

1 1\! 1 1)\ 2 imr 2 it1—r
Xoiv1 [ = — — =X, [-—-— — 2> (42 2) —2> 42 2.
2 (4 4k> 2 (4 4k> > (£7+2) —2> +

By induction on i, we have
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for ¢ > r. Applying this for i = s, we get a much stronger upper bound than is needed. O

We now define Ag(k) = 4 F2qs , and A, = [ps]. As usual, we define By (k) to be the
sum of Ag(k) over all finite subsets S C T'N N. Thus,

Br(k) = 47557

Proposition 5.6. Defining As(k) = 4_’“3;237;?, the sequence Ay, A1, Aa, ... satisfies prop-
erties (I)~(III) of Section 2.

Proof. We have
D7 Ag(k)tF = Xos (t/4).
k=0

By (2.7), X1(1/4) = 1/2. Using (1.2) and induction on n, we deduce that Xos(1/4) = 1/2
for all s > 0. This implies (I).

By Proposition 5.5, (II) follows from the fact that ¢(z) = O(z™") as  — oo, and (III)
follows from the fact that |¢'(x)| is bounded on R. O

We can now prove Theorem 1.1.

Proof. As ¢s(k—1) — @s(k) = O(16~*). By Proposition 5.5, |As(k) — AL(k)] = O(87%), so
Lemma 5.4 implies that for fixed r, for s > 4r, and for S = {s1,s2,...,8m} C [s—71, 7+ 5],

[As = [ps,] * 2] -+ [0s,,][| . = O(87%).

Applying Lemma 5.3 in the case m = r and o; = p5,, we obtain

[As = [ps]llee = O(877),

and summing over S C [s —r, s + 7], we get

||B[s—r,s+r} - [¢[s—r,s+rﬂ||oo =0 (2—55/2) .

By Proposition 3.6, for all € > 0, if r is large enough in terms of €, then for all k € [4%,45T1),

3\ ¢ 3\ " € 4
’<2> BR<k) - <2) ¢[sfr,s+r}(k) < 54 .
As 1, converges to ¢ on [1,4], for r sufficiently large
[ (47k) = (47°R)| < 3,
so by (4.7),
I 8\° €
|() Yo - (3) w0 <5
Therefore,
r N e
‘(2) Viororn(®) = (3) 0] < 547"

which implies
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As k< 45t and w(z) = (x)z® = (x)2'°81(3/3) is bounded away from zero,

s g
vk (5) = 2wt
implies
(k) 'Br(k) — 1
as k — oo. O

6. A LOWER BOUND FOR POWERS OF ANY TILTING REPRESENTATION

We conclude by proving that a lower bound of the type predicted in [2] exists for all
tilting representations of SLg in characteristic 2.

Theorem 6.1. If G = SLy over an algebraically closed field of characteristic 2 and W is
any tilting representation of G, then there exists cyy > 0 such that for all k > 1,

bW > e k0 (dim W)E.

The rest of the section is devoted to a proof of this result. We begin by observing
that the map Q(z) — Q(V) defines an isomorphism from Z[z] to Tilt(G), the ring of
virtual tilting representations of G. Indeed, the formal character identifies Tilt(G) with
Z-linear combinations of x,(t) as computed in (2.2). The Z-linear combinations of the
Xn(Z) comprise the ring of Z/2Z-invariant Laurent polynomials in ¢ with coefficients in
Z, where the non-trivial element of the Weyl group Z/27Z of SLy maps t ~ t~ 1. It is clear
that

Qx) = QLu(1) = Q (t+17")
gives an isomorphism Z[z] — Z[t, t~1]%/?2.
Lemma 6.2. If Q(z) € Z[x] is such that W = Q(V') is a non-trivial effective representa-
tion, then

(1) Q(2) =d

(2) Q'(2) >0

(3) 1Q(x)| < dim W for all x € (—2,2)

(4) 1Q(—2)| = dim W if and only if W purely even or purely odd, i.e., is a direct sum
of tilting representations whose highest weights are all even or are all odd.

imW,

~ =

Proof. The dimension of W is obtained by substituting ¢ = 1 in the formal character
Q(t+t71) of W, s0 it is Q(2).
By the chain rule and I’Hépital’s rule,

6=0
where I(W) denotes Dynkin’s representation index, which, for an SLs representation with
formal character 3 a,t" is 3, a2 [4, (2.4)]. This implies (2).
Since W is non-trivial, Q(t +t~1) — x,(t) has non-negative coefficients for some n > 1,
so by (2.1), either the 1 and 2 coefficients of Q(t +t~!) are both positive, or the ¢ and
t~! coefficients are both positive. Either way,

‘Q (eiG + e—i@)‘ < Q(Z)
for 0 < 6 < 7, implying (3).
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Finally, when 0 = 7, |Q(—2)| < Q(2) with equality if and only if all the m for which
the t"-coefficient of Q(t + ¢t~1) is positive have the same parity. By (2.1), this occurs if
and only if all the highest weights have the same parity. O

For each k, the multiplicity of T'(2n) as a (virtual) factor of P(V') determines an additive
map fi,: Z[z] — Z. By definition, p,(2?*) = 2,1, and p,(z?$*1) = 0.

Let n =2% + ... 4+ 2% with s1 > s9 > --- > s,.. For each integer s > —2 and integer j,
let

/BS,j 25+2 + 2 + <25+27
with the convention that 35 ; = 4 for s < —2 so that

(Bs,j — 2)* = B,
for all s,j € Z. By Proposition 2.1 and (2.9), it follows that
Ps’ (/65,j> = Bsfs’,j - 2; (61)

where Py is defined as in (2.10).
Let

Rs = {ﬁs,lv ﬁs,3a 68,57 o 755,23""171} )

so R is the set of roots of Ps(z).
By (2.6) and Proposition 2.2, z,,  is the t*-coefficient of

tn
T Ty, (150

If P(") denotes the product of the Ps,, then its roots are contained in the set {8, ; | j € Z}.

By Lemma 2.3,
Z Z Bi-i—n—lti-‘rn
(PM)(B) "
= O{B|P(n>(,3 0} )(6)
Therefore,
2% i
Hn (T = Z (P(n))/(lg)
{8] P (B)=0}

It follows that if Q(x) is a linear combination of even powers of z, then

o Q(8?)
e {mpmznmzo} BPWY (B) (62

Since p, vanishes on odd powers of x, for general (), we have
1

Q (61/2) + Q (_Bl/Q)
n(Q(x)) =35 / .
' 2 oy PP

Lemma 6.3. Ifn = 2% + ...+ 2° and B, ; s a root of P™) | then

(oYl 5 o
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Proof. If j < 2°~% then by (6.1),

2wy ) s —
Py (Bs,;) = 2cos SeFr—s = 2smw >2 (1 —j2° S)

as sinz > 2 on [0,7/2]. For all s' # s and j odd, Py(fs,;) is not zero and is twice the

sine of an integer multiple of so it is at least 275"~ in absolute value. For a given

W’
J, there are |log, j| choices of s’ < s for which j > 25=% and the lower bounds they give
are 270 271 . 91-llog:2i] From these observations, we see that
.\ oo -\ 2
2r 1 > 11 |Ps,(Bsy,5)] = 27 t2m o) T (1 - 2*’) > or—39—(log2 /)*
{71 Po; (851,520} =1

On the other hand, by Lemma 2.4, if 3, ; is a root of Py (x), then

2¢
Jm_°
S1n 5sFT

|Por(Bsg)| =

Combining these facts, we see that if 3, ; is a root of P;,(z), then

9si .
o 9r—39-(082)* (6.4)

P s (P (Bor)| 2

i J
S 531+ 21T

If B,, ; is a root of Py, then j is divisible by 2%17% so 2% 751 > 571 and

’(pm))’ (Ber) .
> . .
’(P(n))/(ﬁ&,l)‘ B 452 ( D)

9—(logy 5)?

We can now prove Theorem 6.1.

Proof of Theorem 6.1. Let W = Q(V). We assume first that W is neither purely even nor
purely odd. In this case, by Lemma 6.2, there exist €,¢; > 0 such that for all v € [4 — ¢, 4]
and all © < v, we have

Q(vVv) = Q(Wu) = er(v — u).

We claim that W determines a positive integer h such that for all sufficiently large s, all
n € [2%,25%1) all k € [45Th 45Fh+1) "and all j € [1,29),

/2 1/2\*
Q 6,]) cqi O ]EBS, ) 66)
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Indeed for s sufficiently large, 851 € [4 —€,4], so

Q(sr) (B — Bog)\"
Q) 1+ 5m)

4s+h

> (14 c2(Bsy — Bs,j))
— (1 + co (4sin Gt L sin S 1)7T)>

4s+h

9s5+2 9s+2
4s+h

> (1 + c2j24: 1) > exp (03 (j2 — 1) 4h)

for some ¢y > c3 > 0 which do not depend on j or h. For j < 2% also 35; > 2, so

Bsj
55 1 2
Thus (6.6) follows easily from (6.5) when h is sufficiently large. It implies that the absolute
value of the sum of all terms
1/2\F
Q(8.7)

5o (PO ()|

is less than 1 1T 16 + .= % times

2<5 <28

Q(s)
le( n)) (631)’

By part (3) of Lemma 6.2, the terms Q(ﬁ )k for j > 2% and Q(— 6 )k for any j are
bounded above by ((1 — ¢4) dim W)* for some ¢4 > 0 which does not depend on s, j, or k.

Therefore,
Q (+872)"[8er (P™)' (8.)

Q (82" |Bus (P (8]

is bounded above by a term of the form (1 — 05)4s+h for some c5 > 0.

When s and h are sufficiently large, therefore, the expression for yu,(Q(z)*) in (6.3)
consists of a dominant term which is half the value (6.7), and a sum of other terms, whose
total absolute values is less than half as large as the dominant term. Therefore,

J1oe(En)
48,1 (PM) (Bs1)

)

(6.7)

pn(QF) =

As 51 < 4, (6.4) implies

Y 5;,/2 ’ s
16(P(5))’ (15)31) > 2! sin 23+1Q (/31/2>

>2—3 r— 28Q (/81/2)

fin (Q’“) >
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for k € [45Th 45th+1) Summing over all n € [2%,25F1), we get

2stl_1 3\ 8 s 1 3\°
2 S m@)2 (3) 2 e () = 5 (5) @(e)”

As Q'(2) > 0, there exists ¢g > 0 such that Q(ﬁ;ff) > dim W — ¢g(47°), so for fixed h and

k < 45" we can bound 4"“@(@;/12)’“ away from 0.

Finally we consider the cases that W is purely even or purely odd. In the purely even
case (i.e., when @Q(z) is an even function) we use (6.2) instead of (6.3), so we sum only
over the non-negative square roots of the g, ;. Since part (3) of Lemma 6.2 still holds, it

remains true that the terms Q(ﬁ;?)k for j > 2% are bounded above by ((1 — ¢4) dim W)*

for some ¢4 > 0. For W purely odd and for even k, Q¥ is an even function, and we proceed

as in the purely even case. Finally, for W odd and k odd, we use the fact, true for all

groups and all representations, that kaJerV > ka’W. ]
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