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Two boundary Hecke algebras and combinatorics of

type C'

Zajj Daugherty and Arun Ram

ABSTRACT. This paper gives a Schur—Weyl duality approach to the representation theory of the affine
Hecke algebras of type C with unequal parameters. The first step is to realize the affine braid group
of type C) as the group of braids on k strands with two poles. Generalizing familiar methods from
the one pole (type A) case, this provides commuting actions of the quantum group Ugg and the affine
braid group of type Ci on a tensor space M ® N ® V®*. Special cases provide Schur—Weyl pairings
between the affine Hecke algebra of type C and the quantum group of type gl,, resulting in natural
labelings of many representations of the affine Hecke algebras of type C by partitions. Following
an analysis of the structure of weights of affine Hecke algebra representations (extending the one
parameter case to the three parameter case necessary for affine Hecke algebras of type C), we provide
an explicit identification of the affine Hecke algebra representations that appear in tensor space.

1. INTRODUCTION

This paper explores a Schur—Weyl duality approach to the representations of the affine
Hecke algebras of type C with unequal parameters. Following Kazhdan—Lusztig [13], the
irreducible representations of the affine Hecke algebra are usually constructed via the K-
theory of generalized Springer fibers. This method works well when an algebraic group is
available, which is only for special cases of the three parameters t, tg, t; of the affine Hecke
algebras of type C.

G. Lusztig gave a general approach to the unequal parameter case using Kazhdan—
Lusztig bases and cells. In [16], the challenges for pushing this method through in type C
are outlined in a set of conjectures, many of which have now been settled in work of Geck,
Bonnafé, and others (see [2, 9, 11] and references there). Another analytic approach, closer
to the original classification and construction of Kazhdan—Lusztig, is given by Opdam and
Solleveld (see [20, 26] and the references there). In the type C case, Kato [12] explained
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that the “exotic nilpotent cone” can be used to replace the Kazhdan—Lusztig geometry
and obtain a complete geometric classification of the irreducible representations of affine
Hecke algebras (with mild restrictions on parameters).

In the type A case, there is a powerful alternative to the geometric method via Schur—
Weyl duality (see for example [1, 21, 28]). In this paper we provide an analogue of this
Schur—Weyl duality approach for the type C case, with unequal parameters. This is a
generalization of the degenerate case studied by Daugherty [4].

The method is the following: Let U,gl, be the Drinfeld-Jimbo quantum group corre-
sponding to the general linear Lie algebra, and let V' = C" be the standard representation
of Uygl,,. Write L(\) for the irreducible polynomial representation of U,gl,, indexed by
the partition A, let M = L((a%)) and N = L((b%)) be irreducible representations of U,gl,,
indexed by a x ¢ and b x d rectangles. There is an action of an extension of the affine
Hecke algebra of type Cj, denoted H{**, with parameters

= —jqte (Where 1= \/jl) ,

1
=gq, t§ = —ig"t, and t

[ 1
Tl

t

such that
M®NQVek is a (Uqg[n, H,?‘t) -bimodule.

We show that the commuting actions of Uy,gl,, and Hf** provide a Schur-Weyl duality,
which can be used to derive the representation theory of Hf*' from the quantum group
U,gl,,. We work out the combinatorics of this correspondence, relating the natural indexing
of H{**-modules coming from the Schur—Weyl duality to the other indexings, by describing
the weights for the action of the polynomial part (generated by Bernstein generators) on
each irreducible module.

A significant portion of the work in identifying the centralizer of the U,gl,, action on
M @ N @ V& as an extended affine Hecke algebra of type C is in relating Coxeter and
Bernstein presentations, and putting the parameter conversions into focus. The relation-
ships between these presentations are given in Theorem 2.1 for the affine braid group of
type C, and in Theorem 2.2 for the affine Hecke algebra of type C. Sections 3, 4 and 5
could, perhaps have stood as papers on their own. In Section 3, we give the combinatorics
of local regions and standard tableaux for the case of type C with unequal parameters (fol-
lowing the equal parameter case done in [22]). The main result of Section 3, Theorem 3.5,
provides a classification and a construction of all irreducible calibrated H,‘:Xt-modules. As
n [22], this classification is via skew local regions, whose precise definition of skew local
regions depends on the careful analysis of the structure of the irreducible representations
of rank two affine Hecke algebras. This analysis was done in the single parameter case
in [23]. Since the corresponding analysis for three distinct parameters in the type Co case
is, to our knowledge, not available in the literature, we have provided it in Section 4. This
will ensure that our classification of calibrated irreducible representations for HP*' with
distinct parameters, as given in Theorem 3.5, is on firm footing. The construction of the
action of H{** on tensor space is completed in Theorems 5.1 and 5.4. Finally, armed with
these tools we prove the main result, Theorem 5.5, which determines exactly which repre-
sentations of H{*" appear in tensor space, comparing the natural indexing from the highest
weight theory for gl,, to the combinatorics of the weights of the action of the polynomial
part of H{*".

Following the schematic from [21], one would like to generalize the analysis in this
paper by replacing finite-dimensional M and N with, for example, other modules from
category O. In the finite-dimensional case, the key is that R-matrices for M ®V and NV
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have only two eigenvalues. This strongly restricts the choices for M and N. Non-finite-
dimensional choices of modules M and N that satisfy these conditions exist in category O,
but additional work toward understanding the combinatorics of M ® N ® V®* in these
cases is needed. See [3] for important work in this direction.

The seeds of the idea for this paper were sown during conversations of A. Ram with
P. Pyatov and V. Rittenberg in Bonn in 2005. They suggested that one should analyze two
boundary spin chains by R-matrices, thus implying the possibility for Schur—Weyl duality
approach to representations of affine braid groups of type C. This idea was completed in
the degenerate case in [4], and significant information was obtained in the Temperley—
Lieb case in [6] (see also references there). In [5] we shall complete the connection to the
statistical mechanics by using the results of this paper to identify the representations of
the two boundary Temperley—Lieb algebra given, in a diagrammatic form, by de Gier and
Nichols in [6].

2. THE TWO BOUNDARY HECKE ALGEBRA

In this section we define the two boundary braid group and Hecke algebras and establish
multiple presentations of each. The conversion between presentations is important for
matching the algebraic approach to the representation theory with the Schur—Weyl duality
approach that we give in Section 5.

For generators g;, g;, encode relations graphically by

i 9;

@] @] means gigj = gjgi»

9i gj

O——0 means g;g;jg; = 9j9i9j, and (2.1)

Gi 9j
O——=0 means g;9;9i9; = 979i9;9i-

For example, the group of signed permutations,

Wi — bijections w: {—k,...—1,1,.. .k} - {—k,...—1,1,...k} (2.2)
0= such that w(—i) = —w(i) for i=1,...k ’ ’
has a presentation by generators sg, s1,...St—1, with relations
S0 S1 S9 Sk—2 Sk—1
O=——=0—0--------- 0——0 and sfi=1fori=0,1,2,...k—1. (2.3

2.1. The two boundary b}'aifi groups B, and BZ’“. The two boundary braid group is
the group By generated by 1oy, 11, ... T, with relations

T T T s Tea Ty (2.4)
0O——0——0--------- O——0——0

Pictorially, the generators of By are identified with the braid diagrams
f ﬂ/’
T’“ZHHHI\U o= 0N HD
s U
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and

7 1+1

1G] [

1 i+1

and the multiplication of braid diagrams is given by placing one diagram on top of another.
These pictures represent an embedding of By into the braid group on k + 2 strands. The
fixed strands can be viewed as poles.

To make explicit the Schur—-Weyl duality approach to representations of By appearing
in Section 5, it is useful to move the rightmost pole to the left by conjugating by the

diagram
— &ﬂ l
o 1 , (2.6)

where o is an element of the braid group on k42 strands. This gives a different embedding
of By, into the braid group on k + 2 with generators of B having the form

seaere 11§11 et [ 111 o
" Xy =T\ Ty T oTho Ty - Th = D/D: ] ] ] ] ] (2.8)
Define

, (2.9)

7

HHT

Z1=X1Y7 and Z; =T, (T} o---T'XiV1T1---T; 1 = \.
U Ui

7

fori=2,...k.

Theorem 2.1. The two boundary braid group By, is presented in the following three ways,
using the notation defined in (2.1).

(a) By is presented by generators X1,Y1, 21,11, ..., Tx—1 and relations
X T T Tp_o Tjp_
o O— G- OQ—O ! (a1)
Y T, T Ti_o Ti_
o O Gl 02—o ! (a2)
Z T, T Ti_o Ti_
o o, 02—o ! (a3)
and
Z1 = X,V (ad)

Ann. Repr. Th. 2 (2025), 3, p. 355404 https://doi.org/10.5802/art.27
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(b) By is presented by generators Xi1,Y1,T1,...Tp_1 and relations (al), (a2), and

(X v = v (LX), (b3)

(c) By is presented by generators Zy, ..., Zx, Y1, Th, ..., Tx—1, and relations (a2),
ZiZj = Z]ZZ fO?“ Z,j = 1, cee k, (Cl)
lez' = Z1Y1 fOT‘ 1= 2, e k, and (02)

T2 = ZiT, for j+#ii+1, ,
with i=1,...k—1, and j=1,...k, (c3)

and

Z'i+1 = T;ZlTZ fO’F 1= 1, ook —1. (C4)

Proof. With ¢ as in (2.6) let T, = oTpo "', so that the original generators are the o-
conjugates of

To,Tl,...Tk. (O)
Conjugate the relations in (2.4) by o to rewrite them in the form
i Tv T Ty—2 Tk
O=——=0—"0-------~" O——0 |, TpTk1TkTk—1 = Th—1TkTh—1Tk, (o1)
Tkyl = YlTk, and TkTi = TZ'T]C, for ¢ = 1, o k—2. (02)

The conversions between the generators in presentations (a), (b), and (c) are given
in (2.7), (2.8), and (2.9). For generators (a) and (b) in terms of generators (o), the key
relations are

Vi=Ty, Xa=T7"' T, \TWTp1-- Ty and Typ=Te - DX Ty TY.

Relations (a) from relations (b). Relation (a4) is the conversion from generators (b) to
generators (a). The relations in (a3) then follow from

T’Z‘Z1 :T'ZX1Y1 :XlT‘iyl :X1Y1T'i :ZlT'i, fOI‘i:2,...k‘—1,
and
NATZ = TIXA T XY = T (WOXGTTY) Ty = TiXa (TG T ) Ty
= X' X\ VT 'Yy = X\ X TV iy, = Xy X T i T Ty
= X\ Y\ X T, Tty = Z\T 2, Ty
Relations (b) from Relations (a). Multiplying
e (T1X1T1—1Y1) Yy = X\ XTI 'Yy, = X Xa T iy,
= X\ X Ty T = X\ X170 T = 211 70Ty
= NZTZ = XN TIXY = TiXs (MG T T

on the left by (T3X;)~! and on the right by (T1Y7)~! gives T1X1T1_1Y1 = Y1T1X1T1_1,
establishing (b3).

Ann. Repr. Th. 2 (2025), 3, p. 355-404 https://doi.org/10.5802/art.27


https://doi.org/10.5802/art.27

360

Zajj Daugherty € Arun Ram

Relations (b) from relations (o). The pictorial computations

IPIT (-3

:LH HWJ .

ﬁ

|

|

N

151

show that X1T; = T;X; fori = 1,2,...k — 1, V1 X1 Ty ' = Ty X T MY, and X0 T X0 Th
= T1 X171 X;. Hence the relations (al) and (a2) follow from the relations in (ol) and (02).

Relations (o) from relations (b). The first set of relations in (ol) are the same as the
relations in (a2). Let A =Ty_1---77 and B = Ty_1---T. Since X; commutes with T;
fori=2,...k—1, then BX;B™ ! = X1 so that

ABX;B A ' = &

and

ABT\B~'A™! =

WL =

Thus, by conjugation by AB, the relation X111 X1 = T1 X111 X1 becomes T Ty 1T Tk_1
= Ty_1T1T;—1 T}, establishing the second relation in (ol). Fori=1,...k — 2,

T =TT - T X Ty T
=Tpo1 - T2 T Ty - - T X T T
=Tp1- T2 T TTin Ty - - TV X0 Ty T

=Tp 1" T1X1T1_1 .. 'T'_sz+1T 1lerl Tk_l
=Thr - DX I TAT T AT - T
=Ty TleTf ...... T, I = T T;.
Similarly, (b3) gives
YTy = YiThy - T X0 T Tyt - T,;ll
= T L (M) Ty T

=Ty T (XTI YA) Ty e T
= Ty LOX T Ty - T Y = TiY,
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giving the relations in (02).

Relations (c) from relations (o). The first set of relations in (ol) are the same as the
relations in (a2). Relations (c4) are exactly the definitions in the second part of (2.9).
The pictorial computation

M [ M J[

give relations (cl). Similarly, pictorial computations readily show that Y17; = Z;Y; for
i >1and T;Z; = Z;T; for i # j,j + 1, proving relations (c2) and (c3).

Generators (o) from generators (c). The key formula for the generator Ty, is
Tp=Te1---Th (Tfl .. 'TkillTka—l .. 'T1)
Yi(Th - Ty—) (Tk__ll - 'Tl_l) v (Tl_l : "Tk_—11>
= (Tpor - T)X YA (T - Th1) Ty, = ZkTs;l,

where

R
Ts, =Thp1Tg—2 - T1YV1T1 - T 2Ty = [] M

Relations (o) from relations (c). The first set of relations in (ol) are the same as the
relations in (a2). The relations

Ts, Y1 = T, and T, T = TiTs,, fori=1,..., k—2, (2.10)
are verified pictorially by

M- ' ' L1~ ' \ }

D= (R e =L

0 VT { VT

or by direct computation using the relations in (a2).
By (2.8) and (2.9), Z = T} T, and, by (c3) and (c2) respectively,

BT = 20, T = BT, =TAT, =Tk, fori=l...k=2
and T.Y; = ZkTs;lYl = Zk)/lTs;1 = lekTS;1 = Y17k, '
which proves the relations in (02).
By the relations in (2.11) and the second set of relations in (2.10),
(61, 1) T = T (AT, T )
and
AT, T )T, =T, (T,4T., T,
k—1"S¢Tk—1) ~ 5S¢ s \ k=18t Ek-1)>
so that (T,;_llTsz,;_ll)(TkTsw) = (TkTsw)(T,;_llTsz,;_ll). Using these and the equality
Ty1ZxZg-1 = Tho1Zk-1Zk = Zk Ty L\ 21 = ZiZp—1Tk-1,
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we have
Te1 2621 = Tir Zk (T4 20T ) = Tooa (TET ) T (T, )T

= Th T Tkt (T T, T ) TRT, T,

= (Tk—lTka—lTk)(Tk_—llTSsoTk_—llTsapTl;—IJ

= ZyZg1Tp-1 = Zy (Tk_—llszk_—ll) Ty—1 = (TkTsw)Tk’_—ll (TxTs,)
= Ty Th 1 (T,;JlTszgfl) (Tx Ts,,)

= T3 T—1 (T Ts,) (Tk_—llTSwTk_—ll)

= (kT2 Th T (T551T5¢T551T5¢T1551) :

Then multiplying on the right by (T,;_11T3¢T,;_11TS¢T ];_11)_1 establishes the last relation

in (ol). O
In preparation for the definition of the group B{*' introduce a new (diagrammatic)
generator
w11
(
Then
NSERERRIN I
P2y, P12 = [[\ =2 —Y7X Y (2.13)
A "
and ;
PY2x P12 = % J = HM [ =Y (2.14)
g !

Following these pictorial computations, the extended affine braid group is the group Bg*
generated by By and P with the additional relations

PX\ Pl =77 X7, PY ' Pt = 7' 74, (2.15)
Pz Pt =7, and PT,P ' =T, fori=1,...,k—1. (2.16)

Note that the element
Zy=PZy---Z is central in B (c0)

since the group B§*' is a subgroup of the braid group on k + 2 strands, and Z is the
generator of the center of the braid group on k + 2 strands (see [10, Theorem 4.2]). So

ifD:{Zg"jeZ} then B =D x By, with D~Z.

2.2. The two boundary Hecke algebra H{*'. In this subsection we define the two
boundary Hecke algebras and relate it to the presentation of the affine Hecke algebra of
type C that is found, for example, in [16, Proposition 3.6] and [18, (4.2.4)].

Fix a1, as, b1, bs, t2 € C*. The extended two boundary Hecke algebra H* is the quotient
of B by the relations

(X1 —a)(X1—a2) =0, (Yi=b)(Yi—by)=0, and (T,—13)(T+¢72) =0, (h)

https://doi.org/10.5802/art.27
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fori=1,...k— 1. Let

1 1 1 11 i
tp =ai(—az)”2 and t5 =bj(—by) 2. (2.17)
With Z; € HP as in (2.9), define
_1
T() = bl 2(—62)_%}/1, Wz’ = —(alagblbg)_%ZZ’ for ¢ = 1, e ,k, and (2.18)

Wo = PW1 tee Wk = (—1)k(a1a2b1b2)_§PZl cee Zk = (—1)k(a1a2b1b2)_§Z0. (2.19)
Then
1
X1 = lefl_l = af (—CLQ)%WlTo_l. (2.20)
Theorem 2.2. Fiz tg,tx,t € C* and use notations for relations as defined in (2.1). The

extended affine Hecke algebra HP*® defined in (h) is presented by generators, Ty, Th, ..
Te_1, Wo, W1, ..., Wi and relations

D

ext T() Tl TQ Tk_Q Tk—l .

Woe Z (Hk ) , o2 - s (B1)
WiW; = W;W;,  for i,j=0,1,...k; (B2)
TOWj = WjT(), fOT ] 7& 1; (B3)

T;W; =W;T;, fori=1,... k-1
and j=1,...k with j #i,i+1;

1 _1
(To—t§> (To+t02> =0,
/ ) (H)
and (Ti—t?) (Ti—i—t_§> =0 fori=1,...k—1.

Fori=1,...k—1,

1o\ Wi = Wi
TW, =W, (T, + (t2 -t 2 ) ——————,
SN ©
1 _1 Wi.t,.l — Wz
TWin1 =W, T, + (t2 -t 2 ) ————,
o ( ) 1 - WiWiill
and
11 11 Wy — Wit
TOW]_ — Wl_lT() "‘ ((tg - to 2> + (th - tk 2> W1_1> 117‘/‘/_12 (02)
- W

Proof. The conversion between the different sets of generators of Hf*' is provided by (2.18).
Equivalence between (c0-c4) and the second and third relations of (h) with the relations
(B1-Bj) and (H). Since Ty and Y; differ by a constant, and W; and Z; differ by a constant,
the relations in (c0—c4) are equivalent to the relations in (B1-B4), respectively. Since

)

[N

0= (Y1 — b1)(Y1 — by) = bE (~bp)? (To - b%(—bzré) b2 (—bo)? (To b7 (—by)

1 _1
= —b1by (T() _t5> (Tg + iy 2) ,

the relations (H) are equivalent to the second and third relations in (h).

https://doi.org/10.5802/art.27
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Relations (C1-C2) from relations (c0-c4) and (h). From (2.9) and (2.18), W1 = T;W;T;,
and by the last relation in (h), T[l =T, — (t% - t*%), So

1

W, = WH_lT = l-_i_l(Ti—(t%—fﬁ)):WiHTi_;_(t%_f%)M

1-W; i+1
and

1 1 1 i\ Wi —W;

TiWis1 = TPWT; = <t2 —t 2) Wi + WiT; = WiT; + (t? —t 2) 1_1—;;/”4/”%11’

which establishes the relations in (C1).
1

By the first relation in (h) X, = —artay X1 +(ay +ay ). Since Wy = al_i(—ag)féXlTo

l\)\»—‘

ToWy — Wl T() = al - ToX1To — al GQ)TO_IXl_lTO)

l\)\»—‘

w\»—t

73
(T0X1T0 + a1a2T (—GIIGQ_IXl + (al_l + CLQ_I)) T())
— ot

(To - ) X1To + (a1 — (- az)))

<t§ —t52> Wi + (t,g —t,:2> ,

which establishes (C2).
The first relation in (h) from the relations (B1-B4), (H) and (C1-C2). By (C2),

1

1 1 _ _ _
ay 2(_ )75 (TOXlTO - al( a2)T0 le 1T0) =ToW; — Wl 1T0

PO | FER
= (tg—tOQ)Wl-i-(Q—th)

1

= a; *(~a2) "2 (T = T5") XaTo + (a1 — (—a2)))

1 1 _ -1 - - —

=a; *(—az)"2 <T0X1To +arasTy ! (—a1 Yag Xy + (al 14 a; 1)) To) ,
giving X; ' = —a7'ay' X1 + (a7 + a5 '), which establishes the first relation in (h). O
Remark 2.3. Let wa = s1S2...8k_1Sg_2---S1 be the longest element of the group

WA, = (s1,...56-1), and let Tp,, = Th'T>...Tp_1Ty—o---T1 be the corresponding ele-
ment of Hy or H*'. Let

N|=

_1
Tov = Ti, TiTw, = ay *(—az)”

= WlT(;l,

Ann. Repr. Th. 2 (2025), 3, p. 355-404 https://doi.org/10.5802/art.27
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and note that T,L;AIT;C_lTw 4, =1T1. Then
1 _1
(Tov — ti) (TQ\/ + tk 2> =0 and TOVTlTOVTl = TlToleTov.
As vector spaces,

Ht =W, Wit wiE] @ Hi, (2.21)
where HE“ is the subalgebra of H{*' generated by Tp,Th,...Tx—1. The algebra H,?n is
the Iwahori-Hecke algebra of finite type C. If sg, s1,...s,_1 are the generators of Wy as
given in (2.3), write Ty, = Ty, - T, for a reduced expression w = s;, - - - 54,, so that

{Ty | weWn} is a C-basis of H™.

Thus (2.21) means that any element h € H** can be written uniquely as
h=Y hyTw,  with h,€C [W[;—Ll, WEL W,jﬂ] .
w € Wo
Let
WA = WRWM W2 W for A= (Ao, Aty ... M) € ZFFL (2.22)
Relations (C1) and (C2) produce an action of YWy on

C [W()il,Wlil, . W]j:1i| = spall¢ {W/\ ’ A= ()\07)\15 B Ak) € Zk+1} .
Namely, for w € Wy and \ € ZF+1)
wW? = WA, where $0A = $0(A0;, A1y -+ Ak) = (Ao, —A1,... Ag), and

Si)\ = Si()\o, )\1, N )\k) = ()\0, )\1, e )\Z',l, )\Z'Jrl, )\i, )\i+2, e )\k), (223)

fori=1,2,...k—1 (see [22, (1.12)]). With this notation, for A\ € Z¥*1, the relations (C1)
and (C2) give

A SiA
LW = Wt 4 (1 - 3) (2.24)
1— WiWi+1
and
1 _1 1 _1 WA — WWsoA
TyWA = W T, + ((tg —tg 2) + (t,g —t, 2) Wl‘l) —_, (2.25)
and, replacing s; A by u,
B Vi sk
WHT, = W™t + (12 — %) % (2.26)
1= WiWiJrl
and
FER 11 1 Jysom
WHTy = ToW=or + (<t§ -t 2) + (t,ﬁ — 1 2) Wl_l) m, for u € ZF+1,
-
(2.27)

The subalgebra Hy C H,‘j’“ generated by Wy,..., Wy and Ty, ... Tj_1 is the affine Hecke
algebra of type C considered, for example, in [16]. The following theorem determines the
center of H** and shows that, as algebras, H** is a tensor product of Hy by the algebra of
Laurent polynomials in one variable. It follows that the irreducible representations of Hf*
are indexed by C* x H L, Where H  is an indexing set for the irreducible representations
of Hy. This indexing set will be used in Theorem 3.5(a) and Theorem 5.5.

Ann. Repr. Th. 2 (2025), 3, p. 355-404 https://doi.org/10.5802/art.27


https://doi.org/10.5802/art.27

366 Zajj Daugherty € Arun Ram

Theorem 2.4. Let Hj, be the subalgebra of H*' generated by Wi,... Wy and Ty, ...,
Tip_1. As algebras,

HS =~ [Woil} ® Hy, (2.28)
The center of H*' is

Z2(HpY) = C Wit @ C (Wi, .. W,;ﬂ}W“

)

and HE*' is a free module of rank Card(Wp)? = 22K (k!)2 over Z(HY).

Proof. As observed in (c0), Zj is central in B§**, and so Wy = (=1)*(aragbibz)¥/? Zy is
central in Hg**. Thus

H> = C [Wgﬂ} ® Hy.

By the formulas (2.23), the Laurent polynomial ring C[Wi, ... W' is a Wy-submodule
of (C[Wgﬂ, Wlﬂ, - W,j:l], and
W, Wi
clwet witt, L wE ] =it wE] T e e g (2.29)
The proof that Z(HX) = C[Wi, Wi, ... W™ is exactly as in [24, Theorem 4.12).
The fact that H* is a free module of rank Card(Wp)? over C[C[W, Wit .. WE )
follows from (2.21) and [22, Theorem 1.17]. O

2.3. Weights of representations and intertwiners. Let t2 € C* be such that (t%)e #
1 for ¢ € Z. (This restriction allows us to avoid the combinatorics of periodic configurations

that would be necessary to handle the case when t2 is a root of unity, see [22, § 7]).
All irreducible complex representations «y of the algebra C[ng, Wlﬂ, e ,W,jd] are one-
dimensional. Identify the sets

C= {irreducible representations «y of C [Woﬂ, Wlil, .. W,fl} }
< {sequences (2,715, 7k) € ((CX)kH} (2.30)
— {sequences ((,c1,...0r) € (CkH}
via
Y(Wo) = z = (—=1)kt¢ and Yy(W;) =~ =—tfori=1,...k (2.31)

(the choice of sign in the last equation is an artifact of equations (5.32) and (5.33) and
an effort to make the combinatorics of contents of boxes Section 5 optimally helpful). It
should be noted that the last arrow in (2.30) involves a choice of branch of the logarithm.
The action of Wy from (2.23) induces an action of YW, on C by

(wy) (W) =~ (W*Y), for w € Wo and A € ZVH. (2.32)
Letting c_; = —¢;, the action of W, can be given, equivalently, on sequences (¢, c1, ..., ck),
by

w((,ery...06) = (C, Cow1(1)s - - .Cw—l(k)) , for w € Wy. (2.33)

Let H be the extensions of HP by the rational functions in Wy, ... W:

HP = C[Wi| @ C(Wh,... W) @ HE™,
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where H,fjn is the subalgebra of HP*' generated by Ty, T4, ... Ti—1. The intertwining oper-
ators for H§*' are

1 1 1 1
2,73 3 473 -1
To — and 1=T — ———— (2.34)

1-Ww? 1-ww;

To =

for i = 1,2,...k — 1. Proposition 2.5 shows that these operators satisfy 7oWW?* = W*orr,
and ;WA = W97, so that, for w € Wy and A = (Ag, ... \) € ZF T,

T WA = Ww/\Tw, where 7, =75, ... T, (2.35)

for a reduced expression w = s;, - - - 5;,.

Each H{**-module M can be written as M = @ ME™, where for v = (2,71,... %) €C,
y€eC

there exists N € Z~ ¢ such that (Wy — 2)Vm = O}

2.36
and (W; —v)"m=0fori=1,...,k (2:36)

ME™ = {me M

is the generalized weight space associated to . The intertwiners (2.34) define vector space
homomorphisms
To: ME™ — MET and T ME — MET fori=1,...,k—1, (2.37)

where

~1
70 is defined only when 47 # 1, so that (1 - Wy 2) is well-defined on M and

-1
7;is defined only when ~; # ;11, so that (1 — WZW;D is well-defined on Mgen
fori=1,...k—1.

Proposition 2.5 (Intertwiner presentation). The algebra H et s generated by Wy and
70, ... T and C(Wh, ... W) with relations

70 T1 (p) Tk—2 Tk—1
O=——=0—0-------~-- 0——o0 (2.38)
in the notation of (2.1);
oW1 = WflTo and ToW; = Wity for j # 1; (2.39)
fori=1,...k—1,
Wi = Wi+17'@' and TiWiJrl =W;r; fO’I“i >0, 9 40
and T;W; =Wt forj#i,i+1, (2.40)

11 1 _1 11 L 1
) (1 17 W1_1> (1 +13t, 2W1—1> (1 +tg 27 W{l) (1 —to 2t QWI_1>
8 = ;o (2.41
0 1—w;! 1+ Wt 1+ Wt 1—wy! (2.41)

) (t% - f%Wi‘le) (t% — féWijrllWi) |
o (1 B W'71Wi+1) (1 — erllWi) fori=1,...k—1. (2.42)

7
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Proof. The proof of the relations in (2.38) is accomplished exactly as in the proof of [22,
Proposition 2.14 (e)]; relation (2.42) is [22, Proposition 2.14 (c)]. Let us check the relations
in (2.40) and (2.41).

Using (C1),
b
iWi=\Ti————— | Wi
= Wi T+ (t2 —72) Wi~ Wit GEYa) Wi
L= WiW; 5 1 =WiWi
1
t2 —t 2
= Wi T; Wit
“( 1 mwﬁ) "

Similarly, using (C2),

1 1 1 _1
(tg —t02> + (t,ﬁ —t,ﬁ) Wit
oW1 = | To — Wi

1 -1 1 _1
1 _1 1 1 (tg_t02>W1+<tlg—tk2)
=W T+ (1 -0t w (o -0t -

1—-Ww?
L1 1
(tg —t 2) + (t,ﬁ —t 2) Wt
=W | T - = Wi 7.
L 1— W2 o
Fori=0,...,k—1and j # 7,7+ 1, 7; and W; commute by the second set of relations

in (C1). These computations establish the relations in (2.39) and (2.40).
11
By the first relation in (H), Tp = Ty ' + (tg — o 2), so that

1 _1 1 _1
(tg —t, 2) + (t,g —t,ﬁ) Wit
Ty —

7‘:
0 1— W2
22—\ W (2 -\ w
. 1 -1 0 0 1 k k 1
:TO + to—to + 1—W12
1 1 1 1
(ﬁ_%ﬁ+(¢_%ﬁwq
=77t .
o 1—-W?
Then
11 1 1
(tg—t02)+(t,§—tk2)wl—1
2
’7'0 =170 To— )
1—W;
1 1 1 1
<t§—t02>+<t,§—tk2>Wl
=791p — 7o
1—-W?
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1 _1 1 _1
(tg —t, 2) + (t,g —tk2> Wi
= (75! Ty

* 1—W?
1 _1 1 _1 1 _1 1 _1
(tg—t02>+<t,3—tk2)wl (tg—t02>+<t,§—tk2>wl—1
Th —
11— W2 ‘ 11— w2
1 1 _1 1 _1 1 _1
(t5t02>+(tktk2>W1 (t§t02)+(t,§tk2>Wll
=1
* 1-W? I
1 1 1 1 1 1 1
(tg—t()?)WlQ—i—(t,f,—tk?)Wfl (tg—to )+(tk—tk2)Wf1
=1- -2 2
11— W L=W

(1w
so that
11 1 _ 1 _11 _1 1
<1 —t3t? Wl‘1> (1 + 13t 2W1_1> (1 +to 2t} Wl‘1> (1 —to 2ty 2W1‘1>
2
TH = ’
0 1+ Wt 1—wit 1—wit 1+t
establishing (2.41). O

3. CALIBRATED REPRESENTATIONS OF H,‘j;"t

A calibrated H{**-module is an HX*-module M such that Wy, Wy,... W}, are simul-
taneously diagonalizable as operators on M. In the context of (2.36), M is calibrated
if

M = @ M., where
yeC
My={meM|Wom=2zm and Wym=ymfori=1,...k} (3.1)

for v = (z,7,...7) € C. Another formulation is that M is calibrated if M has a basis
of simultaneous eigenvectors for Wy, ... Wj. This section follows the framework of [22]
in developing combinatorial tools for describing the structure and the classification of
irreducible calibrated Hf**-modules. In Section 5 we will use this combinatorics to analyze
and classify the H**-modules arising in the Schur-Weyl duality settings.

With notations as in the definition of Wy in (2.2), the reflection representation of Wy
is the action of Wy on hr = R* given by

w(ey,...cx) = (Cw—l(l), . 'Cw—l(k)) , where ¢_; = —¢; for i = 1,2,.. . k.
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The dual space hp has basis €1,...,er, where ;: hg — R is the R-linear map given by
gi(v,...vk) = vi. With e_; = —¢;, the action of Wy on R* produces an action on br
given by we; = €,-1(;).

Let

Rt ={ey,...exfU{ej —eiej+ei | 1<i<j<k}
:{61,...€k}|_|{5j—5i | 1§Z'<j§k}|_|{€j—€,i | 1§Z<]§k‘}

:{61,...€k}|_|{5j—5i i, je{—k,....,—1,1,...k},i<ji#—j}.
If w € Wy, the inversion set of w is
R(w) = {a € R* |wa ¢ RY} (3.2)

={g |ifi>0and w(i) <0}U{e; —¢ |if0<i<jand w(i)>w()} (3.3)
Ufej+e |if0<i<jand—w(i)>w(y)}.
The chambers are the connected components of

be\ |J b%  where §* ={y€br|aly)=0}.

a€Rt
The fundamental chamber in by is
C:{cebR ‘ a(y) € Rog fora€R+}:{(cl,...,ck) € RF ’ O<cr<ecg<--- <ck},
and the group Wy can be identified with the set of chambers via the bijection

a(c) € Ry if @ € R(w) and
alc) e Rugif a € RP\R(w) [~

Wo «— {chambers}

. 1y
W w-lc - Since w C—{CEF)R

the set R(w) determines w.
3.1. Local regions. For v = (v1,...7) € (C*)¥, define
Z(v) ={ei | 'Yi:il}l—l{gj_gi 0<i<j, " 21}
Ufej+e | 0<i<j,viv; =1},

11\l _1 1\ #H

P(V)Z{& %E{<t§t1§) =<—to2t1§) }} (3.4)
|_|{€j—€i 0<z'<j,%-’y]71:ti1}
|_|{€j+6i 0<i<j,”y¢’yj:ti1}.

These sets keep track of the zeros and poles of the right hand side of (2.42)and (2.41)

when 72,72, ..., 72 are acting on Mg, Using the conversion from 7; to ¢; as in (2.31), let

11 11
v = —t%, andset —t" =—t2t,;* and —t" =1t213, (3.5)

so that —t*"1 and —t*"2 are the eigenvalues of W; that cause 74 to have a nonzero kernel
(see (2.41)). Then, for ¢ = (c1,...cx) € CF let c_; = —¢; and define

Z(c)={ei|ci=0}U{ej—¢e; |0<i<jandc;—c¢ =0}

Uf{ej+e | 0<i<jand¢cj+ ¢ =0}, (3.6)
P(c)={ei | cie{xr,£m}}U{e;—e |0<i<jandc; —¢ ==+1}
|_|{€j+67;|0<i<jandcj+ci:j:1}. (3.7)

Ann. Repr. Th. 2 (2025), 3, p. 355404 https://doi.org/10.5802/art.27


https://doi.org/10.5802/art.27

Two boundary Hecke algebras 371

A local region is a pair (c,.J) with ¢ € C*¥ and J C P(c). The set of standard tableauz of
shape (c,J) is

F©D = {w e Wy | R(w) N Z(e) =0, R(w) N P(e) = J}. (3.8)

As in [22, § 5 and § 8] the local regions (c,.J) and standard tableaux w € F(®7) can be
converted to configurations of boxes x and standard tableaux S of shape x similar to those
that are familiar in the literature on irreducible representations of Weyl groups of classical
types. As explained in [22, § 5.11], the definitions of Z(c) and P(c) make it possible to
view the general case ¢ € C* as pieced together from the cases ¢ € (Z 4 3)* where 3
runs over a set of representatives of the Z-cosets in C. Below we make the conversion
between local regions and configurations of boxes explicit for the cases when ¢ € Z* and
ce (Z+ %)k . These are the cases that appear in the Schur—Weyl duality approach to the
representations of Hf*' explored in Section 5. As in [22, § 8], it is also true that these
cases are sufficient to determine the general ¢ € (Z + 3)* setting.

Let (c,J) be a local region with ¢ = (c1,...cx),

1 k
ceZF or c€<Z+2> , and 0<c <---<g. (3.9)
Start with an infinite arrangement of NW to SE diagonals, numbered consecutively from
Z or 7 + %, increasing southwest to northeast (see Example 3.1). The configuration k
of boxes corresponding to the local region (c,.J) has 2k boxes (labeled box_g,...box_1,
boxi, . ..boxy) with the following conditions.

(k1) Location: box; is on diagonal ¢;, where c_; = —¢; for i € {—k,... —1}.
(k2) Same diagonals: box; is NW of box; if ¢ < j and box; and box; are on the same
diagonal.

(k3) Adjacent diagonals:
o If e; —¢; € J, then box; is NW (strictly north and weakly west) of box;:
o Ife;—¢; € P(c)—J, then box; is SE (weakly south and strictly east) of box;:

(k4) Markings: There is a marking on each of the diagonals r1, —r1, r2 and —rs.
o If ¢, € J, box; is NW of the marking on diagonal ¢;:

e If ¢; € P(c) — J, then box; is SE of the marking in diagonal ¢; :
Condition (k1) enables the values (c¢_g,...,c_1,c1,...,ck) to be read off of configuration
k. The sets Z(c), P(c), and J can also be determined from the configuration x since

Z(c) ={e; | 0 < i and box; is in diagonal 0}
U{ej —e; | 0 < i < j and box; and box; are in the same diagonal}

U{ej+¢e; | 0<i<jand box_; and box; are in the same diagonal} ,
P(c) ={&; | 0 <i and box; is in diagonal r; or ro},

U{ej —e | 0 < i< jand box; and box; are in adjacent diagonals}

U{ej+¢e; | 0 <i<jand box_; and box; are in adjacent diagonals},
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and
J ={e; € P(c) | box; is NW of the marking}
U {e; —e; € P(c) | box; is northwest of box;}
U {e;j +¢&; € P(c) | box; is northwest of box_;} .
A standard filling of the boxes of k is a bijective function S: k — {—k,... —1,1,...k}
such that

(S1) Symmetry: S(box_;) = —S(box;).
(S2) Same diagonals:
If 0 < i < j and box; and box; are on the same diagonal then S(box;) < S(box;).
(S3) Adjacent diagonals:
If 0 < i < j, box; and box; are on adjacent diagonals, and box; is NW of box;,
then S(box;) < S(box;).
If 0 <7 < 7, box; and box; are on adjacent diagonals, and box; is SE of box;, then
S(box;) > S(box;).
(S4) Markings:
If box; is on a marked diagonal and is SE of the marking, then S(box;) > 0.
If box; is on a marked diagonal and is NW of the marking, then S(box;) < 0.
The identity filling of a configuration & is the filling F' of the boxes of k given by F'(box;) =
i, fori=—k,...,—1,1,... k. The identity filling of k is usually not a standard filling of
(see Example 3.1).

Example 3.1. Let k =4, r; = 1, and ro = 3. Consider ¢ = (—3,—-2,-2,2,2,3). Then
Z(c) ={e2 —e1} and P(c) = {e3, e3 —¢€1, €3 —e2}.
The box configurations corresponding to J = {e3 —e2} and J = {e3,e3 — 1,63 —e2} (filled

with their identity fillings) are

012345 01\2\345\

NONONC N NN AN N
TR ENRIRNE
_2\ ll 3 _2\ 1
_Z\i\ || 2] N
_5\ -2 _5\
N -3 ‘1‘ N -1

-3
J = {e3 — &2} J = {e3,e3 —€1,e3 — €2}

For both configurations, the identity filling is not a standard filling. Examples of standard
fillings of the configuration corresponding to J = {3 — €2} include
, , and , but not :

The proof of the following proposition is a straightforward, though slightly tedious,
check that the conditions R(w) N Z(c) = @ and R(w) N P(c) = J from (3.8) convert to
the conditions (S2), (S3), (S4) on standard fillings of shape . The proof is similar to the
proof of [22, Theorem 5.9].

Proposition 3.2. Let k be a configuration of boxes corresponding to a local region (c,J)
with ¢ € ZF or c € (Z + %)k For w e Wy let Sy, be the filling of the boxes of k given by

Sw(box;) =w(i), fori=—k,...—1,1,...k.
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The map

Fl) s {standard fillings S of the bozes of K}

1s a bijection.
w — Sw J

_ _ 3 1% L, _ (11 3 3 5 9 11 13 13 15 15 17
Example 3.3. Let k = 12, r = 5 T = DR Cc = (5,5,5,5,5,5,7,7,7,7,?,7) and

g { €3,€10,E3 — €2,64 — €2,E5 — €4,E8 — €7, }
€10 —€8,€10 —€9,€11 — €9,€12 — €10,€12 — €11

Let

-9 10 -8 76 3 415 —-11 2 -12

Then, for the corresponding configuration of boxes k, the identity filling F', and the stan-
dard filling S,, corresponding to w are

w-(l 2 3 4567 89 10 11 12)6.7:(°’J).

17 17
2 2
R L
z |12 2 b2
. 10[-. L Laal™,
2 2 8 [11]~ 2 2 1]2
67]9/ 31415
F = 2[1[3]5 and S, = L10-9[-8] 6
B P . [T
2 -5]-3[-1] 2 z 68910
Car ]9]-7]6 a7 [543 S
2 - 111-8 2 2]
.10 R
H2 2]

Remark 3.4. Borrowing a physical intuition, configurations are invariant under sliding
boxes along diagonals like beads on an abacus, so long as boxes that run into each other
are not allowed to exchange places, i.e. for most ¢ € Z,

c+1 c+1 c+1
c c c

- #

Then by arranging configurations so that the boxes are packed together, standard fillings
of configurations are exactly analogous to standard tableaux for partitions.

The only exception to this physical intuition is for boxes on the diagonals i%. Note that
if ¢; = %, then box; and box_; are on adjacent diagonals. However, since 2¢; =¢; —e_; ¢
R* and therefore never in P(c), the relative positions of box; and box_; will never be
recorded in the set J. For example, in Figure 4.2, the point where (c1,¢c2) = (%, %) has two
configurations, each with two boxes overlapping in indication that box; and box_; may
“slide past each other”. The drawing

1
2 —

: 2N
represents the equivalence of and ,

1
2

Nl
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(with boxes filled in the identity filling) where box; and box_; can move freely past each
other, and

% represents the equivalence of

where boxg and box_o can move freely past each other. In these two examples €] —e_o €
P(c) and €2 —e_; € P(c) and so the relative orientation of boxs and box_; and the
relative orientation of box; and box_s are recorded in J. Each configuration has exactly
two standard fillings.

[N

=
[=]w]

and

(NI

3.2. Classifying and constructing calibrated representations. Theorem 3.5 below
provides an indexing of the calibrated irreducible H{**-modules by skew local regions. A
skew local region is a local region (c,.J), ¢ = (c1,...c), such that if w € F(©) then

we = ((we), ... (we)y,) satisfies
(we)1 #0,  (we)2 #0,  (we)y # —(we)e,
(we); # (we)iyr fori=1,...k—1, (3.10)

and (wc); # (we)jpe for =1,...k—2.

1 1
Theorem 3.5 is completely analogous to the same theorem for the case ts = tg =t

in [22, Theorem 3.5]. As explained in the discussion and remarks before [22, Lemma 3.1]
in [22, § 3|, getting exactly the right definition of skew local region for the purpose of
Theorem 3.5 is accomplished by a detailed computation of the irreducible representations
in rank two cases. More specifically, for I C {0,...,k}, let H; be the subalgebra of H{**
generated by {T;};c s and C[Wi™!, ... W], Then the conditions in (3.10) guarantee that
for w € F/) and i,j € {0,1,...sk — 1},

there exists a calibrated Hy; j;-module M with M # 0.

C

The cases where Hy; ;1 is of type A x Ay or of type A are checked in [23]. However, when
Hy; jy is of type Cy and there are three distinct parameters, we do not know a reference
for this. So in the effort to provide a more complete presentation, we have done the

1
appropriate analysis in Section 4 for all generic choices of the three parameters t%, tg, and
1

tZ, as given in the following theorem (see also (4.1)).
1 1
Theorem 3.5. Assume t%, 5, and t} are invertible, t3 is not a root of unity, and
11 11 11 _1 1\ El
132t 22 ¢ {1,—1,ti%,—ti%,til,—til} and 2t # (—to 2t,3> .
(a) Let (c,J) be a skew local region and let z € C*. Define
H,iz’c"]) = spang {vw ‘ w E f(c"])} , (3.11)

so that the symbols vy, are a labeled basis of the vector space HIEZ’C’J). Let

v =—t% fori=1,2,...k, and Yo = Z’}/;ll(l) x "y;}l(k).
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Then the following formulas make H,gz’c"]) into an trreducible H,Z’Xt—module:

PW1 e kaw = ZUy, va = Y0Vw, I/Vivw = ’yw—l(i)vw, (312)
1 _1
Tivy = [n]wwvw + \/_ ([T:L]ww - tQ) ([T:L]ww +t 2) Vs;w) (313)
for i=1,..., k-1,
1 _1
T()Uw = [TO]waw + - ([TO]ww - t@) ([TO]ww + t() 2) Vsgws (314)
where v,y = 0 if s;w & Fed)  and
1 1
t2 —t 2
[ﬂ]ww = 1 1
= Yt (@) Vw1 (i+1)
FeE) o () S
(to — 1ty ) + (tk — 1 )'Yw—l(l)
and  [Tolww = — .
L=, %50)
(b) The map
C* x {skew local regions (c,J)} <+— {irreducible calibrated H** -modules}
(z,¢,J) > H,gz’C’J)

s a bijection.

Proof. This result follows from [22, Theorems 3.2 and 3.5]. It is only necessary to establish
that the formulas in (3.12), (3.13), and (3.14) are correct. These are derived in a similar
manner to [22, Proposition 3.3] as follows. As in [22, Theorem 3.2], if M is an irreducible
calibrated H**-module then

M= p Mg, with dim(ME") = 1 if ME # 0.
w € Wo
For w € Wy, if Mg # 0, let vy, be a nonzero vector in MET'; otherwise if Mg = 0, let
vy = 0. By (2.37), 7jvy = [Ti]s;w,wVs;w for some constant [Tj]s,. . and the definition of 7;
in (2.34) gives that

1 1
t7 —t72
Tivy = ’ _2 Vw + [Ti]sswwVs;w fori=1,...k, (3.16)
L= Y160 Vop=1(i4-1)
and
1 1 1 1 )
(t(? — 1t 2) + (tﬁ — b 2) Yw=1(1)
T0U7 = Uy + [TO]sow,wUsow- (317)

)
1=, %)

1 1
Thus Ty is an operator on the subspace spang{vy, vsyw } satisfying (To —t2)(To+t, 2) =0
by (H). Restricting to the action on spanc{vw, vsyw}, the formulas in (3.14) now follow
from the following argument about general 2 x 2 matrices.
If a 2 x 2 matrix [Tp] has eigenvalues «; and asy,

= (e (i) 100 (0= )] =) =0
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is the characteristic polynomial for [Tp], and it follows that
Tr([To]) = [To)ww + [T0]sow,sow = 1 + @2, and
det([To]) = [To]ww [TO]SOUJ,SO’UJ - [TO]w,SOw[TO]Soww = Q.
Thus
—[T0)w,sow[T0)sow,w = @102 — [To)ww[T0]sow,sow = 102 — [To]ww (@1 + @2) — [To]ww)
= a1z — (a1 + a2)[Tolww + ([To)ww)?* = ([ToJww — a1) (ToJww — az2).
Choosing a normalization of vg,, so that the matrix of [Tp] is symmetric, then [Ty, squw

= [TO] Sow,w and

Tl sowao = v/ (Tolsgwa)? = /[ TolwssoulTolsowae = v/~ ([Toluww — 1) ((Tolww — 02)-

g

4. CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS OF Ho

In this section we do a complete classification of the irreducible representations of the
algebra HSX'. This classification is summarized in the pictures in Figures 4.1 and 4.2. In
particular, a corollary of the classification of irreducible H$**-modules in this section is

the following.

Corollary 4.1. An irreducible representation M of HS*' is calibrated if and only if M
satisfies

ME™ £0 if and only if = (—t, —t%),
where (c1,c2) satisfies the conditions in the first line of (3.10).

This corollary provides a sound basis for the definition of a skew local region (see the
remarks immediately after the definition of skew local region in (3.10)). The condition in
Corollary 4.1 is equivalent to saying that if ME" 2 0 then v = (—t, —t) is regular so
that we are in one of the cases shown in Figure 4.1. The classification and construction
of calibrated representations of H{** in terms of skew local regions in Theorem 3.5 is
important for determining the irreducible representations of H** that arise in the Schur—
Weyl duality framework (see Theorem 5.5).

We will do the classification of irreducible HS*' representations under generality as-

sumptions on the parameters: t% is not a root of unity and

11 _11 1 1 11 _1 1\ *l
1212, —t, 22 ¢ {1,—1,#5,—#5,#1,—#1} and t2t2 # (—to 2t,§> . (41)
Whilst these restrictions look technical, they are explained by the (rank 2) computation

of Wy-orbits given in equation (4.4). Similar methods apply to the non-generic cases but

the final classification needs to be stated differently and we will not treat the non-generic
1

11
cases here. The non-generic case t§ =17 = £2 is done in [22, 23] and [25]; the case where

1 1
tg =t; # t3 appears in [8] (see also [14]).

The algebra H, is generated by Wlﬂ,WQﬂ,To, and 77, and the Weyl group W) is
generated by sg and s; with relations s? = 1 and s9$15081 = $1805150- By (2.28),

H$ = C[Wi] ® Hy  as algebras,
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and therefore it is sufficient to do the classification of irreducible representations of Hs.

This is because all irreducible representations of (C[Wﬂ] are one dimensional and de-

termined by the image of Wy; and all irreducible representations of HS*' are the tensor

product of an irreducible representation of (C[W ] and an irreducible representation of Hs.
The group Wy acts on (C*)? by

so(71,72) = (’Yfl,’m) and s1(71,72) = (2, m)- (4.2)
By (2.34), the intertwiners are
11 11
<t§t02>+<t,§ 2>Wl Pe PR
T():T()— — and T1:T1—7_1.
1-Ww? 1 - Wi,

4.1. Classification of central characters. Following [23, § 5], the classification of ir-
reducible H**-modules begins with a classification of pairs (Z(c), P(c)) = (Z(v), P(7)),
where, as in (2.31)), the conversion between v = (71, 72) and ¢ = (¢, ¢2) is given by (2.31),

7= _tq? Y2 = _t627 and write (Z(C), P(C)) = (Z(7)7 P(V))
Enumerate the possible pairs (Z(c), P(c)) = (Z(v), P(v)) by taking note of the following:

(0) Since (Z(wv), P(w7y)) = (wZ(y),wP(y)), it is sufficient to do the analysis for a
single representative 7 of each Wy-orbit on (C*)F.

(1) The Wy-orbits of roots are {+e1, +e2} and {£(e2 - ¢1)}, and our preferred repre-
sentative of the Wy-orbit will have €1 or ey — &1 in Z(v) if Z(v) # 0.

(2) If Z(y) = 0 and P(v) # () then our preferred representative of the Wy-orbit will
have 1 or g9 — &1 in P(v).

With these preferences, the classification of (Z(7), P(7)) is accomplished by noting that

(a) if v € {(1,1),(=1,—1)} then (Z(v), P(y)) = ({e1,e2,2 &1}, 0);
it € {(1-1), (L)} then (2(). P(2)) = (1.2}, 0)

g1 € Z(v) if and only if v = (1,7v2) or v = (—1,72);
)

f) e9 € Z(v) if and only if v = (71,1

)
)

(d; g9 + €1 € Z(7) if and only if v = ('yl,'yl_l);
; or v = (y1,—1);

11

1 11 1 1 1
v=(y11,7) with 7 e{tgtg —toztg —totkz,tozth};

with o = vt
with 192 =

(h) eg —e1 € P(y) if and only if v = (71, 72)
(i) e2 +¢e1 € P(7) if and only if v = (y1,72)

Representatives of the 12 possible (Z(c), P(c)) with Z(c) = () are displayed in Figure 4.1.
Representatives of the 9 possible (Z(c), P(c)) with Z(c) # () are displayed in Figure 4.2.
It works out that, in each case, the pair (Z(c), P(c)) is attained by an element c that
has real coordinates (the one complex character in the equal parameter case that behaves
differently from the real characters, namely the point ¢ in [23, Figure 5.1], does not appear
in the generic unequal parameter case assumed in (4.1)).

With notation as at the beginning of Section 3, in Figures 4.1 and 4.2, the fundamental
region C' is the shaded area, the solid lines are the hyperplanes h for o € R, and the
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dotted hyperplanes are labeled by the equation that defines them. If ¢ = (¢1,¢2) € C, so
that 0 < ¢; < ¢9, then

Z(c) = {solid hyperplanes through ¢} and P(c) = {dotted hyperplanes through c}.
The bijection

Wy <> {chambers}

W w-1C identifies each F(©/) with a set of chambers, (4.3)

a local region in bp. As illustrated by the example at the bottom right of Figures 4.1
and 4.2, F(©7) is identified with the set of chambers that are on the negative side of the
hyperplanes in J and on the positive side of the hyperplanes in P(c) — J. For each (c, J)
the corresponding configuration of boxes x is displayed in the local region of chambers
corresponding to the elements of F(¢/) by (4.3). In Figure 4.1, only the boxes on positive
diagonals are shown, since they determine the entire doubled configuration when Z(c) = 0.
The diagram at the bottom right of each figure gives an example of the correspondence
between chambers corresponding to F(/) | the elements of (/) and the standard fillings
of the corresponding configuration of boxes x: the point ¢ = (r; — 1,71) in the bottom
right of Figure 4.1, and the point ¢ = (0,1) in the bottom right of Figure 4.2.

In Figure 4.2, the small graphs nearby each marked ¢ = (c1, ¢2) indicate the structure
(generalized weight spaces and intertwiner maps) of the irreducible modules M of central
character c. This structure is determined below in Section 4.2. There is a vertex in the
chamber w—1C for each element of a basis of MSe" and there is an edge if the matrix of
7; (or T; if 7; is not defined on M$e') is nonzero in the entry corresponding to the two
vertices that are connected.

4.2. Construction of the irreducible Hy-modules. The group W acts on (C*)? as
in (4.2) and the central characters are the Wy-orbits on (C*)2. The regular central char-
acters are the Wy-orbits of v = (71,72) € (C*)? that have Z(y) = 0, i.e. where the
intertwining operators in (2.37) are defined. Let C[W] = C[W;t', Wi!] C H,. By Kato’s
criterion (see [22, Proposition 2.11b]), for central characters v = (y1,72) with P(y) = 0
there is a single irreducible module of dimension eight given by

Ly, o) = Indg[w] (Cqi0)s where C,, ,, = Cv with Wiv = y1v and Wav = yov.

All irreducible modules with Z () = () are calibrated and can be constructed as in Theo-
rem 3.5.

Representatives of the Wy-orbits of v = (v1,72) € (C*)? that have Z(y) # 0 and
P(v) # () are as follows:

v = (71,72) Z(v) P(v)
(t%,t%) , (—t%, —t%) {es—e1} {e2+¢e1}
11 1 1 _1 1 _1 1
<t§ 62,3 t,g) , (to cFE S 2t,§> (ea—ci}|  {er 20} (4.4)
(1,1),(=1,-1) {er} | {e2—e1,e24 1}
11 _1 1
(ﬂ,t@t;) , (il, i 2t,§> , {e1) {e2)

This classification is valid under the generality assumption on the parameters (4.1), which
guarantees that none of these representatives are in the Wy-orbit of another.
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co=—c1+1

CQZO

FIicURE 4.1. Regular central characters in rank 2. See the description in Section 4.1.

The following analysis of modules of central character v = (v1,72) in (4.4) shows that
no irreducible calibrated Hs-modules appear at these central characters. As in (3.5), the

values r1 and r9 are defined by

1 1
—t" = —t2t,;>  and

11
—t" = 1213

Case (71,72) = (=1, —t") fori =1 or 2. Let Hyg be the subalgebra of Hy generated by
To, Wlil, Wgﬂ. For each of i = 1 and 7 = 2, there are two irreducible modules of central

character ¢ = (0,7;):

H:
LEBM) = IndH?O} ((C(n-,o)) ,

Ann. Repr. Th. 2 (2025), 3, p. 355404
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0 B

FIGURE 4.2. Non-regular points.

and
Wiv = —t™ "o,
L(_Oﬂ"i) = Indgio} ((C(,mo)) , where C(_,, ¢y = Cv with Wov = —v,
_1
Tov = —t; *v.
With M = LEB )’ the generalized weight space decomposition is
M= ME" & ME" . with  dim (ME)) = dim (M) =2, (45)
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The element WiW, ! acts on M(gfno) with eigenvalues t"i. Since the parameters are
generic (see (4.1)), t" # t*! and thus, by (2.42), 7 has no kernel. Thus the inter-

twiner 7 : M gino) — M (goe I;i) is invertible and M = L?B ) I8 irreducible. Replacing r; with

—r; in (4.5) yields the decomposition of M = L(_o ) analogously.

Case (y1,72) = (—t%, —t%). Let H{jy be the subalgebra of Ha generated by T1, Wit and
WQﬂ. There are two irreducible modules of central character ¢ = (1, 1):

272
Wiv = —t_%v,
+ _ Hy _ : _ .1
L(%%) = IndH{l} (C(f%%)) ,  where C(f%%) = Cv with Wyv = —t2v,
1
Tiv=tz2v,
and
Wiv = —t%v,
_ . Hy o . _ _1
L(%é) = IndH{l} (C(%,—%)) ,  where (C(%’_%) = Cov with Wov = —t™ 2w,
1
Tiv=—t 2wv.
With M = Lzr; 1y the generalized weight space decomposition is
272
M = M&", . @ M, ., with  dim (Mg‘f“1 ) = dim (Mg‘m1 . ) = 2. (4.6)
(33) ~ (-3:3) (33) (-2:2)

1
The element W' acts on M&", with eigenvalues —t=. Since the parameters are generic

33
(see (4.1)), —t2 ¢ {—tT"1, —t¥2} and thus, by (2.41), 72 has no kernel. Thus the inter-

twiner 7p: M(gf N M(gfri 1, is invertible and M = LZ& 1 is irreducible. Similarly, the
273 20 2 272

)

structure of M = L(l 1 is given by swapping % and —% in (4.6).
272

Case (71,72) = (=t", ") fori =1 or 2. Let H{oy be the subalgebra of Ha generated by

To, Wlﬂ, WQﬂ. For each of i = 1 and 7 = 2, there are two irreducible modules of central
character ¢ = (r;,7;):

Wiv = —t"iwv,
L(t,i’n) = Indgio} (C(rh_”)) , where C,, _,.) = Cv with Wov = l—t*nva
Tov = t§v,
and
Wiv = —t "o,
_ H. . T
L(m,m) = IndHio} (C(*T’i,’f’i)) , where C(_,, »,) = Cv with Waov = t_lv,
Tov = —t, *v.

is not immediate. We will show that M = LT

(ri,m4)

The irreducibility of L and L,

(rs,ri) (rs,ri)

is irreducible; the irreducibility of L(

rirs) is proved analogously.
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The generalized weight space decomposition of M = L(ti’”) is

dim (ng‘_m) — dim (Mgen ) -1,

(—rim1)
M= MER, G ME, O MER, ) with &
dim (Mge“ )) — 9.

(ri,ri

The element W1VV2_1 acts on Mgin_ri) with eigenvalue t"i—(=7)  Since the parameters

are generic (see (4.1)), t>" # t*! and thus, by (2.42), 7 has no kernel. Thus the in-
tertwiner 7 : Mﬁin_”) — M(gfﬁl -, is invertible. As a H{gj-module, Mginri) is irreducible

(2-dimensional). So either N = M ginn) is an H-submodule or M is irreducible.

For the purpose of deriving a contradiction, assume that N = M{fﬂe_nr) is an Ho-
submodule of M. The space N has a basis
{ny, Tiny} with Winy = —t"ny, and Waon, = —t"n,.

By (2.24), Wi ' Tyny = TyWy "ny+ (t2 =t~ 2)W; iy = Ty (—t ") + (82 — £ 2) (—t " )n,
and the action of W' and W, 2 on the basis {n,, Tin,} are given by the matrices

Thus

SR S
p (1 — W1—2) _ (1 _ t—2ri> (1 _2(t21_:_;i)t : ) and

0 1

T3\ ,—2r;

1

Since N is a submodule of M then

(t(l)/2 - tgl/z) + (t}f _ t,;l/z) Wt

0=m =Ty — 1—W1_2
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(see (2.34) for the formula for 75), and so

o) = (12 = 157%) + (82 = 2y wit) (1= wi?) ™
(10" —ta"7) + (8" ) (=)
- 1—¢t2n

V2N (435 Y (e 11\, .
(@) (1 ())

1/2
ty

1
1—t=27i

0 1

(#)/2 _ 7561/2) n <t11€/2 _ t,:m) (—t-71)
1— t—QTi
1 t%—tf% (2(—1&%‘) N (ti/Q—tgl/Q) )

_t—27 _ _
1—t (t(l)/z_to 1/2)'*‘('5/1@/2_'51@ 1/2) (-t*ri)
1

e}

11
Recall, from (3.5), that —t" = :ttkith, so that
12 ,—1/2 /2 ,—1/2 .
(to/ —t5 " )"‘ (tk/ —t." )(_t ")

[
(6 —1"7) + (4 -t (itj;t();)

_ =1.
11—ttt

Ol

1 1 _1
The eigenvalues of p(Tp) are tg and, since (Tp — t3)(To + ¢, 2) = 0, the Jordan blocks of
p(Tp) are of size 1, forcing

2 (—17) (6 =" 2ty (7 -5"7)
I (e R (L e T B B e RO T

1 _ F3,-3\,3 12 ,-1/2 _
2(=t7m)td + (12— 1,7 2(itk2to2>t§ + (67 = 17) + (1 + 1,17

(1 t2r0) 82 (1—t2r0) 82 (1—t20)g*

0

This is a contradiction since, by the generic condition on parameters in (4.1), 1 #
1

1.1 11 1
() (—t"2) = (—t2ty 2)(t2t8) = —(tZ)%. Thus N is not a submodule of M, and so
M is irreducible.

Case (71,72) = (=1, —t). Let Hyyy be the subalgebra of Hy generated by 71, Wlil, W;El.
There are two irreducible modules of central character ¢ = (0, 1):

Wiv = —tilv,
LEB 1) = Indgil} (C(—I,O)) y where (C(—LO) = Cv with WQ’U — 1_7)’
TlU = t§U,
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and
Wiv = —tu,
L(_o,1) = Indgil} ((C(Lo)) ) where Cq gy = Cv with ~ Wav = v,
Tiv=—t"2v0.

The irreducibility of Lal) and L(O,l

irreducible; the irreducibility of L(_O,l) is proved analogously.

) is not immediate. We will show that M = L?B 1 is

The generalized weight space decomposition of M = Lal) is

dim (Mge“ ) = dim (Mge“ ) =1,

_ gen gen gen . (-1,0) (1,0)
M = M(fl,o) ® M(l,o) @ M(o,l) with i (M(gen)> .,
0,1 - e

The element W, ' acts on M(gf? o) With eigenvalue —¢. Since the parameters are generic

(see (4.1)), —t ¢ {—t*"1, —t*72} and thus, by (2.41), 7¢ has no kernel. Thus the intertwiner

T0: M(gfrio) — M(gle,g) is invertible. Since M{g(irll) is irreducible as a Hypy-module, we have

either N = M, (%erll) is an He-submodule or M is irreducible.

For the purpose of deriving a contradiction, assume that N = M ("%3 ?) is an Ha-submodule
of M. The space N has a basis

{ny, Ton, } with Winy = —n,, and Wan, = —tn,.

By (C2) and (B3),
WiWy ' Ton.,
= TOW{ ' Wy 'ny + ((té/z - t61/2> + (t}f - t,;m) W;l) Wiz Wy W;flwz—lm
= Tyt 'n, + ((t(l)/2 - t0_1/2> n (t}f - t,;l/Q) (—1)) I,

and the action of W, W, ! on the basis {n,, Ton,} is given by the matrix

o (W) = (t;l (1 —1"%) + (z;}i/2 ~ %) (-1)) t‘1> |

1

Thus
o) = (1) (TR o))
o=t )+ (67— -
— (1) (1) (6" -1 /)+1(tlk/tltk 2) (1)) |
and
e e
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11
If N is a submodule of M then 0 = 71 = T3 — -2t 2 (see (2.34) for the formula for 7).

Th 1-Ww, !
us
/2 ,-1/2 12 ,—1/2\ .

Since (T} — t%)(Tl + t*%) = 0 the Jordan blocks of p(T}) are of size one, forcing

0= (t(l)/Q —t51/2) - (t}/2 —t,;l/Q) - (15(1)/2 +t,;1/2) (t(l)/Q —t}f) .

1 1 1 1 _1
This is a quadratic equation in ¢§ with two solutions, t§ =t} and t§ = —t,?. This is a

11
contradiction since, by the generic condition on parameters in (4.1), —t™" = —t5t, > # —1

11
and —t" =t5t; # —1. Thus NNV is not a submodule of M, and so M is irreducible.

5. REPRESENTATIONS OF B{*' IN TENSOR SPACE

In this section we give a Schur-Weyl duality approach to the representations of the
two boundary Hecke algebras Hf*'. More generally, in Theorem 5.1 we show that, for a
quantum group or quasitriangular Hopf algebra U,g and three Ujg-modules M, N and V,
there is an action of the two boundary braid group B¢ on tensor space M @ N @ V&F
that commutes with the U,g-action. This means that there is a weak Schur-Weyl duality
pairing between U,g-modules and B{**-modules, so that if M ® N ® V®* is completely
reducible as a Uyg-module then

MeNeV* 2L\ B,  as (Uqg, Bth) -modules,
A

where L()) are irreducible U,g-modules and By are Bf**-modules. In Section 5.4 we will
explain that when g = gl, and M and N and V are appropriately chosen, the B®-action
provides an action of the two boundary Hecke algebra Hf** (where the parameters depend
on the choice of M and N). Our main theorem, Theorem 5.5, proves that the Hf**-modules
B,i‘ that appear in tensor space M @ N ® V®* are irreducible, and identifies them in terms

of the classification of irreducible calibrated H**-modules which is given in Theorem 3.5.

5.1. Quantum groups and R-matrices. Let g be a finite-dimensional complex Lie
algebra with a symmetric nondegenerate ad-invariant bilinear form. Assume that ¢ is not
a root of unity and let U,g be the Drinfeld-Jimbo quantum group corresponding to g. The
quantum group Uy,g is a ribbon Hopf algebra with invertible R-matrix

R = Z Ri® Ry in Usg®U,g, andribbon element v = q *Pu,
R

where u = Y p S(R2)R1 and p is the staircase weight (see [15, Corollary (2.15)]). For
Ugg-modules M and N, the map

Bun: NoM —  M@&N ey
nem +— ZR2m®R1n :/\. (5.1)
R N®M
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is a Uygg-module isomorphism. The quasitriangularity of a ribbon Hopf algebra provides
the relations (see, for example, [21, (2.9), (2.10), and (2.12)]),

M®N M@N
/'
_
for any isomorphism ¢ : M — M,
e
NoM NeM

(p@idy)Run = Run(idy @ ),
MRNQV MNQV
e f &
VINQM VON®M

(Ryy ®@idy)(idy @ Ryv)(Ryy @ idyy) = (idy @ Ryy)(Rary @ idy) (idy @ Rasw),

MRN®V M@N®V
M®(NQV) = < (M@N)®V — Kﬁ'
A S
K ( /J /\. .// (5.2)
(NeV)e M NVeM V@(MeN) VoMeN

(Ryony) = (idy @ Ryv)(Ryv ®@idy) (Ryeny) = (ida @ Ryv)(Ryv @ idy).
For a U,g-module M define

CM:M—>M

m s so that CM@N = (RMNRNM)_I(CM & CN) (5'3)

(see [7, Proposition 3.2]). Let L(A) denote the simple U,g-module generated by a highest
weight vector v;\r of weight A\. Then

Croy = ¢ M 2)id ) (5.4)

(see [15, Proposition 2.14] or [7, Proposition 5.1]). From (5.4) and (5.3), it follows that if
M = L(p) and N = L(v) are finite-dimensional irreducible U,g-modules of highest weights

v and v respectively, then Ry Ry acts on the L(\)-isotypic component L()\)@Cﬁ" of
the decomposition

A

L(p) @ L(v) = @ LX) by the scalar g2 (ot 20) = (v +20), (5.5)
A

Proposition 5.1. Let g be a finite-dimensional complex Lie algebra with a symmetric
nondegenerate ad-invariant bilinear form. Assume that q is not a root of unity and let
U,g be the corresponding Drinfeld-Jimbo quantum group. Let Z = Z(U,g) be the center
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of Uy and let ZBE* be the group algebra of BS** with coefficients in Z. Let M, N, and
V' be Uyg-modules. Then M @ N ® Ve s q ZBeXt—module with action given by

®: ZBPt — Endy,y (Mo N Ve
T; — R;, fori=1,...k—1,
X1 — R2 s
Zl — R(Q),
P — (RMNRNM) ® idg(k),

where
B = (RoemyvBvarem ) @1dp™ 0, Ri=idy @idp" ™ @ Ryy @ idy
fori=1,...k—1,
R2, — ((idM ® RN\/) ((RM\/RVM) ® idN) (idM ® RJ—V%/)) ®id%,  and
Ry =idy ® (RNVRVN) ® idg(k’_l)7

with Rypy as in (5.1). Moreover, this ZB{" action commutes with the Uyg-action on
M®N @ Ve,

k—i—1)

Proof. This proof follows the proof of [21, Proposition 3.1], checking that the images of
the generators T;, X1, Y7, and Z; under the map ® satisfy the relations of presentation
(a) of the two boundary braid group in Theorem 2.1, as well as relations (2.15) and (2.16)
for the extended two boundary braid group. For i € {1,...,k — 2},

A A
O(T3)®(Ti11)®(T;) = RiRi1 R = @J = (% = Rip1RiRiy1 = O(T41) B (1) (Ti41).
e e

For L=Mor L=NorL=0,
/' % /'
N %)

\ BB R B2,
(’ ) @
( {

— ~
.

RZRIR:R, =

which establishes
O(A)P(T1)P(A)D(T1) = (T1)P(A)D(T1)P(A) for A = X1,Y1, and Z;, respectively.

The formula

®(Z1) = Ry = Ry Ry = ®(X1)d (V1)
is a consequence of the third set of relations (cabling relations) in (5.2). Finally, the
relations

(P)(Y1)®(P) = B(Z7)®(Y1)(Z)  and
B(P)B(X1)D(P) = B(Z; ) B(X1)®(21)

follow from the first and second sets of relations for R-matrices in (5.2) by the same braid
computation by which the identities (2.13) were derived. The remainder of the relations
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(commuting generators) follow directly from the definitions of ®(T;), ®(X;), (Y1), ®(Z1),
and ®(P). O

5.2. The B{**-modules B,;\. Assume that M, N, and V are finite-dimensional U,g-
modules and that w is the highest weight of V' so that

V = L(w) is irreducible of highest weight w.

Let P be an index set for the irreducible U,g-modules that appear in M ® N ® V& and
let P(=1 be an index set for the irreducible Ugg-modules in M. The Bratteli diagram for
the sequence of U,g-modules

M, M@N, M@NQ®V, MoNQV®V, - (5.7)

is the graph with vertices on level j labeled by u € P9, for j € Z>_1, and labeled edges
as follows.

(a) If p € PCY and A € PO then there are my edges ;1 — A, where

Lp)@N= @ LT,
Ae PO

(b) If j € Zso and p € PY) and A € PUFY) then there are m,y edges u — A, where

Lpeve @ LK™,
Ae pl+1)
(c) Each edge pu — A is labeled with 3 ((\, A+ 2p) — (w,w + 2p) — (i, p + 2p)).
A specific example in the case where g = gl,, is given in Figure 5.1. The edges of the
Bratteli diagram keep track of the decomposition of M ® N ® V®/ as j increases. The
edge labels will then be used in Theorem 5.2 to keep track of the eigenvalues of the
elements Z; in the representation of B{*'. These eigenvalues play the role of contents of
boxes; see (5.13).
If M and N are finite-dimensional then M ® N ® V®* is completely decomposable as
a Uyg-module. If B,i‘ is the space of highest weight vectors of weight A in M @ N @ V&,
then
M®N Ve = @ L(\) ® By, as (Uy,g, B*")-bimodules. (5.8)
AeP®)
The B{*-modules B,;\ are not necessarily irreducible and not necessarily nonisomorphic,
though they will be in the (mostly rare but very important) settings where ®(CB{**) =
Endy,q(M ® N @ V&F).
Recall from (2.9) that

Zi:T‘ifl"'lelTl"',I%fl fOTizl,...,k.

The following proposition shows that, as operators on B,;\, the Z; are simultaneously
diagonalizable and have eigenvalues determined by the edges on the Bratteli diagram.
The proof follows the same schematic that is used, for example, in the proof of [21,
Proposition 3.2].

Proposition 5.2. Assume M, N, and V are finite-dimensional Uyg modules with V
irreducible. For A € P®) | let BY be the B -module in (5.8) and let

773‘ = {paths S = (S(_l) 950 & K gk) — )\) in the Bratteli diagmm}.
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Then
B has a basis {vs ‘ S e 7?}
of simultaneous eigenvectors for the action of P, Z1, ... Zy, with
Pug = ¢*°vg and Zivg = ¢*“ivg, fori=1,...k,
so that the eigenvalues of P and Z1,...Z on vg are determined by the labels on the edges
of the path S.

Proof. The basis {vs | S € T} is constructed inductively. For the initial case, choose any
basis B_1 of the highest weight vectors in M, and let B” be the set of basis elements in

B_1 of weight v. For the inductive step, assume that ka1 = {vr | T € T} ,} has been
constructed so that

MeNeVeFU= @ LweBl, = P Lwe| > Courl,
p€ PH-1) pe Pk-1 TeTk,

The set Eféil = {vp | T € T} |} is a basis of the vector space of highest weight vectors of

weight g in M@ N @V@F=1 that is indexed by the paths T = (T(-1) — ... - T*=1) = ;)

of length k in the Bratteli diagram that end at u. In this form L(u) ® Cup denotes the

irreducible U,g-submodule of M ® N ® V@(k=1) with highest weight vector vr of weight .
Then, for each T = (71 — ... — T¢+=1 = ) in T* |, choose a basis

Bl = {vs ‘ S = (T(_l) TN = )\)}
of highest weight vectors in the submodule of M ® N ® V®* given by

(L(p) ® Cor) @ V =L(p) ® V @ Cuop = Y L(A) ® Cus.
n—A

The basis E{‘” is indexed by the edges in the Bratteli diagram from p to a partition A
on level k. Then
By = |_| |_| T2 is a basis of Bj.
BTeT,
The central element ¢~2Pu in U,g acts on the submodule L(u)®Cuvr of M@N@VeE-1 by
the constant ¢~ ##+2°) From (5.2), (5.3), and (5.4) it follows that Z; acts on M@ N @V ®F
by
(Z;) =Ry RiR3Ry - Ry
=R R oy @idpt
= Lpygnegvet-1 vily yegNegyei-1) & 1dy,

. @(k—i
= (CM®N®V®<F1) & CV)CM1®N®V®Z ® ldv( 2
- Z q</\,/\+2p>—<u7u+20)—<w7w+20)7ruw & id%(k_i),
A,V

where 7r : MRN ®1d®1 — MeN®id} ' is the projection onto the L(\) isotypic component

of (L(u ) ® B! ) ® V. Thus Z; acts diagonally on the basis Eﬁ and, by the definition of
the labels of edges in the Bratteli diagram in (5.7), the eigenvalues of Z;vs = ¢**'vg where
e; is the label on the edge S — S(+1) in the Bratteli diagram. g
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5.3. Some tensor products for g = gl,,. The finite-dimensional irreducible polynomial
representations L(\) of Uygl, are indexed by elements of

P;)lyZ{)\Z)\l&ﬁL'--vL)\n&n, | i €2, My >+ > X, >0}

Use

n

p=Mm—-1De1+n—2)ea+ - +¢ep_1 = Z(n —i)ei, (5.9)
i=1

as in [17, I (1.13)]. Identify each element A = A\je; + -+ + A&y, in Pptly with the corre-
sponding partition having \; boxes in row 7 so that, for example,

l

A=3e1 + 269+ 2e3 = 1|

The content of the box in row ¢ and column j of a partition A is
¢(box) = j — i = (diagonal number of box), (5.10)

where the diagonals are numbered by the elements of Z from southwest to northeast, with
the northwest corner box of a partition being in diagonal 0.

The representation L(e;) = L(0) is the standard n-dimensional representation of U,gl,,.
When v = €1, the decomposition in (5.5) is given by

Lipy@L(O) = @ L), (5.11)

Aept

where pt is the set of partitions obtained by adding a box to u. If A € ut and A\/u is the
box added to p to obtain A, then the action in (5.5) is given by

(N A +2p) — (1, o+ 2p) — (e1,€1 + 2p)
= (u+eip+tei+2p) — (up+2p) = (e1,61 + 2p)
=2u;+1+4+2p;—1—2p; (5.12)
=2u;+2n—1i)—2(n—1)=2u; —2i+ 2 =2¢(\/p)

(see [17, I (5.16) and (8.4)]). Since (e1,e1 + 2p) = 2(n — 1) +1 = 2n — 1, it follows by
induction on the number of boxes in a partition A that

(MA+2p) =(2n—1)Al+ > 2c(box). (5.13)
box € A
For pu,v € P;;ly, the decomposition of the tensor product L(p) ® L(v) can be calculated

using the Littlewood—Richardson rule (see [17, Ch. I (9.2)]). When p and v are rectan-
gles the decomposition is multiplicity free by the following theorem. In equation (5.14),
A consists of the boxes that are in the union of the rectangles (a®) and (b%) (placed with
northwest corner at (1,1)), and the dashed rectangular regions are the min(a,b) x d rec-
tangle B with northwest corner box at (max(a,b) 4+ 1,1), and the d x min(a, b) rectangle
B’ with northwest corner at (1,c+ 1).
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Proposition 5.3 (See [27, Lemma 3.3|, [19, Theorem 2.4]). Let a,b,c,d € Z>¢ such that
¢>d. For u C (min(a,b)?) let

ifa>b: ifa <b:
a b b a
K | po |
v d A d
c A I’—‘ : c ’_’—‘ I
- ,T,,,, ] ,T,,J (5.14)
n = o=
e T B - B
d — B dJM—‘—“*B/
b S

so that ¢ is the 180° rotation of the complement of u in a min(a,b) x d rectangle. Denote
the rectangular partition with ¢ rows of length a by (a®). Then

L@)e L) = P L= P L), (5.15)

1 C (min(a,b)4) vep)
where PO = {5 | p C ((min(a,b)?)}.

For an example of the decomposition in (5.15), see Figure 5.1, where the decomposition of
L(a®)® L(2?) for a,c > 2 is indicated in level 0 of the Bratteli diagram (see the description
following (5.22) for explanation of the Bratteli diagram).

The value in (5.5) for the product in (5.15) is given by using (5.13) to compute

(s i+ 2p) = ((a°), () + 2p) = (&%), (b") + 2p)
= 2n = 1)(Jal — (a®)] - (b))

+ ( Z 20(box)) - Z 2¢(box) — Z 2¢(box) (5.16)
box € 1 box € (a®) box € (b9) ‘
=0+ Z 2¢(box) — ac(a — ¢) — bd(b — d).
box € [

5.4. Irreducible H{*-modules in M ® N ® V®%. In this subsection we provide, for
g = gl,,, specific highest weight modules M, N, and V such that the B{**-action factors
through the extended two boundary Hecke algebra H*'. In these cases the B{**-modules
B} in (5.8) are calibrated Hf*'-modules. Theorem 5.5 identifies the By for these cases
explicitly in terms of the indexings of calibrated H{*'-modules given in Theorem 3.5 and
Proposition 3.2.

Recall that, as defined in Section 2.2, the extended two boundary Hecke algebra H** is
the quotient of the group algebra of the extended two boundary braid group CB{** by the
relations

(X1 —a)(X1—as) = 0, (Yi—b1)(Yi —bs) = 0,
and (T —t5> <T +t—§) —0, (5.17)

i=1,...,k—1, for fixed al,ag,bl,bg,t% e C*.
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Theorem 5.4. If g = gl,,, M = L((a®)), N = L((b%)), and V = L(O),
ap = q2a’ az = q—Qc’ bl = qu’ b2 = q_2d> and t% =4q, (518)

then the map ® from Proposition 5.1 gives an action of HF* on M @ N ® V& commuting
Proof. The module M ® V' decomposes as

with that of Uygl,,.
M®V:L<>@L< ) (5.19)

By (5.5) and (5.12), Rary Ry s acts on the first summand by the constant ¢2* and on the
second summand by the constant ¢~2¢. So

(2(x1) = ) (®(X1) =) =0; similarly  (®(v1) — ¢*) (@(v1) —¢72) =0
by replacing (a®) with (b%). The relation
(®(T3) — ) ((T3) +¢7") =0
follows similarly by considering the tensor product V@ V = L(0O) ® L(O). O
From (2.17), (5.18), and (3.5),

U“

2 -2 2b —2d
alzqa7 as = ¢q Ca blzq ) bQ ) t

[NIES
I

=4q q
1 1 1 1 1 1 btd
t =ai(—az)" 2 = —ig**c and te =bi(=by) 2 = —ig"",
4T _t%ta% — _q(a—i-c)—(b—i—d)’ and —t"2 — t%té _ _qa—&-c—l—b—i—d.
(5.20)

Using these conversions, the generality conditions in (4.1) become requirements that ¢ is

not a root of unity and
—glata=rd) g ~1,¢*', —q
. q(a+c)—(b+d) 7& 7q:|:(a+c+b+d)‘

a+ct+btd ¢ {17 iqui2’ _qi2}

and
In the context of Theorem 5.4, these genericity conditions are

q is not a root of unity, a,b,c,d € Zso and (a+c)—(b+d)¢&{0,£1,£2}. (5.21)
In the setting of Theorem 5.4, equation (5.8) provides H} ext_modules B,’c\ with

MeNeV*= @ LN@BY,  as (Ug H)-bimodules. (5.22)
AePk)
Theorem 5.5 below will accomplish our primary goal for this paper by identifying the

module B’\ explicitly as a calibrated Hf**-module H} (:¢.7) 45 constructed in Theorem 3.5.

The results of (5.11), (5.12), and Proposition 5.3 Show that the Bratteli diagram of (5.7)
has PC1 = {(a®)}, PO = {i | u C ((min(a,b))?)} as in Proposition 5.3 and, for j € Z>,

PU) = { partitions obtained by adding j boxes to a partition in 77(0)} .
By (5.16), if 1 € P(©) then there is an edge

(@) X 5 with label  eo()) = — % (a—¢) — bdb A+ S cbox).  (5.23)

2 box € i
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level —1

level 0

‘ -c-1 -c-1 -c+1 | e ‘
-c 1 a-1 a
| a-1 at at |
a+2 +2 a+2 a-2 -c+2 -c+2
level 1
- -c-2 -c-2
\

FIGURE 5.1. Levels —1, 0, and 1 of a Bratteli diagram encoding isotypic

components of M ® N ® V where a,c > 2 and b = d = 2. The edges from
level —1 to level 0 are labeled by eg(T(?)) as in (5.16); the edges from level 0

to 1 are labeled by the content of the box added.

o
.

For 7 > 0, the edges y — A from level j to level j + 1 correspond to adding a single box

to tgget A, and are labeled by ¢(\/u), the content of the box \/u

c(/\/“) ——= X\ for edges from level j to level j 4 1. (5.24)

The case when M = L(a¢) and N = L(2?) with a, c > 2 is illustrated in Figure 5.1

Let A € P*). Define
and z = (—1)F¢*0. (5.25)

1
co = —=(k(a—c+b—d)+ac(a—c)+bd(b—d))+ Z (box)
2 box € A
Using notation as in (5.14), let
(5.26)

pS=ANB" and let S’I(ngx be the corresponding fi.

Define the shifted content of a box by

#(box) = e(bo) — 5 a — -+~ d), (5.27)

with 0<¢p < <--- <

and let ¢ = (¢1,...,cx)
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be the sequence of absolute values of the shifted contents of the boxes in A/ SI(I?QX arranged

in increasing order. Index the boxes of A/ SI(I?E)LX with 1,2...,k so that
if i < j then |¢(box;)| < |¢(box;)], (5.28a)
if i < j and ¢(box;) = ¢(box;) < 0 then box; is SE of box;, (5.28b)
if i < j and ¢(box;) = ¢(box;) > 0 then box; is NW of box;, (5.28¢)
if i < j and ¢(box;) = —¢(box;), then ¢(box;) < 0 < ¢(box;), (5.28d)

and define

J = {e; | é(box;) € {—r1,—r9}}

¢(boxj) = ¢(box;) + 1 > 0 and box; is NW of box;, or
Ude;—&; = ¢(box;) — 1 < 0 and box; is SE of box;, or
= —E(bOXl') —-1<0< E(bOXl)

5.29
—1 and ¢(box;) = 0 and box; is SE of box;, or } (5.29)

~— — —
I

Z(bOXj
Lqejte | c(boxj) = % and ¢(box;) = —% and box; is NW of box;, or
¢(box;) = —3 and é(box;) = —%

so that J is a subset of P(c), where P(c) is as defined in (3.7). See Examples 5.7 and 5.8
following the proof of Theorem 5.5.

Theorem 5.5. Let g = gl,, and let M = L(a®), N = L(b%) and V = L(0) so that H*
acts on M @ N ®@V®* as in Theorem 5.4. Assume that the genericity conditions of (5.21)
hold so that q is not a root of unity, a,b,c,d € Zsg and (a+c)— (b+d) ¢ {0,£1,+2}. For
A€ PW) ] let BY be the HP -module of (5.22) and define z, ¢ and J as in (5.25), (5.27),
and (5.29). Then

B,i‘ o~ H,gz’c"]) as HX -modules. (5.30)

Proof. By Proposition 5.2, Bli‘ is a calibrated H{** module. Therefore B,i‘ has a compo-

sition series with factors that are irreducible calibrated H{**-modules. By Theorem 3.5,

each factor is isomorphic to some H ,gZ’C’J) where (c, J) is a skew local region, and (z, c, J)
is determined by the eigenvalues of the action of Wy, Wy, ..., W. By Proposition 5.2, the
simultaneous eigenbasis {vs | S € T} By is indexed by

aths S = ((a°) = SO — sV ... 5 k) — )

=P (a9 ) . (5.31)
in the Bratteli diagram

To determine which H ,EZ’C’J) appear as composition factors of B,;\ it is necessary to compute

the eigenvalues of the action of the W;’s on the basis vectors vg as follows.
By (5.23), (5.24), and the formulas in Proposition 5.2,

O(P)vg = q2€0(s(0>)v5 and O(Z;)vs = QQC(S@)/S(FU)US fori=1,...,k.

Using (2.18) and (5.18), W; = *(a1a2b1b2)7%Zi with a1 = ¢**, ay = ¢~ 2¢, by = ¢%, and
by = ¢ 24, and thus

O(Wi)vs = —(aragbiby) 20(Z;)vg = —q (@ etb=d) 2e(SO/SU1), ¢

o (5.32)
= —QQC(S@/S(Z 1))1)5.
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Then
O(PWy - Wy )ug = (—1)kq2(€°(5(0))Jrc(s(l)/s(o))*"'*C(S(k)/S(k_l)))*k(“fﬁb*d)vs
so that, with ¢y and z as in (5.25),
(Wp) = ®(PW; - Wy)us = (—1)"¢*Cvg = zvs. (5.33)
Let S = ((a¢) = S© — §M) — ... — §() = X) be a path to X in the Bratteli diagram.

In the context of the diagrams in (5.14), the partitions SO and SI(T(BX differ by moving

some boxes from p to u¢ (from the NW border of )\/Sﬁ?gx in B to the NW border of )\/S(O)
in B’). Thus the sequence ¢ = (¢1,...,ck), where c1, ... are the values

"E(S(l)/S(O)) ] . ‘E(S(k)/s(k‘l))‘

arranged in increasing order, coincides with c as defined in (5.27). Let wg € W)y be the
minimal length element such that

wge = wg(cy,...cp) = (ngl(l), .. ngl(k))

_ (E (S(l)/S(O)) . '5<5(k)/5(k—1)>> :

where c¢_; = —¢; for i € {1,...k}. The signed permutation wg is the unique signed
permutation such that

wge = (E (S(l)/S(O)) .. .E(S(’“)/S(’“*”)) and  R(ws)NZ(c) =10,

(5.34)

where Z(c) is as in (3.6). If the boxes of A/S( are indexed according to the same
conditions as just before (5.29), then wg is the signed permutation given by

wg (i) = sgn(c(box;))(entry in box; of 5),

where the path S is identified with the standard tableau of shape A/S(®) that has the box
S5 /8G=1 filled with j.

The basis vector vg appears in a composition factor isomorphic to H Igz’c’J) where
J = R(wg) N P(c), where R(wg)=R;URyUR3; and P(c)= P UPU P,
as defined in (3.2) and (3.7), are given by
Ry ={e; | i >0 and wg(i) < 0}, P ={¢gi | ¢ e{r,r}},
Ry ={ej —¢; | i < jand ws(i) > ws(j)}, Py={ej—¢e; |0<i<j,c;j=c;+1},
Ry={ej+¢ei|i<jand —wg(i) >ws(j)}, Ps={ej+e |0<i<j,c;j=—c;i+1}.

To describe J = (R1 N Py) U (Ra N Py) U (R3N P3) in terms of the boxes in A, first record
that

RiNnP ={eg |i>0and wg(i) <0} N{e; | ¢; € {r1,m2}} ={e; | é(box;) = {—r1,—r2}}.
Next analyze
RoNPy={ej—¢ci|i<jand w(i) >w(y)}Nn{ej—e |0<i<yj,¢;=c+1}.
Since 0 < ¢; and ¢j = ¢; + 1, we have ¢; > 1.
(Case 1) ¢(box;) > 0, so that ¢(box;) = £(¢(box;) + 1).

(a) ¢(box;) = ¢(box;) + 1.
e If box; is NW of box; then w(j) < w(i) and ; —¢; € J.
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e If box; is SE of box; then w(j) > w(i) and e; —&; & J.
(b) ¢(box;) = —(¢(box;) + 1).
e Then w(j) < 0 < w(i) so that w(j) < w(i) and e; —¢; € J.

(Case 2) ¢(box;) < 0, so that ¢(box;) = £(—¢(box;) + 1).

(a) ¢(box;) = ¢(box;) — 1 < ¢(box;) < 0.
e If box; is NW of box; then —w(j) < —w(i), so that w(i) < w(j) and

€5 — & € J.
e If box; is SE of box; then —w(j) > —w(i) so that w(i) > w(j) and
gj—¢& €J.

(b) ¢(box;) = —c(box;) +1 > 0 > ¢(box;).
e Then w(i) < 0and 0 < w(j) so that ¢; —¢&; & J.

Finally, analyze
RsNPy={ej+ei|i<jand —w(i)>w()}N{ej+e|0<i<j, ¢ =—c¢+1}.

Since 0 < ¢; and ¢j = —¢; +1 > ¢;, we have 0 < ¢; < 1/2. Since the entries of ¢ are in
Z or in & + Z, the possibilities for (¢;,c;) are (0,1) and (3, 3), and the possibilities for
(E(boxl) ¢(box;)) are (0,1), (0,—1), (3,%3), or (=3, £3).
(Case 1) ¢(box;) = 1 and é(box;) = 0.
e If box; is NW of box; then 0 < w(j) < w(i) so that —w(i) < 0 < w(j) and
ejte &J.
e If box; is SE of box; then 0 < w(i) < w(j) so that —w(i) < 0 < w(j) and
gjt+e & J.
(Case 2) ¢(box;) = —1 and ¢(box;) = 0.

e If box; is NW of box; then —w(j) < w(i) so that —w(i) < w(j) and e;+¢; & J.
e If box; is SE of box; then —w(j) > w(i) so that —w(i) > w(j) and ;+¢; € J.

(Case 3) ¢(box;) = % and ¢(box;) = 3.
e Then 0 < w(i) < w(j) so that —w(i) <0 < w(j) and e; +¢; & J.
(Case 4) ¢(box;) = —3 and ¢(box;) = 1.

e This case cannot occur since, when indexing the boxes of A/ S0,
e the boxes of shifted content —% are numbered before boxes of shifted con-
tent l.

(Case 5) ¢(box;) = 3 and ¢(box;) = —1.
e If box; is NW of box; then w(i) < 0 and w(j) < —w(i) so that e; +¢; € J.
e If box; is SE of box; then w(i) < 0 and —w(i) < w(i) so that e; +¢; & J.
(Case 6) ¢(box;) = —3 and ¢(box;) = —3.
e Then 0 < —w(j) < —w(i) and w(j) < 0 < —w(%) so that e; +¢; € J.
This analysis shows that J = R(wg) N P(c) = (R1 NP ) U (ReN Py) U (R3N Ps) is as given
n (5.29).
A consequence of the description of J in (5.29) is that J = R(wg) N P(c) is independent

of the choice of S € 773‘. It follows that all composition factors of B,i‘ are isomorphic to
H(Z7C7J)
. .
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Let S,T € 72‘ such that vg and vy have the same eigenvalues for Wy,...,Wy. By
definition of ’773‘, Sk) = (k) = X. Since

Wivs = g7 /54 ) g = —gfW8E0)

and

Wivr = —qé(T(k)/T(k_l))vT = —qé(A/T(k_l))vT

I

we have ¢(\/T*=1) = &(A/S*=D) which implies that T* =1 = =1 Using this and
the fact that the eigenvalues of Wi_1 on vg and vy are the same, implies similarly that
T®#=2) = §(k=2) Induction gives that

SO =7©@ sk =7k g that S=T.
Thus dim((Bg)+) < 1 (in the notation of (3.1)) and B} = H,EZ’C’J) as Hmodules. [

In the course of the proof of Theorem 5.5 we have also established the following result,
which deserves mention.

Corollary 5.6. Keeping the notations of Theorem 5.5, let A € P*) and S € T*, and let
wg be the signed permutation defined in (5.34). Then

7;)\ SN ]:(c,J)

s a bijection.
S — wg

Example 5.7. Let M = L(a®) = L(6) and N = L(b%) = L(3) so that

3 11
=6 c=1 b=3 d=1 ri=o and =
The partition A = (10, 8) is in P*) with k = 9. Then we draw X as the (marked) partition

-l

A= (10,8) = Here, S =(6,3)

is indicated by the shaded boxes. The boxes of A/ Sr(égx have

SN
"< — Js5]7]8]9
indexing 3‘1‘2 416

S

51 QTQ‘

and shifted contents T_;\_l‘l R
21 212|122

Example 5.8. Let M = L(a®) = L(5*) and N = L(b%) = L(3?) so that

1
a=5 c¢c=4, b=3 d=3, leg, and r2:—5.
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The partition A = (9,9,6,6,6,2,1,1,1) is in P*) with k = 12. For this partition S'oax =

(7,6,5,5,3,2,1); and one tableau S € 7}3‘ with S© = x(r?a)»x (where the shaded portion of
A corresponds to S(0) is

1 T2 1 T2
Lo Lo
: 172 81T
3[4[5]" 61709
6 5l
_ 7 4
5= 819110 ;. and 3112
-T2 : ’ —r2 : ’
- T
Q'u. 2'».

indicates the indexing of the boxes in \/ S}I?QX. The contents of the boxes S /S (i=1) for
t=1,...,k are 7,8,5,6,7,3,2,—1,0,1,—7, —8; and since —%(a —c+b—d) = —%, the
shifted contents ¢(S®/S¢=1) for i =1,...,k are
13 15 9 11 13 5 3 3 1 1 15 17
2222 2y ¥ vy 2 2
respectively. The sum of the contents of the boxes in S&?&X is 1, the sum of the contents
of the boxes in A is 23, cp = —3(12(5—4+3—3) +5-4(5—4) +3-3(3—3)) + 24 = 8,
(11335911 13 13 15 15 17
=(332252923 2 33)
is the sequence of absolute values of the shifted contents, arranged in increasing order.
Using (5.34),

wS:< 1 2 3 45 6 7
-9 10 -8 7 6 3 4
(€3] €45[€10], 11,82 — €1,
Ple) - €3 —€1,64 — €1,/ €3 — ea],[ea — e 65 —e3,[e5 — 4],

£7 — €6, €8 — €7}, €9 — €7,
10 — €8} €11 — €8, [ €10 — €9, €11 — g0}, [e12 — €10],[E12 — e,

51,, €10 €12
€10 —€1,€12 — €1,
€9 —€2,€10 — €2,€11 — €2,€12 — €2,

€10 — £3,€12 — €3,] €5 — €4, €6 — €4,67 — €4,€8 — £4,E9 — £4,€10 — E4,
€11 — €4,€12 — €4,E6 — E5,E7 — E5,E8 — E5,89 — E5,€10 — £€5,€11 — €5,
€12 — 5,88 —€6,€10 — €6,€11 — £€6,€12 — €6,

R(ws) = €8 —E7,€10 —€7,€11 — €7,€12 — €7,| €10 — €8 ;€12 — €8, )

z=q", and

§ 9 10 11 12
15 —-11 2 -12 )’

3 —€a|ea —ea] 5 — ea,86 — £2,67 — €2, 68 — €2,

€10 — &9 Hé‘n — &9 ‘7612 - 89,‘612 — €10 ‘,‘612 —fn ‘;

€3+ ¢€1,64+€1,65 +€1,66 +€1,67 +€1,68 + €1,€9 +€1,€10 + €1,

€11 +€1,€12 + €1, €10 + €2,€12 + €2,

€4+ €3,65 +€3,66 +€3,67 + €3,68 + £3,69 + €3,€10 + €3,€11 T €3,

€12 + €3,€10 + €4, €12 + €4,€10 + €5,€12 T €5,€10 + €6,€12 + €6,€10 + €74
€12 + €7, €10 T €8,€12 T €8,€10 + €9,€12 + €9,€11 + €10,€12 + €10, €12 T €11
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and J = R(wg) N P(c) consists of the outlined elements of P(c) (which are the same as
the outlined elements of R(wg)). Another T € T} is (again, with T(®) indicated by the
shaded boxes)

T1 T2
77:1 " .,
2 B
10/~
A
— 8
r= 619112
o le 3/ -
R S3
5]
g

Keeping the setting of Theorem 5.5, Proposition 3.2 associates a configuration of 2k
boxes to (c,.J). This configuration can be described in terms of the data of A € P*) as

follows. With Sﬁ?&x as defined just before (5.27), let rot()\/Sr(ng) be the 180° rotation of
the skew shape A/ S8 Then the configuration of boxes x corresponding to (c,J) is

i =rot (A/S0h) UA/SOL, (5.35)

so that it is the (disjoint) union of two skew shapes A/ S, and rot(A/ SSQX), placed with
(a) rot(A/S) northwest of A/S©),
(b) A/S©) positioned so that the contents of its boxes are (&(SM/SO) .
&(s®/s%=y),
(c) rot(\/S() positioned so that the contents of its boxes are (—¢&(S®) /Sk=1))
~&($ /510,
and with markings placed at the NE corners of the rectangles B and B’ corresponding to
A/S©) (in the notation of (5.14)). The resulting doubled skew shape is symmetric under
the 180° rotation which sends a box on diagonal ¢; to a box on diagonal —c¢;. In the case
of Example 5.8 the corresponding configuration of boxes is

w0
vl

N

RS
=
ol

ol

This configuration of boxes also appeared in Example 3.3.
For generically large a,b,¢,d, there will be examples of A\, u € P%®) with A # p and
B,;\ >~ Bl as H**-modules; see Example 5.9. This is because the eigenvalues of P on
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M ® N are not sufficient to distinguish the components of M ® N as a gl,-module. It
could be helpful to further extend H{** and consider an algebra Z(U,gl,) ® Hy acting on
M®N @ Vek,

Example 5.9. Let a =c=6 and b =d = 4,
Ak) = (11 + k,10,8,8,6,6,5,3,3,1) and pu(k)= (11+£,9,9,8,7,6,4,3,2,2), i.e

k——k—— k—k—

TITr---T1] [T - T]
l]l T

ME) =011 and u(k) = S

[T
|

Then A(k) # p(k) but, as Hf**-modules,
B,i‘(k) = B,’:(k) =~ H,gz’c’m), where ¢ = (11,12,...,11 4+ k—1) and z = g 28 h(k+21)
Recall from (5.22) that

M®N @ Ve P Ly B as (Uqg,HeXt) -bimodules.
AePk)

A consequence of Theorem 3.5(b) is the following construction of the irreducible Hf**-
modules B,i‘. Keeping the setting and notation of (5.31), for A\ € P%*) and S € 773‘,
let

5,5 be the path from (a¢) to A that differs from S only at SU). (5.36)

The path ;S is unique if it exists: if S = ((a®) — S© — M) — ... 5 S®)) then SU+)
is obtained by adding a box to SU), and (SjS)(j) is obtained by moving a box of SU) to
the position of the added box in SU*TY). In the case that j = 0, the paths soS and S
satisfy (s0S)1) = S() and the partitions (505)(® and S in PO differ by the placement
of one box, with

&((509) M /(509)@) = —& (W /5, (5.37)
where the shifted content of a box ¢(box) is as defined in (5.27).
Corollary 5.10. Keep the conditions of Theorems 5.4 and 5.5. In particular, assume that
the generality conditions of (5.21) hold so that q is not a root of unity, a,b,c,d € Z~qy and

(a+c)— (b+d) €{0,+£1,+2}. Let A\ € P*). Then B} has a basis {vs | S € T} such
that the H*"-action is given by

P'US — q2eO(T)US, Z"US — qZC(S(i)/S(i—l))Us

9

Tivs = [T SUS+\/ ss —a)([Tils,s +a71) vss,  fori=1,....k—1,
Yivs = [Yi]gsvs + \/ Yils,s —a72%) ([Y1]s,s — 4%) vsps,

“26(SM /SO (a—ctrbo
Xivs = [Xu]ssvs + ¢ 2(8V/50) gl d)\/— ((X1ls,s — ¢*) ([(Xi]s,s — ¢72¢) vss,
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where vs;5 =0 if s;5 does not exist, and

1

[Tils.s = 2(c(S® Z(z‘_—g S /5M))
| P(e(SO/SED) (5T /50))
_ _ _d) —2¢(SM /5O
S (q2b+q 2d) — (g% + q72¢) 2b=d)g 2c(5W/5()
LS8 = 1— qQ(a—c+b—d)q—4C(5(l)/S<O)) ’
(% +q~2¢) — (ng + q—2d> q2(a—c)q—2c(s<1>/s(0>)
[(Xils,s = .

1— q2(afc+b7d)q—4c(S<1)/S(0>)

Proof. The appropriate basis of B,;\ is the one given in Proposition 5.2 and used also in the
proof of Theorem 5.5. It is only necessary to convert from the notation v,, in Theorem 3.5
to the notation vg using the bijection in Corollary 5.6. Recall from (5.20) that

a1 =q¢*  aa=q%* b=q¢"  b=q¢H

1 1
= —i¢®"°, and tg = bf (—bg)*% = —ig"td.

N

1
= af (—a2)”

[NIES
Tl

t2 =gq, t
From (3.12) and (5.32),

—(a—c+b— c( S /5(i—1)
Yw=1()Vw = d(Wi)vs = —¢q (a=c+b d)q2 (s/s )US-

1
From (2.18), (2.9), and (h), Y7 = b7 (—bg)%To = ig" 9Ty and X; = (a1 —|—a2)—a1a2YlZf1 =
¢ 4 g% — q2(“_C)YlZf1. With these conversions, the formulas from (3.13) and (3.14)
become

Tivs = Tivy = [Ti]s,svs + [Ti]s;5,5Vs;S, fori=1,...,k—1,
Yivs = i¢" "Tyvw = [Y1]5,50s + [Y1]505,5Vs05 -
and
Xivg = (q2a + q—zc _ q2(a—c)lel—1) vg = (q2a + q—2c _ q2(a—c)q—2c(S(1)/S(0))YI) Vg

= [X1]s,5vs — [X1]505,5Vs05
with
1 1
t2 —t"2 q—q !
2(c(SM/86=)—c(SE+1) /5@

[T%]S,S = [,Ti]ww - 1 1
T Yot @) Yw-1+1) 1 —g¢

o
t5 —t
b—d(o 0

(q(b+d) + qf(ber)) _ (q(a+c) + qf(aJrc)) qafc+bquf20(5(1)/s(o))

[N
N———
_|_
7 N
~
T ol
|
~
=

[N
N———
2
g |
| =
=

W1]s,s = iq" [ To)ww = iq

. b—d .
K ( ) 1— q2(a—c+b—d)q74c(8(1)/S(O))

- - —d),— 1) /5(0)
(q2b+q 2d)> — (¢* + %) PRGN 2¢(SM /5)
1— q2(a—c+b—d)q—4c(S(1)/S(0))

)
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and

[Xi]s,s = ¢% +q % — 2@ 2505 yp)g
— g2 g2 q2(afc)q—20(5(l)/5(0))
<q2b + q—2d) . (q2a + q—2c) q2(b—d)q—2c(s<1>/s(0>)
1 — g2la—c+b—d)g—4e(sD/S©)
- (q2a + q—2c) - (qu + q—2d> q2(a—c)q—2c(s<1)/s(0>)
B 1 — g2la—ctb—d)—4c(SM/S©) ’

On the two-dimensional subspace spanc{vg, vs,s} the action of Tp in the basis {vg, vs,s}
is a symmetric matrix [Tp], and so the matrix of Y7 in this basis is [Y;] = i¢®~¢[Tp] is also
symmetric. The action of Z; is by a diagonal matrix [Z1], so [Z1]! = [Z1]. Therefore, using
X, = Z,Y{ ! from (2.9) and X; = (a3 + ag) — ajaeX; ! from (h), we have ([X;]71)! =
(M][21]7D)" = ([Z] 7'M = [Z1] 7' [¥1] and so

(Z][X] (217" = 2] (@1 + a2) = araa[Za] 7' ¥A]) (2] 7" = [X4),
Thus

(Z1)5.5[X1]505.51Z1 Ysor.s0s = [X1]5.505
and
—[Xi1]s,505[X1]s05,5 = ([X1]s,s — a1)([X1]s,s — a2),

since [X1] is a 2 x 2 matrix with eigenvalues a; and ag (as in the proof of Theorem 3.5).
Thus

[Xi1]s08,5 = \/([X1]sos,s)2 = \/[Xl]s,sos[Z1]§ig[Xl]sos,s[Zl]sos,sos
= /[ 2155210005/~ ([(Xils.s — ) ([Xa]s.s — 07%).

By (5.37), ¢((s05) M /(508) @) = —¢(SM /SO)) 4 (a — ¢ 4 b — d), so that

ST Balrogngs = (5 50) o090 [a91) _ 2S00 a-ct-a)

Thus

Xilgps.s = 25 gleent=Dy (X155 - 2) (Xlss — g7%):
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