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ABSTRACT. The two boundary Temperley—Lieb algebra T'Lj, is a quotient of the type Cj affine Hecke
algebra Hy. The algebra Hj has a diagrammatic presentation by braids with k strands and two poles
and T'Lj has a presentation via non-crossing diagrams with boundaries. The algebra T'Ly plays a
role in the analysis of Heisenberg spin chains with boundaries. A calibrated representation of T Ly
is a T'Ly-module for which all the Murphy elements (integrals) are simultaneously diagonalizable. In
this paper we give a combinatorial classification and construction of all irreducible calibrated T Ly-
modules and explain how these modules also arise from a Schur—Weyl duality with the quantum
group Uggl,.

1. INTRODUCTION

The paper [3] studied the calibrated representations of affine Hecke algebras of type C
with unequal parameters and developed their combinatorics and their role in Schur—Weyl
duality. This paper applies that information to the study of two boundary Temperley—
Lieb algebras. The two boundary Temperley—Lieb algebras appear in statistical mechanics
for analysis of spin chains with generalized boundary conditions [5, 6]. Knowledge of
the representation theory of the two boundary Temperley—Lieb algebras is useful for the
determination of the spectrum of the Hamiltonian for these spin chains with boundaries. In
fact, the need to understand the representation theory of the two boundary Temperley—
Lieb algebra better was a primary motivation for our preceding papers [2, 3] on two
boundary Hecke algebras.

In Section 2 we review the definition and structure of the two boundary Hecke algebra
Hj, (the affine Hecke algebra of type C with unequal parameters). Then we carefully
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analyze certain idempotents which, as we prove in Theorem 3.1, generate the ideal that
one must quotient by to obtain the two boundary Temperley—Lieb algebra T L; from the
two boundary Hecke algebra Hy. It is the expression of these idempotents in terms of the
intertwiner presentation of Hj that eventually provides understanding of the weights that
can appear in T'Lg-modules.

In Section 3 we define the two boundary Temperley—Lieb algebra T'Lj, and the symplec-
tic blob algebra T L (b) following [4, 8, 9, 10, 12, 15, 16] and review the diagram algebra
calculus for these algebras. Part of our contribution is to extend this calculus to make its
connection to the diagrammatic calculus of the Hecke algebra Hj via braids.

Comparing (3.8) and Corollary 3.3 gives that the symplectic blob algebras T Ly (b) for
b € C and the two boundary Temperley-Lieb algebra T'Lj produce the same irreducible
representations. The symplectic blob algebras function as quotients of the two boundary
Temperley—Lieb algebra T'L; by a central character. The key computation appears in
Theorem 3.2 where we use the diagrammatics to give a proof of a result of [4] that provides
an expansion of a certain central element of Hj, inside T L. Using the Hecke algebra point
of view, this result enables us to understand that the center of T'Ly, is a polynomial ring in
one variable Z(T' L) = C[Z], and that T'Lj, is of finite rank over this center. In retrospect,
the algebra Hj has a similar structure and so perhaps this should not be surprising but,
nonetheless, it is pleasant to see it come out in such a vivid and explicit form. Let us
clarify that, although the realisation that Z(TLy) = C[Z] is visible from Theorem 3.2
and the indexing of irreducible representations by central character that one gets from the
Hecke algebra, we have not written a proper proof of this statement in this paper.

We have used a different normalization of the parameters of the two boundary Hecke
and Temperley—Lieb algebra from those used in [4, 9]. Our normalization will be helpful,
for example, for future applications of these algebras to the theory of Macdonald poly-
nomials and to the study of the exotic nilpotent cone. In both of these cases the affine
Hecke algebra of type C,, plays an important role: the Koornwinder polynomials are the
Macdonald polynomials for type (CY,C,) [14], and the K-theory of the Steinberg variety
of the exotic nilpotent cone provides a geometric construction of the representations of
the two boundary Hecke and Temperley—Lieb algebras at unequal parameters (see [11]).

The calibrated representations are the irreducible representations of the two boundary
Hecke algebra for which a large family of commuting operators (integrals, or Murphy
elements) have a simple (joint) spectrum. This property makes these representations
particularly attractive, and the detailed combinatorics of these representations has been
worked out in [3]. In Section 4 we use the detailed analysis of the idempotents done
in Section 2 to determine exactly which calibrated irreducible representations of the two
boundary Hecke algebra are representations of the two boundary Temperley—Lieb algebra
(Theorem 4.1). In consequence, we obtain a full classification of the calibrated irreducible
representations of the two boundary Temperley—Lieb algebras. Theorem 4.1 proves that
the calibrated irreducible representations are classified by triples (z,c,JJ) which convert
(via the conversion in [3, § 3.1]) to a (possibly marked) skew shape with < 2 rows. By [3,
Theorem 3.5, the dimension and structure of the representation indexed by (z,c,J) is
the same for many different choices of z and c; it depends only on three sets Z(c), P(c)
and J.

As explained in [3], there is a Schur—-Weyl type duality between the two boundary
Hecke algebra and the quantum group U,gl,,. The classical Schur-Weyl duality between
U,gl,, and the finite Hecke algebra of type A becomes a Schur-Weyl duality for the finite
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Temperley—Lieb algebra when n = 2. In Theorem 5.1 we show that at n = 2 the Schur—
Weyl duality of [3] gives a Schur—Weyl duality for the two boundary Temperley—Lieb
algebra. This method (coming from R-matrices for the quantum group U,gl,) provides
calibrated representations of the two boundary Temperley—Lieb algebra T'Lg. Using our
results from Section 4, we determine exactly which irreducible calibrated representations of
T Ly, occur in the Schur—Weyl duality context. A consequence of the result of Theorem 5.1
is that (for ty, # to and ¢ # totT! and t;, # t*2 and ¢? is not a root of unity) a representative
of each of the possible structures of calibrated irreducible T'Lj, representations (determined
by the skew local region (c,.J)) does appear in the Schur—Weyl duality context.

2. THE TWO BOUNDARY HECKE ALGEBRA H;

The two boundary Hecke algebra is sometimes called the affine Hecke algebra of type
(CV,C). In this section we shall follow our previous paper [3] for the extended affine Hecke
algebra HPX' of type C}, and define idempotents

3 2 2 2 2
pi(l >,pS“’1 ),pgl ’“’>,p59’1 ),p((ﬁ o,
which we will need to quotient by in order to obtain the two boundary Temperley—Lieb
algebra. We derive expressions of these elements in terms of the different choices of gener-
ators: the braid generators T;, the cap/cup generators e;, and the intertwiner generators
7; and Wj.

The affine Hecke algebra of type C with unequal parameters Hy is the subalgebra of
H* generated by T, ..., T} which satisfy braid relations for the affine Dynkin diagram
of type C and the quadratic relations

1 _1
o) (e o (@) (nrt) o
1 _1
<Tk —t,g) <Tk+tk2> =0,

for i € {1,...,k — 1}. The larger algebra H{*' also contains an element Wy and Murphy
elements for H** given by

W1 = T1_1T2_1 e T];_llTka,1 e TQTlTO and Wj = Tj_le'_lTj_l,

(2.1)

for j € {2,...,k}. These elements Wy, Wi, ..., W) commute with each other and satisfy

relations with the Tp, ..., Ty as in [3, Theorem 2.2]. The intertwining operators for H,‘th
are
1 1 T 1 1
2 2 2 2 -
70 =T — — , cand =T — ———, (2.2)
1-Ww 1 -WiWi,
fori e {1,...,k — 1}, and satisfy
’7'0W1 = Wfng and ToWj == WjT(_) for j 75 1; (23)

fori=1,...,k—1,
Wi = Wi+17i and TiWi—f—l =W,r; for 1> 0,

and T,W; =W;r; for j#i4,i+1; (2.4)

(see [3, Proposition 2.5]).
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Let a, ag,ar € C* and define

1 1
apeg = Tp — 1§, ae; =T; — t%, ager, = Ty, —tf, (2.5)

for i € {1,...,k —1}. The relations in (2.1) are equivalent to

_1 1
Toeo = —t, *ep, Tie; = —t_%ei, Trer = —t;, ey, (2.6)

1 _1 1 _1
2 _(t§+t02) 2 _(t%—i_t_%) 2 _(t’§+tk2>
ey = ey, € = e;, €= e, 2.7
0 a0 0 a 7 k ar k ( )

forie{l,...,k—1}.

and to

Remark 2.1. The coefficients a, ag, and ai are chosen somewhat differently across the
literature on Temperley—Lieb algebras, and we keep them general here to match to any
given convention. Some favorite choices for a, ag, and ap can traced to the following
computations.

For i e {1,...,k —2}, using T; = ae; + t3 to expand T;T;11T; and T;117T;T;+1 in terms
of the e; shows that in the presence of the relations (2.1),

T;Ti1Ti = Tia TiTi1  is equivalent to  a’ejeiy1e; — ae; = a’ejrieieir — aeit.
Similarly, ToT1ToTy = T1ToT1 Ty is equivalent to

_1 4 1y 11 11
a%aQeoeleoel — apa (to 2t 4 t5t 2) epe1 = agaQeleoeleo — apa (to 2 Ft5t 2) e1eg.

In the case that a2a® = aoa(to_%t% + tét_%) then
ToTToyTy = T IpT1 Ty  is equivalent to  egejege; — ege; = ejegereg — eieg.
In the case that a® = a then
T T = Ty TiTiq  is equivalent to  ejejp1e; — €5 = €;11€i€i41 — €541.
This is the explanation for why conventions often fix a, ag and a; to satisfy
a=+1, apa= ta%t% +t§t—% — |[t0t_1] and apa = t;%t% +t,§t—% — I[tkt_l]],

where we use the notation
x x 1 1
t7 —t732 s s 85—t (t2 —t"2 [25]
] = ——— and [t!]=(t2+t72) = S - | = =—. 2.8
<] t5 473 '] ( ) <t§t5> (tz—t2> [s] (28)

In order to make the statement of Proposition 2.2 (below) more manageable, we invoke
the notation associated to the type C root system appearing in [3, § 3] and let

f2€¢ =1- ijiQa
11 1 1 _1 1
fEi*TQ = (1—t5t1§ P )7 fez'*h = <1+t02tk2Wi_ >’
11 1 1
foerm = (1 — 1217 Z) : foerim = (1 2t ZWZ) , (2.9)
fEi*EJ’ =1- W’L'Wjila fEi*€j+1 =1- tWinilﬂ
f—Ei—é‘j =1- Wi_le_17 f—&‘i—{:‘j-f—l =1- tWZ'_le_17
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fori,j € {1,...,k}. Then
_%f8177‘1f€177'2

apgeg = 7o — ty and aje; = 7; — f*w, (2.10)

f2€1 fsifslurl
and equations (2.42) and (2.43) from [3, Proposition 2.5] become

1f€1*7'1f*€1*7'1f5177‘2f*€177“2 and 7_ —

t_l f€2_€z+1+1f€z+l —gi+1
2 9
f251 fszfs,+1 f52+1 —&;

2 _ 24—

fori=1,...,k—1.
2.1. The idempotents p£13), pé®’12) and pélQ’w). Fixi e {1,...,k—2}. Let

H Sgi) be the subalgebra of H*' generated by T; and Tjy1, and let
HDB, be the subalgebra of H{*' generated by Ty and T7.

Define elements pz(»lg) € HSéZ) and pém 12),p612’®) € HBy by

( 513)>2 = pi(IS)v (p5®’12)>2 = pgw’IQ) <p§12’@))2 = p(()IQ’@), (2.11)
and
Ep§13) = —t_%pi(ls), Ti+1p7;(13) = —t_%pi(p),
Top(()@’12) _ ta%pgw,ﬂ) Tlpg@,lz) _ _t_%p(()@,ﬁ)’ (2.12)
Topl" W = 12", ™Y = 1),

The idempotent p( ) projects onto the irreducible H S:gi)-module indexed by the partition

(13) = (1,1,1) and the idempotents pé %) and p(()IQ’@) in H Bs project onto the irreducible

H Sé )_modules indexed by (0,12) and (12,0), respectively. The conditions in (2.12) are
equivalent to

13 1 1 13 13 1 1 13
aeipi( ) = ( 2 41 2);05 ), aei+1pi( ) = — (tz +t 2>pi( )’
012 AN 0,12 11y (012
aeopy ") = ( ¢+t )pg ) e = - (2 +1 2>p(() ), (2.13)
12,0 12,0 11y (120
aoeop((] ) =0, aelp‘g ) =— (tz + ¢ 2) pg )

The following proposition gives an expansion of these projection operators in terms
of three important families of generators of H,j"t: the braid T; generators, the cup/cap
e; generators and the intertwining operators ;. As we will see in Section 3.1, the two
boundary Temperley—Lieb algebra is precisely a quotient of Hf*' by the ideal generated
by these idempotents.

. (13)  (9,12) (12,0) .
Proposition 2.2. Let p;” 7, p, and p; be as defined in (2.11) and (2.12) and let

N=t"3(1+41) (14+E+) and No=t5"t7 (1 +10)(1+1)(1+ tot).
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Then the expansions of these idempotents in terms of the three favored generating sets is
given by

3
N = DT T~ BTy — 3Ty T 44T, 1 1Ty — £3

[

3 3
= A €i€j1+1€; — G€; = G €;41€;€i41 — AC+1

_1 f6i+1—€i+2+1 _1 f€i+1—6i+1
=TT T —t 2T — U AT
f€i+1—51‘+2 f57;+1—5i
-1 fai+1—€i+2+1f8i+2—5i+1 —1 f5i+2—£i+1f5i+1—8i+1
+t T + 1 Tt
f5i+1_€i+2 f5i+2_5i f5i+2_5if€i+1_5i

. tig f€¢+17€i+2+1f€¢+275i+1 f€2‘+17€i+1

M
f5i+1_5i+2 f£i+2—ai f5i+1—5i+1

(0.1%) 1 1
N()po = T0T1T0T1 — tg T1T0T1 — t2T[)T1T0

1 1 1
FA2EETYTy + 22T T — tot2 Ty — 12T} + tot

1 1,

—= 1
= a%a260616061 — apa <t0 22 + 1§ t_2> epel

_1 E
= a%aQeleoeleo — apa <t0 2 4 tgt 2) e1eq

) fal—rgfal—m

3 _1 Jer—e1+1
:T()TlToTl—thlToTl — 1 27971170 2t

f251 f62—61
f—€2—61+1 f€1—7”2f€1—7“1 f€2—7“2f€2—7“1 f62—€1+1
f—€2—€1 f2€1 f2€2 f€2—€1
f527r2f527r1 f752751+1 f€17T2f€17T1
f282 f—sg—al f2€1
f—62—61+1 fag—r2f€2—r1 f62—61+1
f—sz—sl f252 fsz—sl
til f€177"2 fs177‘1 f782781+1 fEQ*T’QfEQ*T’l f€2751+1

f251 f*EQ*El f2€2 f€2781 ’

1.1 1.1
+i5t 21T —tgt 2T

— totiéﬁ

1
—t2t 1 ry

+ to

and
(120) ) .
Nop =Ty 1T, + to TTyTy —t2TyTh Ty
_1 _1 _1
— by HATY Ty — ty 22Ty Ty — tot2 Ty + ty 2tTh + tot

1

_1 1
= (agaZeoeleoel — apa (to 22 + 1§ t2) eoel)

_1 1 1 1
— <a0a2616061 —a <t0 2 4 tg t_2> €1>
1
= ToT1T0T1 — t§ im0 W,

Jun

2f—61—7’2f—61—7’1 . t_%ToTlT(] fez—eﬁ-l
f2€1 f€2—€1
W—2 f762781+1 ff€1*T2 f*€1*T1
1
f*EQ*El f2€1
2f—€2—7"2f—62—7"1 f82—81+1

f262 f62—61

1 1
+ tg t 21T

1
2t Wy
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o t()t 27’1W1 2W2 2f*€2 T‘szez 1 f*EQ e1+1 ffsl rgf—gl —ry
f2€2 f—£2—£1 f281
2f—€2—€1+1 f—62—7’2f—62—7’1 f€2—€1+1
f—Ez —€1 f2€2 f62 —€1

71”7—2 2f*81 T‘2f*£1 —T1 f*EQ e1+1 ffez T2f*€2 1 fsg 51+1
f2€1 ffsg 1 f252 fsg 1

1
— 2t Wy

Proof. The expressmns in terms of T} are proved by using the relations 77 = (t% —t3 )Ti+1

and T3 = (150 —ty )To + 1 to show that the equations in (2.12) are satisfied. In view of

the conditions (2.11), using the equations (2.12) to compute the product of the expansion

3 2 2
in terms of the 7T; with each element pl(-1 ), p(()(})’1 ) and p(()1 0)

normalizing constants

respectively, determines the

N=—t72 =7 75—t 13— 13 =173 (141 (14 L+ 82)
and
No=to 7t tgt + 1+ 1+ to+t+tot =ty (1 +to) (1 +¢)(1 + tot).

Checking the conditions (2.13) verifies that the expressions in terms of the e; for the

3 2 2
elements N p§1 ), Nop(()@’1 ) and Nop(()1 D are correct. Similarly, using the expressions for
apep and ae; in terms of 7; given in (2.10) to check these same conditions verifies that

] (13) (®712) (127®) 3
the expressions for the elements Np, ’, Nopg and Nop, in terms of the 7; are

(A
correct. n

2.2. The idempotents p(()%’p) and pé D Section 2.1 we produced idempotents p

and pélQ’Q) in the subalgebra of H*' generated by T and Ty. To take advantage of the

symmetry of the type C situation, we need to have available the corresponding idempotents
2

pé%l ) and p( D) coming from the subalgebra of H** generated by Ty and Ty_;. These

are produced as follows.

Let wy be the longest element of WA, = (s1,...,s,-1). Let Let

©,12)

a A/

[un

FH

Tov = T2 TiTw, = ay *(—az)”

= WlTo_l,

and note that T, 1Tk 11w, = T1. Then

1 _1
(Tov — t;) (Tov +t 2) =0 and TovIvTyvTy =T TopvThTyv.
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Let H By be the subalgebra of H{** generated by Tyv and T} and define idempotents p(()wv’IQ)
(12,0)

and pyy " in HBJ by the equations
0,12)\ 2 0,12 12,0) 2 12,0
<p(()v )) = p(()v )a <pgv )) = p(()v ); (2-14)
and
0,12 —1 (0,12 0,12 _1 (0,12
Tywpe") =t 2, Tpp ) = i, (2.15)
12,0 1 (129 12,0 _1 (120 ’
Tovp(()v ) = t,ip(()v ), and Tlp(()v ) = —t 2105v )
In effect, the conjugation by T),, replaces T} and Ty_; by Tpv and 71, respectively.
Let ax € C* and define
1
agegv = Tov — 17, so that egv = TglekTwA and e; = T;jek_lTwA. (2.16)
The conditions in (2.15) are equivalent to
0,12 1 -1 0,12 0,12 1 _1\ (0,12
CLk;e()Vp(()\/ ) = — <t,§ + 1, 2)]7(()\/ ), aelpgv ) = — (t? +1 2)]9(()\/ ),
(2.17)
12,0 12,0 1 _1 12,0
akeovpgv ) =0, and aelpgv ) = — (t? + 1 é)pgv )

1 1 1 1 1 11 1
Using areqv = WiTy ' —t2 = Wi(To— (18—t 2)) —t7 = Wi(To+18 —cay— (18 —1g 2)) — 17,
a short computation gives

1 fa1 -T2 f—a1 —ri

f2£1

_1
apeov = T()Wl_l — tO 2W1_
Letting Ny, = ¢, 't 72 (1 + t) (1 + ¢)(1 + txt), then
0,12 111 1
Nkp(()v ) = azazeoveleovel — apa (tk 243 +tit 5) egvel

14 1
= aiaQeleoveleov — aga <tk 22+t 2) e1egv

N

= ror1 10T (Wi Wa) ™ — to 2 mimom (W W2)_1—f51—r2 Joern

f281
1 _
+t_5T07'17'0(W1W2)_17f52 citl
Jea—es
_1 - _ -
—tOQtiéTOTl(WIWQ)ilf es—e1+1 Jer—rof—e1-m
f—82—€1 f251
1 4 _ - _
—tOQt_§T1T0(W1W2)_1f62 Tzf £9—T1 fsg e1+1
f2€2 f€2—€1

-1 fEQ*TQf*€2*7'1 f*€2*€1+1 fEl*T‘2f*€1*7‘1
f2€2 f—82—81 f2€1
_1 o — o —eo— —
N tO gt—lTO(WIWQ)—lf gg—e1+1 f€2 T2f €2—T1 f62 e1+1
f—62—61 f282 f€2—81

+ taltfl(Wﬂ/VQ)fl f€1*7“2f*€1*h f*€2751+1 fEQ*T‘Qf*EQ*Tj f52751+1 ,
f251 ffsgfm f2€2 fszfsl

iy e (W W)
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and

(12.0) 2 2 P R
Nipov = | apa“egveregve; —aga |t *t2 +1 12 | egver

_1 4 1 1
— (aka2€1€0v61 —a (tk t2 +t] t_2) 61)
—1 f*€177‘2f€177“1

D=

= romrom (WiWa) ™! — to 2 rirom (Wi Wa) 7
€1
+ t_%ToTlTo(Wﬂ/VQ)_l7fa2_a1+1
f€2—€1
_ t(;%t_%TOTl (W1W2)_1 f*€2*€1+1 f*€1*T2f€1*7’1
f*EQ*El f2€1
_ t(;%ti%TlTo(Wll/VQ)il f—82—1”2f82—7“1 f82—81+1
f252 fez—al

+ talt_%ﬁ(Wle)_l f—az—T2f€2—T1 f—€2—61+1 f—€1—7“2f€1—7"1
f252 f—sz—sl f251
_ ta%tilﬂ) <W1—1W2)_1 f*€2*€1+1 ffszfmfﬁth f€2*€1+1
f—&g—al f252 f82—51
+ tg_lt_l(W1W2)_1 f—€1—r2f51—7’1 f—62—61+1 f—Ez—T2f62—7’1 f€2—€1+1 ,
f261 f—€2—€1 f262 f62—61

in analogy with (and with the same proof as) Proposition 2.2.

3. THE TWO BOUNDARY TEMPERLEY—LIEB ALGEBRA T Ly

In this section we define the two boundary Temperley—Lieb algebra T'L; and review its
diagrammatic calculus. The algebra T'Ly, is closely related to the symplectic blob algebras
TLi(b), see (3.8)) and [8, 9, 10, 12, 15, 16]. We extend the diagrammatic calculus to
make clear the relationship to the two boundary Hecke algebra and to set the stage for
the proof of Theorem 3.2. Although Theorem 3.2 takes the form of a computation, it is a
computation that has amazing consequences as it determines the relationship between the
center of H*" and the center of T'Ly,. The center of HZ*' is a ring of symmetric functions
(see [3, Theorem 2.3]) and the center of T'Ly turns out to be a polynomial ring C[Z] in
a single variable Z. In the same way that H*" is finite rank over its center, the algebra
T Ly is finite rank over C[Z]. The algebra H{** has rank (2Fk!)? over its center. A closed
form formula for these ranks, in terms of sums of products of blobbed Catalan numbers,
is given in [1, Theorem 4.2, Theorem 6.1 and Theorem 7.12]. These ranks coincide with
the dimensions of the symplectic blob algebras T'L(b) defined in Section 3.6.

3.1. The extended two boundary Temperley—Lieb algebra TL$**. Let H{** be the
extended two boundary Hecke algebra as defined in (2.1). The extended two boundary
Temperley—Lieb algebra TL$*" is the quotient of Hf** by the relations

2 2 2 2 3
pO) 0 g ) ) g and o 20 forie {1, k- 2).

i
Theorem 3.1. Assume that N, Ny and Ny are invertible. The algebra TL$ is the
quotient of HP** by the relations

_1 1 1 1 _1 1 1 1
apa’er_1erer_1 — a (tk t2 -t t2> er_1 =0, apa’eieper —a <t0 22 + 1§ t2> e1 =0,
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and
3 3 .
a’ejeiy1€; —ae; = a’ejr1ei€i41 —aeip1 =0 forie {l,... k—2}.
Proof. Let F; = a’eje;1e; — ae; = ade;y1eieii1 — aeiyq fori € {1,... k — 2},
9 _1 4 1 1
Fi, = apa“ep_1eper—1 — a (tk t2 + t,gt_2> Ch—1,
and

_1 4 14
Fy = apa’eiepe; — a (to 2tz 4 t5t 2) e1.

By Proposition 2.2,

Nop(()@’lg) = agpeo Fp, NopSIQ’@) = (apeo — 1) Fo,
Fo=No (o =), and vy =
and, by (2.16),
Tw,FiTy) = No (pé@’lz) —p((ﬁg’@)) , TJ/}PS%’p)TwA = apeplFy,
and
T;jpgfﬂ)TwA = (aper — 1) F.

Thus, provided N, Ny and Ny, are invertible, the ideal H*" Fj, H*" is the same as the ideal
generated by p(()va’m and p(()mv’12); the ideal HX'FyHPX" is the same as the ideal generated
by pi? and p"); and Hgxtp") HEt = HE R, HES. O

3.2. The two boundary Temperley—Lieb algebra T L;. The two boundary Temper-
ley—Lieb algebra T Ly, is the subalgebra of TLzXt generated by apeq, aey, ..., aex_1,aiex (as
defined in (2.5)). As in [3, Theorem 2.4, where Hg*' = Hy ® C[W;'], the extended two
boundary Temperley-Lieb algebra is

TLY =TL,®C [Woﬂ} , as algebras, where Wy= PWj.--Wj.

This structure guarantees that Z(TL{) = C[Wi'] @ Z(TLy) and that every finite di-
mensional irreducible representation of TL{* is a tensor product L ® V of an irreducible
representation L of T Ly, and an irreducible representation V of C[Wi!]. Since C[Wi]
is the group algebra of the group D then V must be one dimensional, determined by the
action of Wy on the one-dimensional vector space V. The constant by which Wy acts on
V' is the constant z appearing in Section 4.1.

3.3. Diagrammatic calculus for T'Ly. Pictorially, identify

7 +1

n= LT w=00 T T w=[ T

i i+1

QN ) PS5 o ) PR S
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forie {1,...,k

from (2.8). With ¢ e {1,...,k

1

— 1}. Recall the notation

[=] = 27 o

1

2

— 1}, the relations (2.5), (2.6) and (2.7) are

1

T0:a060+tg, T%:aei—l-t%, Tk—akek—i—t,;,
/
ﬂ&—ao-\—f—tl/zﬂ‘ N o= =2 | m_ak,.ﬂl/?\ﬂ
_1 1 _1
Toeo = —tq *eo, Ti(ae;) = —t"2(ae;), Trer = —t;, % ey,
o 15 —1/2&/ S ! _1/9 w o —1/2 G
Hbzuz—to/'\ g:b:_tlﬂf* CH:T:_%/K‘
~ ~ ™ ~ -
-1 3 -1 1 -1 3
Ty “eq = —tg eo, T (ae;) = —tz(ae;), T, “er, = —tlex,
q ﬂ5 1/2-/ S 8 1/2 p Eﬂ 1/2 G
= = —t, =0 =—t1/2 = = =
B A=Q T
—|It —IIt
e% I 0]] (ae;)* = —[t](ae;),  and e = -
ap ag
G
—[to] ¥ _ _ =t
b -t O=-1 G =l
In the quotient by (ae;)(ae;t+1)(ae;) = ae;, we have
1
ae;Ti 1\ T; = aTi 1 Tiei =t2a’e;eii1,
A _1
ac; T T = al 3T e =1 2aeienn, (3.1)
. )
ae;i 11T = ali Ty e =tid’e;t16€5,
_ _1
ae; 1T, TzJrl =al;" 1T+1€z =t 2a2ei+1el,

@_@_tlﬂz

which are proved by using Tiil =ae; + £3 to expand both sides in terms of e;.
When ag(aer)eg(aer) — [tot ] (ae1) = 0 and ay(aer_1)ex(aex_1) — [tit Jaer_1 = 0,

then ) )
(ae1)ToTy = t2(aey)Ty ", Ty To(aer) = t2Ty H(aey), (3.2)
(aek_l)Tka 1= t%(aek_l)Tgl, Tk_lTk(aek_l) = t%Tl;l(aek_l),
o ﬂ o ﬂ ? - ﬂ - \ﬂ \ﬂ
— 4172 _ 41/2 H _ 41/2 H — 4172
=T S Lp=lh b=ty
(aea) TV ToTV Ty = t2 (aen) T T MY, (3.3)
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(ae1)To(aer) = 2 (té —ty é) (aeq),

(aex—1)Ti(aek—1) = 3 <t,% — 1 é) (aex—1), (3.4)

and
1
oy Ty T g = —t 2 [to]eo(aer eo — t 2 €2.

IES L 1% 1./
ﬁ = —t72[tg] é— t_ltga [

3.4. TL; as a diagram algebra. The algebra T'Lj, is generated by eg,e1, ..., e, which
are represented pictorially by diagrams as in Seciton 3.3. Using the pictorial notation,
the algebra T'Lj, has a basis (see [9, Theorem 3.4] and [4, Definition 3.4]) of non-crossing
diagrams with k dots in the top row, k dots in the bottom row, edges connecting a dot to
a dot or connecting a dot to either the left or the right boundary, an even number of left
boundary to right boundary edges, and

(71)#{19& boundary edges} _ 1 and (71)#{right boundary edges} __ 1.

For example,
N2 SN

dy = / and do =

are both basis elements of T'L;. Multiplication of basis elements can be computed picto-
rially by vertical concatenation, with self-connected loops and strands with both ends on
the left or on the right replaced by constant coefficients according to the following local
rules (applied simultaneously, not iteratively):

O:_M, } :w’ C :WL_I]L

if even # | : aq :| if even # ag
connections | : : | connections
D —llto C —IItx
Sl g : _ ltd
if odd # : ag H if odd # ag
connections | : | connections
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For example with d; and ds as above,

= o (1) () o

Ak K N~

-1
(where the dashed strand is removed with a coefficient of [[t%k]], and the thick strand is

removed with a coefficient of #ﬁfﬂ)

3.5. The through-strand filtration of T'L;. A through-strand is an edge that connects
a top vertex to a bottom vertex. Define the ideals

T L,(fj ) = C-span{diagrams with < j through-strands}.

Then the algebra T'Ly, is filtered by ideals as

TLy =TLEP oSV o oSV o 1ri=% oo, (3.5)
If
(<9)
7LV = —k __ then dim 7LV < oo, forj>1, and dim TS = 00,
kT (D k k
k

as there can be an arbitrarily large number of edges which connect the left and right sides
in diagrams with no through strands:

A SARESS RS e

3.6. The elements I; and Iy. Asin [4, § 3.2], define

I = (aer)(aes) - - (aek—1), if k is even,
b (aey)(aes) - - (aeg—2)ex, if k is odd,

R N o (3.6)
—~ o~ ~ if k£ is even,
= D N A N .
o~ ifkisodd,
and
I — eo(aeg) - - - (aeg—_g)ex, if k is even,
2T eo(aez) - - (aek_1), if k is odd.
ke Ry o (3.7)
~ o~~~ if k is even,
=N N NG
~ o~~~ ifkisodd.
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Up to a constant multiple the elements I; and Iy are idempotents (provided [2] # 0) and

R N NG
if k is even,
TN T
Il[2[1: S N NG Y
if £ is odd,
TN TN T
and
[P ARAND SRR N S
ST if k is even,
IQIlIQ: B NG T S N
if k is odd.
[ e R

Corollary 3.3 below gives another striking formula for the elements I11517 and Io1 1.
For a constant b € C the symplectic blob algebra T Ly (b), or double quotient of T Ly,
(see [1, Definition 2.7] and [4, Definition 3.7]) is the quotient of T'Lj, by the relations

11[211 = b[l and 1211[2 = b[z (38)

These quotients, as b varies, capture all of the irreducible representations of T'L;. There
is an easy conceptual explanation for this. The center of T'Lj is a polynomial ring in one
variable C[Z], the value b corresponds to the choice of a central character, and the algebra
TLy(b) is the quotient of T'Ly by the central character so that the irreducible representa-
tions of T'Ly(b) are exactly those irreducible representations of T'Lj on which the central
element Z acts by a specific value (determied from b by the formulas in Corollary 3.3).

3.7. The element ZI; in T'L;. Conceptually, the diagram

nr1 1M
F= <HH7W would be a central element of Hj

if it represented a true element of the algebra Hjy. Though the diagram F does not
naturally represent an element of Hy, the diagrams
ﬂ A S 4 ’ ﬂ
Dever — [, (TO_I(CLGQ)(CL64) ... (aek—Z)Tk) I = (H H ’

e ()

and

ﬂ.} p—g 4 ‘\Jﬂ
ia)
DM = I (T Ty T (aes) aes) -+ (aer2) i) B = o 7|
Y Dy

do appear in the algebra T'L; and play an important role in the proof of the following
theorem. See also [4, Theorem 4.1], using Remark 3.4 below as a guide to the differences
in notations.

It is proved in [3, Theorem 2.3] that the element

Z=Wi+W ' +Wo+ Wyt + -+ W+ W, s central in H{*. (3.9)

Since Z does not include Wy (and hence the element P is not needed in the definition of
Z) then Z is actually an element of Hy, and its image in the Temperley—Lieb quotient is
an element of T'Ly.
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Theorem 3.2. As elements of T'Ly,
if k is even, then D" = agapl1loI1 + [[totkt_l]]ll and ZI, = [k]|D®", and
if k is odd, then

podd _ 44 (—[[to]]
ao

—|It
) (aoak1211[2 — [[tot%ﬁ]g) and tié (EO]]> ZI2 = [k]DOdd.
0

Proof. Case 1. k even.Let

LU R N N [[tkt_lﬂ
Leven = ]1((@62)(0,64) e (aek_g)ek)ll = (:: = Il,
o ag

o L s -1
M = I (eo(aez) (aea) -~ (aex o)) [y =) = <[[tot ]])11,

and
peven _ [1((a62)(a64) o (aek_2))_[1 = (:) = _[[t]]ll.

_1
2

1
Using TO_1 = apeg + ty * for the left pole and T} = aper + ¢ for the right pole,
1 _1 11
Deven — aOak11]QIl _|_ aoti Meven + Clkt() QLeven + tg tk2 Peven
1 _1 _11
= apapl1 1] + (t,g [tot™'] +to 2 [trt 1] — to 2t7 [[t]]) L

= apapl1 s + [totpt )11,

which completes the proof of the first statement.
Using (ae)T] ! = (—t%)(ael) and (ae1)T1Tp(aer) = t%(ael)T(fl(ael) gives

RV — [, (Tfl(aeg)(aez;) cos (aek,Q)TleTO) I
o s uﬂ
i S

Um o
and using Ty_1(aex_1) = (—t_%)(aek_l) and T, ! T} Hae—1) = t_%Tk(aek_l) gives

Seven — Il (TO(CL@Q)(CL64) . (aek_2)T];31T];1Tk_l) I]_
L P
= Ui i = (—t‘%)t‘%Deven-

-"\(‘\(’\(’\u

Pictorially,
J
[ -
W; = J—J"]“]"IT for j € {1,...,k}
’ LJ&\‘-
J

Ann. Repr. Th. 2 (2025), 3, p. 405438 https://doi.org/10.5802/art.26


https://doi.org/10.5802/art.26

420 Zajj Daugherty & Arun Ram

Thus, pictorially,

C

) IiWotoilh = 1l

=~
=
e
=
[
¢
]

x:nmﬁ xxniﬁ

Working left to right removing loops,

k
L

LWy = (B []) (36 1) ™ R = ()it (<ed) Do,
Nk = (mh ) (A eIm) s = (i ) (ced) Do

for i € {0,..., g — 1}. Since I[1Wi49;11 and Iy Wa 9,11 only differ by two twists (similarly
11W1—1+122.11 and IIW2_+121'II only differ by two twists) the relations Tiﬂ(aei) = (aei)Tiil =
(=t72)(ae;) give

hWasaily = (_t_%> (_t_%) T i Wigail = (<[e]) 71t (—t_%) peven
and
LWy = (—t7) (~473) BW0 = (<[ (%) (—43) pover,

for i € {0,...,5 —1}. Thus

k1
2
k
(—[thzz5IL = ZIl2 =LZ = Z L (W1+2z’ + Woto; + W1_+12@ + WQ__&%) I

=0

b1
D D S (5 () O (b))

=0

= (—[[t]])%DGVen (m) _ (_[[t]])g[k]Deven'

5 4

Case 2. k odd. Let

Lo =[5 ((aes)(aes) - - - (aep_o)ex) I = ) (:

(_fﬁ><wfqﬂ>hv

J
)
)
)

r} L S W 4 R 4

Modd — I((ae1)(aes) - - (aep—2)) > = ————— m) = (_EZOH> Iy, and
'j L S W 4 P

P = By((aes)facs) -+ (oei2) o =) ) = (1) (g,
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1 1
Using englTo_lTl_leg = —f%[[tg]]eo(ael)eo —t71t2e3 and Ty, = age + tp gives
1 1 11
Do = =3 [tolar Ty Iy — ¢ 2 af L0 — 2 [t MO — 14242 podd
1 [[ o] 11 1 1 111
=t aparloli Iy + | —t72t8 [txt =] — 7 [to] +t 262 ¢2[t] ) L2

t _

( [[ 0H> (aoakbhb — [toty lﬂfz) ;

which completes the proof of the first statement.
Using (ae)Ty ! = —t%(aeg) and ToT1ToT (aez) = t%Tfnglel(aeg),

I\J

l\J\»—\

A A

R =1, (Tfl(aez)(a€4) e (aek—z)TleTo) 5L = ﬂi 7H = (—t%) t2 D",

Hm Ny &3 &
Using Ty_1(aeg—1) = —f%(aek_l) and T, T, Haep—1) = f%Tk(aek_l) gives

godd — I ( lT 1T (aeg)(ae5) e (aek72)Tk__11Tk_1kal) I

J A 4 ﬂ
= /3 43 pedd
Ty
Pictorially,
ﬂ‘) i uﬂ HJ o uﬂ
LoWitoils = MDW , LWay ol = &DW ;
(L= == e (L= == =e
L E== L ke
wvit = (OO FE . wa mvin = (PO
Ny N

Working left to right removing loops,

1

BWasaily = (£33 (- [1])) (£33 ( [[t]])) 71 podd _ (_p)t t“rl( £ Dodd,
bmﬁﬁ:G%tﬂﬂm)(%%<mD o

for i € {0,..., %~ — 1}. Since Io; Wy 9;l> and IoWs5, 9,15 only differ by two twists (simi-
larly IoW, HZIQ and LW, +2l]2 only differ by two twists) the relations Tzﬂel = elTZjEl =

(—txé Je; give

1 1
12W3+2i12=(—75_5> (—t_i) IoWo iy = (— [[ﬂ]) tZH( 1)Dedd,

Sodd ( [[t]]) z+1)( )Dodd,

and

Wikl = (—t2) (—12) LWz Yyl = (=[t]) = ) (—) Do,
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51k
LW\ I = U%iii iﬁ =< >( [£]) % La((aer)(aes) -+ (aex2)T) I,
and
LWL, = DQIUD U@ (=16 ) (1T 12 ((aer)aes) -+ (acr2) ;) 1

_1 1 _1 1 1 _1
Using —t, 2Ty, — t3 T, ' = —ty 2 (arer +t7) — t& (aper +t, 2) = —[tollarer — [toty ',

I (Wl + Wl_l) I

o

1

= (—E)*5* (~ltolan2h T2 — Tty ]A=9)
= (-] ( [tolaxI2Ti T2 — [tot; '] ( Hto}]) )
= (- [[t]]) < [[to]]) (aoakfzhb - [[totizl]UQ) =—(t+1D(= [[t]]) = pedd,

Thus

(FD) (' 21, = 222 = 2

k=1l
2
=1 (Wl + Wfl) L+ > I <W2+2i + Wagai + Woily; + W3112¢> I
=0
k-3
E—3 2 ; ;
=+ DI T DA ()T | 3 (6 ) (- 1o
1=0
k—3
( [[t]]) (t-f—l)DOdd 1+ Z (tz—l-l t~ (i—l—l)) ( [[t]]) tQDOdd[k‘] 0
=0

The following corollary explains how the defining relations for the symplectic blob al-
gebra T'Ly(b) come from relations that hold in the algebra T'Ly.

Corollary 3.3. Let Z = W7 + T/Vl_1 + -+ We + Wk_l and let Iy and Is be as defined
n (3.6) and (3.7). If k is even, then

1 _ 1 _
apapli oI = <[k]Z — [totst 1]]) L and agaplaIi Iy = ([k]z — [totxt 1]}) I

If k is odd, then

1 _ 1 _
agarpl1 o] = ([I{Z]Z -+ [[totk lﬂ) I and agaplol11s = ([k]Z + [[totk 1]]) I
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Proof. As observed in the proof of Theorem 3.2, the products [; Z1y and IsZs reduce to
computation of the diagram with a single string going around all the poles (D¥® or D°4d),
These diagrammatics give that there are constants C,C1,Cs and D, Dy, Do such that

=CL, LLL=(C1Z+Cy)lL, I2=DIl, L= (D1Z+ Ds)ls.
Then, computing (I11211)? in two different ways, we have
Ly I 1Dy = CLiIy 1 Iy = C(D1Z + Do) 11 Io14,
and
LI L = (CiZ + Co) 11 Io Iy = C(CL Z + Co) L1 o 14,
which indicates that C1Z + Cy = D1Z + Ds.

Theorem 3.2 gives that, if k is even, then

1
aoarpliIoly = D" — [[totkt_l]]fl = mZIl — [[totkt_l]]fl,

and if k£ is odd, then

ZI + [toty '] 1. O

1(_ao dd 1 1
agarplol1ly = t2 < ) Do + [[t()t HIQ = —
—[to] : []
Remark 3.4 (Comparison to de Gier—Nichols.). Let us explain how to relate the constants
in Corollary 3.3 and Proposition 4.2 to the values which appear in [4]. Let

1 1

1 1 1
tg = _iqwl7 t2 = q717 t]? = _iqw27
To = —igo, T = —gi, Ty = —igk,
€0 = ¢, €; = ¢, €k = €.

Then
G —a)p—a)=0, (G+a)e—-a)=0 (g—3q")g-a)=0
as in [4, Definitions 2.4, 2.6, and 2.8], and
p=¢" = (¢ =g g, g=a—qt, g=g¢? - (¢ - ) ey,
as in [4, (5)]. Following [4, Definitions 2.8 and (9)],

) _ -1 -1
o =4 G 1IkFk—1 " 20150
= (- (=) (=) (-t T T T - T T = — W,

5 = g5 = (1)’ T(~W)T; = ~Wigy forie{l,....k—1}, and
k-1 .
z,=3 <J§C) + (719) ) == (W4 W+ W W) = -2,
=0
Use the notation [z] = t%"i% = q;__qq:f as in (2.8), and let ap, a and ay, take the favorite
13—t~ 3
values from Remark 2.1 so that

a=-1, ag=—[tot™ '], and ax=—[t;t'],
and set

-1
9:c+kT and 2z = [t][K],
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as in Proposition 4.2. Following [4, Theorem 4.1] and remembering that z; = —Z, let

—[k][] = —[k] (tg + t‘%) = [] (_q—e _ q9>
O=0+ logqm so that =& (¢~ (0+ =5 i7) n q0+@”
- 20
= [K] (¢7° +¢°) = [k
Note that

N =

)

= (—iq_wl_l + iq‘”“) (—iq_“’r1 + iqw2+1> = —[wy + 1][wa + 1] (q - q_l)z.

Then the constant b that appears in [4, Definition 3.6 and Theorem 4.1] to make I;Io]; =
bl and Is1115 = bls as operators on a simple T'Li-module is computed from Corollary 3.3
as follows:

1 _1 1 _1
aoar = [tot ] [tit '] = <t§t‘§ +i 2t§> (t,ﬁt‘i +t; %t

mz— [otut ™) K100 — [totet ™ [49] — [totut™]
apay, 0 Ttet Ittt ] [tot ][kt
(4° +a7©) + (=ig*t) (—ig“2) g + (ig ™) (ig*) g "
—fwr + Yz +1] (g —q7Y)?
B q@ + q—@ _ qw1+w2+1 _ q—(w1+w2+1)

i + 1wz +1] (¢ — ¢ 1)*
((qw1+w2+1+®)é _ (qw1+w2+1+®)—%> ((qw1+w2+1f®)% _ (qw1+w2+1f®)—é)

b:

w1 + Yfws +1](g — ¢71)?

L1 +w+1+0)] [S(wi +ws +1-0)]
= when k is even, and
[(,U1 + 1”&}2 + 1]

me+ ltote' ] glRII0] + [ty '] [T + [tot ']
apay [tot=1] [trt—] [tot=1] [tet—']
— (4 +a7®) + (=ig" ) (iq ) + (ig") (—ig*?)
—[wr + Hlwz +1](¢ —¢71)?

—° —q O p g g )

—[wi + 1wz + 1)(g — ¢~ 1)?

((gor-e2=©)3 — (g1-w2=0)77) (g1 2+0)3 — (g1 -2+0)77)

[wi + Hlwz +1J(g —¢71)?
[3(w1 — w2 = O)][5(w1 — w2 + O)]

- hen k is odd.
w1 + 1][ws + 1] When w1 1s o

4. CALIBRATED REPRESENTATIONS OF H*' AND TL**

In this section we classify and construct all irreducible calibrated representations of
the extended two boundary Temperley—Lieb algebras TLEXt. This is done by using the
classification of irreducible calibrated Hf**-modules from [3]. Using the formulas for the
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3 2 2 2 2
elements pgl ), p(()m’l ), p[()l ’w), p((ﬁ’l ), and p(()lv D that one quotients H{** by to obtain T L,

we determine exactly which irreducible calibrated representations of Ht factor through

the quotient, thus providing a full classification of irreducible calibrated representations
of TL§*.

4.1. Calibrated representations of H{*'. A calibrated H{**-module is an H{**-module
M such that Wy, W1, ..., Wy are mmultaneously diagonalizable as operators on M.

In [3, Theorem 3.5] we showed that the irreducible calibrated H{**-modules can be
classified by combinatorial data called skew local regions so that the map

C* x {skew local regions (c,.JJ)} «— {irreducible calibrated H{**-modules}
(z,¢,J) e 2 pd

is a bijection. Furthermore, [3, Theorem 3.5] gives an explicit construction of the irre-
ducible representation H. ,iz’c"])
and the parameter z € C*.
The data of a skew local region (c, J) is equivalent to a configuration of boxes x, where
the boxes in « satisfy the conditions (x1)—(k4) of [3, § 3.1].
J)

from the combinatorial data in the skew local region (c, J)

The dimension of the irreducible representation H. IEZ’C’ is the cardinality of the set

F) defined in [3, (3.8)] and the map

Fled) s {standard fillings S of the boxes of } . N
is a bijection
w — Sw

(see [3, Proposition 3.2]). The effect is that the standard fillings S of the boxes of k provide
(Z7C7J)

a powerful tool for viewing the combinatorial structure of the representation H;
4.2. Calibrated representations of T'L$**. The following theorem determines which
calibrated irreducible representations of H{** are TL{**-modules. In Theorem 4.1 the
answer is stated in terms of the configuration of boxes k. By (k1)—(k4) of [3, § 3.1], the
local region (c, J) is determined by k. See Theorem 5.1 for the explicit conversion from
k to (c,J) for the irreducible calibrated T'Li-modules. The form of the skew shapes that
appear in (4.2) forces that

c=(c,c+1,....,c+k—-1) withceC, (4.1)

for any H{**-module H ,EZ’C’J) which is a TL$**-module (i.e. which factors through the
quotient that defines TLE*").

Theorem 4.1. Assume that if ri,79 € Z or ri,ro € Z + %, then 19 > r1 + 1. Let K
be the configuration of boxes corresponding to a skew local region (c,J) with ¢ € ZF or

€ (Z+ %)k The irreducible calibrated HP**-module H(Zc N is a T L -module if and
only if k is a 180° rotationally symmetric skew shape wzth two rows of k boxes each (with
or without markings),

or . (4.2)

Proof. Let P = {pm %) ,pélQ Q),pg%m,pélf w),pgls),pé ), . ,pk 2} so that T'L;, is the quo-

tient of Hy by the ideal generated by the set P. For w € F(©/) let S, be the standard
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tableau of shape k corresponding to w as given in [3, Proposition 3.2]. For j € {—k,...,—1,
1,...,k},

(wc); is the diagonal number of Sy (j),
where Sy, (j) is the box containing j in Sy,.

Step 1. Rewriting of the conditions for pv, = 0 for p € P. By the construction of H,gz’C’J)

in [3, Theorem 3.5, the module H,gz’c"]) has basis {v, | w € F©I)} and, if w € Fl&))
then

Tivw = 0 if and only if (wc);41 = (we); £ 1,
fe;—rovw =0 if and only if (wc); =re, and
feime;41v0 =0 if and only if (wc); = (wc); — 1.
(1%)

Leti € {1,...,k—2}. Using the expansion of p; ’ in terms of the 7; from Proposition 2.2,

(1%)

o _1 f€i+1—€i+1
D TV = TiTip1TiV —t 2Tiq1T; By E—

f5i+1—5i+2+1 -1
— Uy — 1 27iTi41 w

f5i+1*€i+2 f5i+1*€i

-1 f6i+1—€i+2+1f€i+2—8i+1 -1 f5i+2_5i+1f5i+1_5i+1
+t T Uy +1 " Tig1 Vu
f5i+1_5i+2 f5i+2_5i f€i+2_5i f5i+1_5i
_ t_% f8i+1—5i+2+1f€i+2—8i+1f8i+1—5i+1 v

w
f5i+1_5i+2f5i+2_5if5i+1_5i+1 ’

3
we consider the condition pz(-1 )vw = 0 term-by-term. First, 774170, = 0 exactly when

(we)it1 = (we); £ 1 or (s;we)ire = (s;we)ir1 £ 1 or (sir18;w)ir1 = (sip1s;w); = £1, ie.
when

(’U)C)i+1 = (UJC)Z +1 or (wc)i+2 = (wc)l +1 or (wc)i+2 = (wc)i+1 + 1.

_ _3 sz_l—€¢+2+1f5i+2—6i+1f5i+1—5i+1
Next, —t72 feivi—eipafeizo—eifeif1—ei+1

(we)it1 = (we); +1 or (we)iza = (we);+1 or (we)iy1 = (we)it2 + 1.

v = 0 exactly when

Thus —t_%fs’“75”2“]06”276"“]65”175"“vw = 0 already implies 7;7;117iv, = 0, and sim-
€¢+1—€i+2f5i+2—5if5i+1—6i+1 5 5
ilarly for the other terms in the expansion of pz(»l )vw = 0. Thus pz(1 )vw = 0 if and only
if
(wc)i = (wc)H_l —1 or (wc)i = (wC)H_Q —1 or (wc)i+1 = (U)C)H_Q — 1. (43)
2
Similarly, p[()@’1 )vw = 0 if and only if

(we)y € {r1,re} or (wc)e € {ry,re}

or (we)y = (we);+1 or (we)y = (we)_j +1; (4.4)
pélQ’w)vw = 0 if and only if
(we)y € {—r1,—r2} or (wc)y € {—ri,—r2} (45)
or (wec)y = (we);+1 or (we)=(we)_1+1;
p(()%’ﬂ)vw = 0 if and only if
(we)r € {=r1,m2} or (we)y € {—r1,72} o)

or(we)y = (we); +1 or (we)y = (we)_1 + 1;
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and p(()IVQ’@)Uw = 0 if and only if

(we)y € {r1,—r2} or (wc)g € {ri,—ra}

or (we)y=(we);+1 or (we)y=(we)_1+ 1. (47)

Step 2. If k is as in (4.2) and w € F©D andp € P then pvy, = 0. Assume & has the form
given in (4.2) and let w € F(©/). Since x has only two rows the positions of (=2, —1,1,2)
in Sy, take one of the following forms:

(wc),l (’U/C)l 11
"33 01
-1 R
B e
1]2] 2|1
(we)r (we)-1
(we)1 < =3, (w1 > 3, (we)1 = 3, (we)1 = 0.
In each of these cases, the conditions in (4.4)—(4.7) give that p(()w’lQ)vw =0, pélQ’w)vw =0,
2 2
p(()%’l )vw = 0 and p(()lV ’w)vw = 0. Next, let i € {1,...,k — 2}. Since k has only two rows,

then either 7 or 7 + 1 are in the same row

(we); ) (we); )

(we)ip (we)ita

or i and ¢ 4+ 2 are in the same row. Thus, by (4.3), p;u, = 0. This completes the proof
(z,c,J)

that if & is of the form (4.2) then H, is a TL{**-module.
Step 3. If k is not as in (4.2) then there exists w € F©) and p € P such that pvy, # 0.
Let 2k be the number of boxes in x. The proof is by induction on k.

First, if £ = 2, then the condition (4.3) does not apply. If ¢ = (r1,72) then there are
8 possibilities for we: (r1,r2), (—r1,72), (r1, —72), (=11, —72), (r2,71), (—72,71), (2, —71)
and (—rg, —71). None of these satisfy all of the conditions (4.4)—(4.7). If ¢ = (¢1,¢1 + 1),
then sjc = (c; + 1,¢1) does not satisfy (4.4) and sgsispsic = (—c¢,—c — 1) does not
satisfy (4.7). Thus only the darker blue shaded local regions in Figure 4.1 can have
Py = 0 for all p € P and all w € F©J). For all of these,  is as in (4.2).

Next, assume k > 2 and proceed inductively. If H ,iz’c"]) is a calibrated T'L{**-module
then t
TLE™ (z,¢,J)
ReSTL;le (H i )
is calibrated TL%"fl—module. This means that if S, is a standard tableau of shape x and
S!, is Sy, except with the boxes S, (k) and S, (—k) removed and &’ is the shape of S),,

then x’ must be as in (4.2) and have only two rows. The box S, (k) is in a SE corner of
and the box Sy, (—k) is in a NW corner of &.

C o C

—c—k+2 R —c—k+2 -
l:] or ;]

c+k—2 c+k—2
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Given that &’ has only two rows and & is obtained from ' by adding boxes that could
contain k£ and —k in a standard tableau, the following are possibilities that we discard

for x:
| \-ﬂ

= ’

\i

il =
| =Y o

[+]
| =
| = |
]
Namely, in each case there is a standard tableaux that has k — 2, k — 1 and k in positions
that do not satisfy the conditions in (4.3). Thus, in these cases, there exists an S, of

(1%)

shape x for which p; v, # 0. In the remaining case

’fk k-2

k-1 k

the shape x does not satisfy the (wc)x—2 # (we)g from [3, (3.10)] and the module H,gz’c"])

is not calibrated. In summary, unless x is of the form given in (4.2)

| [+
[-#] |

[-+] |

[#] |

or ’

3
then either H ,gZ’C’J) is not calibrated or there exists an S, of shape x for which p,&%vm £ 0.

0

The following proposition determines the action of the central element Z on each of
the irreducible calibrated TL§**-modules. As noted in (4.1), if an irreducible H{**-module

H,S,Z’C’J) is a TL{**-module ¢ = (¢,c+1,...,¢+ k — 1) for some c € C.

Proposition 4.2. Let Z = W + Wl_l + W+ VVk_l be the central element of TL$**

studied in Theorem 3.2. Assume that ¢ = (c,c+1,...,c+ k —1) and HIEZ’C’J) is an
irreducible calibrated TLE as in Theorem 4.1. If v € HIEZ’C’J) then
L3 _k
Zv = [t°][K]v, where 6 =c+ %, [t°] = 5 +175 and [k] = i?_z_f
2 — 2
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FIGURE 4.1.
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Calibrated representations of Hs have regular central charac-

ter. For each (c, J) the corresponding configuration of boxes « is displayed
in the local region of chambers corresponding to the elements of F(¢/);
only the boxes on positive diagonals are shown, since they determine s
when c is regular. The local regions marked in blue are those that factor
through the Temperley—Lieb quotient.

Proof. Let v € H,EZ’C’J) be such that W;v = ¢¢*~! for i € {1,...,k}. Then Zv, = zvy

where

z:t—(c+k—1)++t—(C+1)+t—C+tC+tC+1++tC+k‘—1

k

(R (5 ) = () t_i =[] 1A
2

Since Z is a central element of H*" and H, ,gZ’C’J) is a simple H}

implies that if v € H,gz’c"]) then Zv = zv.
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5. SCHUR-WEYL DUALITY BETWEEN T'L{** AND Ugl,

In this section we show that the Schur-Weyl duality studied in [3] provides calibrated
irreducible representations of the two boundary Temperley—Lieb algebra. We classify
these representations using the combinatorial classification of irreducible calibrated TLE*
modules obtained in Theorem 4.1. We follow the combinatorics of [2, § 4] and [3, § 5].
Similar constructions hold for replacing gl, with sls.

The irreducible finite dimensional representations L(\) of U,(gly) are indexed by A =
(A1, A2) € Z? with A\; > Ag. The dimension of L(A1,A2) = A1 — A2 + 1. By the Clebsch—
Gordan formula or the Littlewood—Richardson rule (see [13, (5.16)])

L(a,0) @ L(b,0) = L(a+b,0) & Lla+b—1,1)®---® Lla+ 1,b— 1) ® L(a,b),
and
A1+ 1, )\2) D L()\l,)\g -+ 1), if A1 > Ao,
)\1—1—1,)\2), if M :)\2,
for a,b € ZZO with a > b and ()\1,)\2) € 7Z? with A1 > Ao,
Now, fix a,b € Z>( with a > b and fix the simple U,gl,-modules

M = L(a,0), N = L(b,0) V = L(1,0). (5.1)
We identify (A1, \2) € Z? with a left-justified arrangement of boxes with \; boxes in the
ith row. As in [3, (5.28)], with a and b fixed as in (5.1), the shifted content of a box in
row ¢ and column j of (A1, A2) as

é(box) =j—i—3(a+b—2) (5.2)

i.e. the shifted content is its diagonal number, where the box in the upper left corner has
shifted content —%(a + b — 2).

For j € Z>_1 let PU) be an index set for the irreducible Uygly-modules that appear in
M ® N @ V&I, Following [3, § 5.4], the associated Bratteli diagram is the (ranked) graph
with

(v) vertices on level j labeled by the partitions in PU), where

P(_l) = (CL,O), and 73(0) = {((I‘i‘b_]?]) |] = 0717"‘ 7b}

L(Ai, X)) ® L(1,0) = {EE

and
PO ={(a+b+j-60|0<t< (G +a+b)}, forj>1;
(e) an edge (a,0) — pu for each p € P©); and for each j > 0, u € PY) and A € PUHD,
there is
an edge p — A if X is obtained from p by adding a box.

The case when @ = 6 and b = 3 is illustrated in Figure 5.1.
Assume ¢ € C* and a > b+ 2 so that the generality condition (a +1) — (b+ 1) ¢
{0,£1, £2} of [3, Theorem 5.5] is satisfied. Define

1 1
r1 :i(a_b) and T2 :§(a+b—i—2), (5.3)
11
and let H** be the extended two boundary Hecke algebra with parameters ¢3, t7, and ts
given by
t% =gq, to=—-t""""= —q(b"'l), and tp = "t = —qz(a+1), (5.4)
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1 1 1 1
so that —t?t, % = —t" and t?t¢ = —t" as in [3, (3.5), (5.21)]. By [3, Theorem 5.4 and
(5.21)] there are commuting actions of U,gly, and HP** on M ® N ® V& where the HX!
action is given via R-matrices for the quantum group U,gls.

It might seem that the conditions in (5.3) and (5.4) are restrictive. However, from the
point of view of obtaining irreducible calibrated T L;-modules by Schur—Weyl duality this
does not pose any restriction. By the construction of irreducible calibrated Hyp-modeules
in [3, Theorem 3.5], the structure of the irreducible module depends only on the skew local
region (c,J). Theorem 4.1 determines which of these are T'Li-modules. The following
theorem shows that each of the possibilities (the various choices of J) does appear as one
of the modules B(@++5=68) of the following theorem. The conditions (5.3) and (5.4) only
specify which quantum group one should use to produce the desired T'Lg-module. The
conditions on the T Li-parameters that are required for Theorem 5.1 are equivalent to
to, ti, t are invertible and t;, # to and tj, # tot*! and tj, # t*2 and t? is not a root of unity.

Theorem 5.1. Let a,b € Z>o with a > b+ 2. Let q € (CX not a root of unity and let

HE' be the two boundary Hecke algebra with parameters to , tk and t3 as in (5.4). Let
Uygly be the Drinfeld-Jimbo quantum group corresponding to gly and let M, N and V' be
the simple U,gly-modules given in (5.1). Then the HPX' action factors through TL* and,
as (Uygly, TLEY)-bimodules (taking both commuting actions as left actions),

MeNoV*> @ LO)eB)  wih B*H ) = geel)

AePk)
where z — (_1)kq(a—&-b—Z)(a+b—€—1)+€(£—3)—a(a—1)—b(b—1)—k(a+b—2) and (C, J) is the local
region corresponding to the configuration k of 2k boxes
To — [
C+1—ro—k "‘ —

. ..T271+k7£
.E_TQ

that has k bozxes in each row, the shifted content of the leftmost box in the first row is ro—¥,
the shifted content of the leftmost box in the second row is £ +1—1ro — k. Between the rows
there are blue markers in diagonals with shifted content +r1 and there are red markers
in diagonals with shifted content +ry, as pictured. (These markers are the same as in [3,
Examples 5.7 and 5.8], with colors red and blue used to highlight which of diagonals £rq
and +ry they mark.) Explicitly, ¢ = (c1,ca,...,ck) is the sequence of

1
absolute values of ¢, c+1, ---, c+k—1, wherec= §(a+b)—€—|—1,

arranged in increasing order; and J is the union of

0, ifa>b>1¢,
Jl = {‘Ef—b}a 'Lf(l > ‘> b7
{eab}, f€>a>0b,

and
0, if 3(a+b+2)>¢,
Jo=1<{ea—e1,64— €3, E%—a—b— E20—a—b-1}, ifLl> %(a +b+2) and a+b even,
{es —€9,865 — €4y E2%—ab—E2—a—b-1}, U L> %(a +b+2) and a+b odd.
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Proof. Fix A = (a+b+k —£,£) € P*). The sum of the contents of the boxes in \ is

> elbox)=(0+1+...+(a+b+tk—C—1)+(-14+0+-- +(—2)
box € A

1 1
= §(a+b+k—€—1)(a+b+k—€)+§€(€—3).
By [3, Theorem 5.5 and (5.35)], Bj H,E:Z’C’J) where

1
z=(=1)*g*0, where ¢o= —i(k:(a +b—2)+ala—1)+bb—-1))+ Z ¢(box),
box € A
and ¢ and J and the corresponding configuration x of 2k boxes are determined as follows.
Place markers at the NW corner of the boxes at positions (1,a + b+ 1), (2,a + 1),
(2,b+4 1), and (3,1) so that these markers are in the diagonals with shifted contents £r;
and =£7y.

———a—|«—ph—|«—k —¥{—]|

. i I |

A= (a+b+k—100)= ! 1 ",

[—b—rl— — b—| ™. ra—1+k—4¢
f—’l“g

Following [3, (5.27)], let

5O —

max

(a+b—20,0), ifa>b>",

(a,b), ifa>0>b
(since @ > b we are in the left case of [3, (5.15)] with ¢ = d =1 so that u¢ = min(¢,b) and
PSIC) - b— uC. 1°)):

max — M (CL+ ooy ))

l—a+b—2¢ \ k \ [——a———k — ({ - b)—]

sGo. JIg ol | St I ~ |

i I |

[« ¢~ [¢—b—|«—L¢—b—>]
ifa>b>/ ifa>¢>borl>a>0b

By [3, (5.35)], the corresponding configuration of boxes is k = rot()\/Sr(r?gx) U )\/Sr(r?gx, as
pictured above in (5.5).

To determine (c, J), use the conditions (k1)—(k4) of [3, § 3.1] which specify the relation
between x and (c,J). First index the boxes of x with —k,...,—1,1,...,k by diagonals,
left to right, and NW to SE along diagonals. The sequence ¢ = (cy,...,cx) with 0 < ¢; <
cg < -+ < ¢ is the sequence of the absolute values of the shifted contents of boxes in the
first row of k. Next, the set J is determined as follows.

(1) By (k4), the set J contains ¢; if @ > 0 and box; is NW of the marker in the
diagonal with shifted content r1 or ro in k. This occurs on diagonal r; whenever
¢ > b (marked in blue),

erpeJifa>l>b and Ea—p € J I L >a>b

and J contains no roots of the form e; when a > b > /.

(2) By (k3), the set J contains ¢; —¢; if j > ¢ > 0 and box; and box; are in the same
column of x (so that box; and box; are in adjacent diagonals and box; is NW of
box;). This occurs exactly when 0 > ro—¢ = 1 (a+b+2)—¢. If £ > 1(a+b+2) and

Ann. Repr. Th. 2 (2025), 3, p. 405-438 https://doi.org/10.5802/art.26


https://doi.org/10.5802/art.26

Two boundary Temperley—Lieb algebras 433

a+b is even then the boxes indexed 1,3, ..., 142((— 1 (a+b+2)) = 20— (a+b+1) are
in the second row directly below boxes of index 2,4, ...,20—a—0b. If { > %(CH— b+2)

and a + b is odd then boxes 2,4,...,2(¢ — %(a + b+ 1)), directly below boxes of
index 3,5,...,20 —a — b:

ra— 0 0,
0 U S B P B U P R ]
’k‘ I R A I T *g>2£_a_b_1
L’ — T2 if a 4+ b is even,
T2 _é'-..‘ _%
- 21113 s+ 1 ‘ k ‘
] [} il Bl ﬂk>2£—a—b—1
% K if a + b is odd.
So J contains
€9 — E1,64 — €34+ 1 EU—qb — EU—q—b—1 1L L > %(a +b+2) and a + b is even, or
€3 — €9,65 — €4, E2U—q—b — E2U—aq_b—1 UL> %(a +b+2) and a + b is odd.

(3) Also by (x3), the set J contains ¢; + ¢; if j > 7 > 0, and box; is directly above
box_;, which does not occur.

In this way ¢ and J are determined from k. Since all of these H ,gZ’C’J) satisfy the conditions
of Theorem 4.1, it follows that the Hf*"-action on M @ N ®V@* factors through TL. O

Remark 5.2. The dimension of B}(€a+b+k—e,£) is the number of paths in the Bratteli dia-
gram from a shape on level 0 to the shape A = (a+b+ k — ¢, ¢) on level k. Summing over
the shapes on level 0 for which there is a path to A gives

min(b,£)
dim (B(a+b+k—£,£)) _ Z f/\/(a+b—c,c)’
c=max(0,/—k)

where f*# is the number of standard tableaux of skew shape \/u. If £ < a + b — ¢ then
the second row of A/(a + b — ¢,¢) does not overlap the first row and thus

M atbce) _ <£ k ) ife<a+b—c.

—c
Since ¢ < min(b, ¢), the case £ > a+ b — ¢ can occur only when ¢ > a > b, in which case

——atb—c—— ——k—l+c—

(a+b+k—20,0)/(a+b—c,c)= } ¢ | ‘,

—Cc—

>
L—(a+b—2c)
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so that
k+t—c min(k—(¢—c),l—c) k k
f(a-i—b—l—k—é,f)/(a-i-b—c,c) _ Z f(k—jvj) — Z ( ) _ < )
J=t—(atb—0) j=t—(atb—c) \ i-1

ok k
T \U—¢) \t—(a+b-0c)—1)

Namely, the first equality comes from the Pieri formula and the expansion of a skew
Schur function by Littlewood-Richardson coefficients (see [13, (5.16)] for the Pieri formula
and [13, (5.2) and (5.3)] for Littlewood-Richardson coefficients) and the second equality
comes from the number of standard tableaux of a two row shape as given, for example,
in [7, Theorem 2.8.5 and Lemma 2.8.4].

The following examples reference the node label styles in Figure 5.1.

Example 5.3. Let a = 7 and b = 3. The markers are in the diagonals with shifted
contents 7y and 79, where 1 = 2 and ro = 6. An example where £ > a > b. Let £ = 11
and k = 14, then

(1) A= (13,11) = L ith s© = (7,3).

max

The boxes of A/ Sr(r?gx have

| B 3[4]5[6]7]8]
shifted contents: T’2‘_1‘0‘1 213|415

Then c is the rearrangement of the absolute values of (—2,—-1,0,1,2,3,3,4,4,5,5,6,7,8)
into increasing order and J = {e4,e2 —€1,64 — 3,66 — 5,68 — £7,€10 — €9,€12 — €11 }. The
configuration of boxes x corresponding to (c,.JJ) has indexing of boxes

11)-9|-71-5|-3|-1] 2] 4|68 ]10]12 13\14\
]-14\-13-12-10 8l-6l-4|l2/1]3[5]7]9]11

Example 5.4. Let a = 6 and b = 3 to take advantage of the setting and notation of

Figure 5.1. The markers are in the diagonals with shifted contents +r; and £ry, where
_ 3 _ 1
1 =35 and rp = 5.

(1) An example where £ > a > b. Let { =8 and k =9, then

A= (10,8) = 1] with SO = (6,3).

max

The boxes of \/ Sr(r?gx have

Nl [ Dot
[ 1[G SIEN]
N
—a

—

N[

shifted contents: T_% ‘ _%‘ 1

Then c is the rearrangement of the absolute values of (—%, —%, —%, %, %, %, %, %, %)

into increasing order and J = {e3,e3 — €9,65 — €4,67 — £6}. The configuration of

Ann. Repr. Th. 2 (2025), 3, p. 405438 https://doi.org/10.5802/art.26


https://doi.org/10.5802/art.26

Two boundary Temperley—Lieb algebras 435

boxes k corresponding to (c,.J) has indexing of boxes

—6-4-2[1]3]5]7[8]9]
—9—8]-7-5[-3-1 246

€3,€9,E2 T €1,E3 —€2,€3 — €1
with P(c) ={ €5 —¢€4,65 — €3,66 — €4,66 — €3,
€7 — €6,E7 —E5,E8 — E7,E9 — €8

(2) An example with a > ¢ > b: Let k=3 and { =5,sothat a+b+k — ¢ =1T1.

&> A=(7,5) = S — SO — (6,3).

The boxes of \/ SI(I?QX have

shifted contents:
135

Then c is the rearrangement of the absolute values of (5, 5, 5) in increasing order
and J = {e2}. The configuration of boxes k corresponding to (c,.J) is

2

1)2]3]
’_3T_2_1 hd with  P(c) = {e2,e2 — 1,63 — €2}

(3) An example with a > b > ¢: Let k = 3 and £ = 2, so that a+ b+ k — ¢ = 10. Then

A=(10,2) = UNDENRE with SO = (7,2).

The boxes of \/ SI(I?QX have

shifted contents: .
79 11

Then c is the rearrangement of the absolute values of (3, 5, %) in increasing order
and J = (). The configuration of boxes  corresponding to (c,J) is

e with P(C):{€2—61,63—62}.

)

(4) In the case that k = 1 then, as U,gly-modules, L(6,0) ® L(3,0) ® L(1,0) is isomor-
phic to

L6+3+1-0,000L6+3+1—-1,1)"@L(6+3+1—2,2)%2
OLO6+3+1-3,3)20L6+3+1-3,3)

and the dimensions of the corresponding T'L¢**-modules are

dim B§6+3+170,0) —1, dim B§6+3+171,1) _9 dim <B£6+3+172,2)) _9
dim B§6+3+173,3) _9 dim B§6+3+174,4) 1

These modules correspond to the line in Figure 5.1 indexed by k = 1.
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0
b ¢
k k
_ — — >
> £—c> Z <Z> 0>0—Fk a>0>h
b
i R P
=) — 0<l—k, (>a>b
dk(f—c l—(a+b—c)—1

b [k k
- a>
ZQ_C) (E—(a+b—c)—1> 0>0—k, (> b

FIGURE 5.1. The Temperley—Lieb Bratteli diagram for ¢ = 6 and b = 3,
levels 0—11. Partitions A = (a+b+k—¥¢,¢) are labeled by ¢. The dimensions
of the module indexed by A = (a + b+ k — £,¢) is equal to the number of
downward-moving paths from the top vertex 0 to the vertex labeled ¢ on
level k. Combinatorial formulas for these dimensions are determined in
Remark 5.2, and depend on the regions in the diagram, delineated visually
by style of nodes.

)
) ‘
(@)= 3= (F)=F () ocin ez
)
)
)
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