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Representations and binomial coefficients

Peter Fiebig

ABSTRACT. To a root system R and a choice of coefficients in a field K we associate a category
X of graded spaces with operators. For an arbitrary choice of coefficients we show that we obtain
a semisimple category in which the simple objects are parametrized by their highest weight. Then
we assume that the coefficients are given by quantum binomials associated to (K, q), where ¢ is an
invertible element in K. In the case that R is simply laced and (K, ¢) has positive (quantum) charac-
teristic, we construct a Frobenius pullback functor and prove a version of Steinberg’s tensor product
theorem for X'. Then we prove that one can view the objects in X as the semisimple representations
of Lusztig’s quantum group associated to (R, K, q) (for ¢ = 1 we obtain semisimple representations of
the hyperalgebra associated to (R, K)). Hence we obtain new proofs of the Frobenius and Steinberg
theorems both in the representation theory of reductive algebraic groups and of quantum groups.

1. INTRODUCTION

Let G be a reductive algebraic group defined over an algebraically closed field K. Any
representation of G' can be considered as a module for the hyperalgebra U associated with
G. If char K = 0, this hyperalgebra is the universal enveloping algebra of the Lie algebra
of G. In the case char K > 0 it is slightly more complicated, it is generated by elements
e,(l"), fé") and kX!, where « is a simple root of G and n is a positive integer. We can then
consider each representation of G as a K-vector space that is graded by the weight lattice

and is acted upon by the operators e&n) and fé”).

In this article we study the reverse problem. Let R be the root system of G and denote
by X its weight lattice, and choose a set of simple roots II in R. Let ¢ be a map that
associates an element in K to a tuple (u, o, m,n,r), where u is a weight in X, « is a
simple root in II, and m, n and r are non-negative integers. To these choices we associate
a category X of graded spaces with operators. Objects in this category are X-graded
K-vector spaces M = @ pex M,,, endowed with linear operators E, , and F, , for o € II
and n > 0 of degree +na and —na, resp., subject to the following axioms.

Manuscript received 2024-01-30, revised 2024-11-20 and accepted 2025-01-22.

Keywords. Representations of Algebraic groups and of quantum group representations, Frobenius pullback,
Steinberg’s tensor product theorem.

2020 Mathematics Subject Classification. 20G05, 20G42.

The author was partially supported by a DFG grant (project number 531430348).

249


https://doi.org/10.5802/art.24

250 Peter Fiebig

e Each graded subspace M), is finite dimensional and the set of p with M, # 0 is
quasi-bounded (cf. Section 2.2).
e The operators F, ,, and Fg, commute if o # 3, and

Ea,mFa,n|MM+m = E C(M?avmv nar)Fa,n—rEa,m—T’Mwna-
I8

e Fach weight space M), is the direct sum of its primitive vectors and its coprimitive
vectors.
(A vector in M), is primitive if it is annihilated by all E-operators, and coprimitive if it
is contained in the subspace generated by the images of the F-operators.) The above are
inspired by similar axioms that appear in [3, 4]. In particular, they can be considered as
defining Lefschetz operators in multiple simple root directions.
Our first result is that X' is a semisimple category with simple objects being parametrized
by the weight lattice X.

Theorem A.
(1) For all A € X there is an up to isomorphism unique object S(X\) in X with the
following properties.
(a) S(X) is indecomposable.
(b) S(X)x is a one-dimensional vector space, and S(X), # 0 implies p < X.
(2) The objects S(N\) characterized in (1) satisfy

] A
o S = {2; ~idg(n) ZZ i Aj

(8) For any object M in X there exists an index set J and weights \; € X for j € J
such that M = @; ¢ ; S(\j). The multiset of weights
binomA; is uniquely determined by M.

The character of S(A) (i.e. the collection dim S(\), for all 4 € X) highly depends on
the choice of coefficients ¢, and we cannot say much about the characters in this generality.

We show that each object in X' carries a non-degenerate contravariant form, i.e. a sym-
metric bilinear form with the properties that the weight decomposition is orthogonal and
the F-operators are adjoint to the corresponding F-operators. For this we have to assume
that the choice of coefficients ¢ is symmetric in m and n.

Now assume that R is simply laced and that the choice of coefficients ¢ is given the
following quantum binomials:

(p,a¥) +m+n
r

C,u,oz,m,n,r =

v=q

with the variable v specialized to a non-zero element ¢ in K (cf. Section 5.1). Then it is
quite easy to establish a conncection between the category X and representation theory.
Let Uig,q) be the quantum group (with divided powers) associated to R and the pair

(K,q). It is an associative unital K-algebra generated by elements 6[07} ], f(&n], kXl for a € T
and n > 0 and some relations, cf. [7]. For all A € X there exists an up to isomorphism
unique simple Uy 4-module L(\) of highest weight A\. We prove the following.

Theorem B. Let A € X. Then L()\), together with its weight decomposition and the
homomorphisms Eq n and Fy, , coming from the action of the standard generators egﬂ and

f&n}, is an object in X. It is isomorphic to S(\).

Ann. Repr. Th. 2 (2025), 2, p. 249-279 https://doi.org/10.5802/art.24


https://doi.org/10.5802/art.24

Representations and binomial coefficients 251

Note that if ¢ = 1 and K is algebraically closed, then the action of Uk 1y on L())
factors over a quotient that is isomorphic to the hyperalgebra of the semisimple, simply
connected algebraic group G over K associated with R. If A is dominant, then L()\) is
the irreducible representation of G with highest weight .

We keep the assumption that R is simply laced and that the coefficients are given by
certain quantum binomials. We deduce several properties of the E- and F-operators, and
of the objects S(\), from arithmetic properties of the (quantum) binomial coefficients. For
example, we obtain that

m-+n

s s a,m—+n

m-+n
Ea mEan = [ m ‘|Eoc,m+n and Fa,mFa,n =

for all a € I and m,n > 0. We also deduce the Serre relations and some of their higher
analogues that were proven by Lusztig. If (a, V) = —1 and m > 2, then

Z(_l)rqr(Q—m) Fa,rF,B,lFa,m—r =0,

T

Z(_1)Tqr(2_m)Ea,rE6,1Ea,m—r =0.
s
It is worthwhile to point out here that the binomial identity used to prove the above results
is not one of the most basic ones. It is a ¢g-version of the famous Pfaff-Saalschiitz identity
that was discovered in the theory of hypergeometric functions. It reads

_y y—i—b—a]

. b—k

r+a-—>
a—k

T+ a
a

y+0b
b

r+y+k
k

for all a,b,z,y € Z.

To the pair (K, q) we can associate its quantum characteristic £ as follows. We set £ = 0
if [n] =[] # 0 for all n > 0. Otherwise we let ¢ be the smallest positive integer such that
[¢] = 0. If £ > 0, then ¢ is a root of unity in K, and for ¢ = £1 the quantum characteristic
coincides with the (ordinary) characteristic of the field K. If £ > 0, then one has further
relations among the (quantum) binomial coefficients. For example, for a,b € Z we have

ta] [0, if b (7,
b ), ifbelz

Note that (b‘/lg) denotes the ordinary binomial coefficient, i.e. the one we obtain in the case

q = 1. The above relation is the main ingredient in the construction of the Frobenius
pullback functor. In order to stress the dependence on ¢ we denote the resulting category
by Xk, and its simple objects by Sk 4)(A).

Theorem C. Suppose that £ > 0 and that the order of q is odd if ¢ # +1. There exists a
functor Frob®: Xk 1) = X q) with the property

FI‘Ob* (S(K,l) ()\)) = S(Kﬂ) (6/\)

We also employ the g-version of Lucas’ theorem, i.e.
a . ag al
bl |bo| \ b1
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for all a,b € Z with a = ag + fa1, b = by + ¢b1 and 0 < ag,by < ¢, and a version of the
q-Chu—Vandermonde convolution formula

=2 )

n
for all a,b,n € Z. These identities are used to prove the following version of the Steinberg
tensor produce theorem.

Theorem D. Let Ao, \1 € X and suppose that \g is restricted, i.e. 0 < (Ao, ") < £ for
all « € II. Then there exist E- and F-operators on the X-graded space S(\g) @ S(¢A1)
such that we obtain an object in X with

S(Xo) ® S(A) = S(Ag + A1)

The research that led to this article was motivated by the generational phenomenon
observed by Lusztig and Lusztig—Williamson for characters of simple and tilting modules
for algebraic groups in positive characteristics (cf. [9, 10]). This phenomenon is strongly
linked to both the Frobenius pullback and Steinberg’s tensor product theorem. The re-
sults of this article show that both statements can be traced back to certain arithmetic
properties of binomial coefficients.

Notational conventions. For convenience we use the following conventions:

2=

T re’

Y = > (with fixed n).

r+s=n  (rs)cZ?
r+s=n

Although the above summations are infinite, in each case in this paper only a finite number
of summands will be non-zero. Since it is not necessary to keep track of the summation
boundaries, change of variable arguments become much simpler. In the second half of the
paper many binomial coefficients will appear. It is very convenient (and customary) to
interpret () =0 and [;] =0 for all b < 0.

2. THE CATEGORY OF GRADED SPACES WITH OPERATORS

The purpose of this section is to define the category X and show that it is semisimple
with simple objects being parametrized by their highest weights. One of the advantages
of the category X is that its objects, and even the category itself, can be approximated,
i.e. there are versions X7 of X', where I is an upwardly closed subset of the set of weights
X. This allows us to construct the simple objects in X' “weight by weight”.

2.1. Setup. We fix a root system R and a basis II of R. For any a € R we denote by
a¥ € RV its coroot. We let X be the weight lattice of R and < the usual partial order on
X with respect to II, i.e. u < X if and only if A — 4 can be written as a sum of elements
of II.

Definition 2.1.

(1) A subset T of X is called quasi-bounded (from above) if for all 4 € X the set
{ANe T | p <A} is finite.

(2) A subset I of X is called closed if A € I and A < p imply p € I. A subset J of X
is open if its complement is closed, i.e. if A € J and pu < A imply p € J.

Ann. Repr. Th. 2 (2025), 2, p.249-279 https://doi.org/10.5802/art.24


https://doi.org/10.5802/art.24

Representations and binomial coefficients 253

Remark 2.2. Note that the index of the root lattice inside the weight lattice is finite and
for all pu,v € X the interval [u,v] = {A € X | p < XA < v} is finite. Hence a set T in X is
quasi-bounded if and only if there exists a finite set B C X such that for all A € T there
is some v € B with A < v. This makes it possible to use inductive arguments. For every
quasi-bounded set T there is an enumeration of its elements ¢1, t2, ..., possibly finite, such
that t; > t; implies 7 < j.

Let K be a field.

Definition 2.3. A choice of coefficients is a map
c: X xIIxZ3)xZ— K,
(1, 0, m,m, ) = Cpamon,r
with the properties
Cuamomn,0 = 1 and ¢y ammns =0 forr <0
for all u, a,m,n.

>+m+n)

. . . . Vv
One of the main examples that we are interested in is the case ¢, a mmn,r = (<“’0‘ i,

and its quantum version (cf. Section 4).

2.2. Graded spaces with operators. Let I be a closed subset of X and M =&, c 1 M,
an I-graded K-vector space. We call y € I a weight of M if M, # 0. We assume the
following.
(X1) The set of weights of M is quasi-bounded from above and each M, is a finite
dimensional K-vector space.

Now suppose that M is endowed with homogeneous linear operators
Eian: My — Myina,
Fuamn: Myjna = My,

for all p € I, @ € I and n > 0 (note that since I is closed, p € I implies p + no € I
for all a € Il and n > 0). It is convenient to set £, 40 = Fja0 = idy, and E, 4n = 0,
F, on =0 for all n < 0. For notational simplicity we often write K, and F, , instead of
E,anand F, o, if the weight p of the argument is clear from the context. Sometimes we
write Fé\fn, Eﬂffn, etc. if we want to specify on which graded space the operators act. We
assume that these operators satisfy the following axiom.

(X2) Forall pel, o, €1, myn>0andve€ M, ,3 we have

F/ananm(v)v if ?é ﬁ?
Zr C,u,a,m,n,rFa,nfrEoz,mfr(’U), ifa= B
Note that due to our assumption that ¢, o,mn,» = 0 for r < 0, only summands of the form
Fo sEq(v) with s <n and ¢t < m appear in the above summation. Since we assume that
I is closed, all the operators on the right are well defined.

In order to formulate the third and last axiom for our data, we define for p € I the
direct summand Msy, := @, c11,n>0 Mpu+na of M. Note that the axiom (X1) implies that
only finitely many summands of Ms, are non-zero. Hence we can define

E,: M, — Mj,,
Fy: My, — M,

EomFpn(v) = {

Ann. Repr. Th. 2 (2025), 2, p. 249-279 https://doi.org/10.5802/art.24


https://doi.org/10.5802/art.24

254 Peter Fiebig

as the column and the row vector, resp., with entries £, ,, and F}, o, resp. More ex-
plicitely, Fj,((Vptna)an) = >aet n >0 Fuon(Vutna) and By, (v) is the vector with £y o, (v)
€ My 4na as the entry at the place (o, n). The final axiom is the following.

(X3) For any p € X we have M, = ker £, ®im F),.

We call the elements in ker £, the primitive vectors and the elements in im F), the co-
primitive vectors in M.
Now we can define the category X7 for any closed subset I.

Definition 2.4. The objects in X} are I-graded K-vector spaces M =, ¢ y M, endowed
with K-linear homomorphisms E, o n: M, — Muino and Fj o pn: Mjna — M, for all
p €I, a €Il and n > 0, for which the conditions (X1), (X2) and (X3) are satisfied. A
morphism f: M — N in X} is a homogeneous K-linear map from M to N with graded
components f,: M, — N, that commutes with all E- and F-homomorphisms, i.e. the

diagrams
fu+na fwrna
Mu—i—na — Npy+na M,u-l—noe — Npu+na
stni ngxn Eg{nT TEN
Ju Tu
M, N, M, N,

commute for all p € I, a € Il and n > 0.
In the case I = X we write X instead of Xx.

Remark 2.5. If M and N are objects in X7 and f = {f,: M,, — N,}, e is a collection of
homomorphisms, we denote by f5,: Ms, — Ns, the diagonal matrix with entries f,,4nq-
Then f is a morphism in A7 if and only if for all u € I the diagrams

fﬁu féu

Ms,, — Ny, Ms,, — Ns,
ngfl ngy Eé”T TE{:’
fu fu
M,—— N, M, —— N,

commute.

Note that for two objects M and N in X one can define their direct sum M @ N in the
obvious way. But due to axiom (X1) the category X is not closed under taking arbitrary
direct sums. We can consider an arbitrary direct sum of objects in X as an object in X
as long as each weight space is finite dimensional and the set of weights is quasi-bounded.

2.3. The endomorphism G;,. The main idea for the following is that for any u € X and
any object M of X, the composition E, o F,: Ms, — Ms, is already determined by the
operators F, o n, Ey o, with v > p. This is due to the fact that the matrix entries of E,0F),
(with respect to the decomposition My, = @411 n>0 Mutna) are the homomorphisms
EugmoFuan: Mytna — M, — M, mp. Using the commutation relations (X2) we can
rewrite this homomorphism in terms of E- and F-operators that only operate on spaces
with weight v > p. Using axiom (X3) this determines F), as well as the restriction of £, to
im F},, so we already determined everything on a direct summand of M, i.e. everything
up to the primitive vectors in M.

Ann. Repr. Th. 2 (2025), 2, p. 249-279 https://doi.org/10.5802/art.24


https://doi.org/10.5802/art.24

Representations and binomial coefficients 255

Let I C X be a closed subset and let ¢ € X be such that p+ na € I for all « € II and
n > 0. Let M be an object in X7. Then the graded vector space M5, = @y e, n>0 Mutna
is defined even if u ¢ I. We define the endomorphism

G(suz M(gu — M(gu

with the following matrix coefficients. For «,8 € II, m,n > 0, the matrix coefficient
(Gsp) prmaptns s Myutng = Myutma is given by the right hand side of axiom (X2), i.e.

F,B,nEa,ma if o 7é 67

(G5 ) +ma,u+nf ‘= .
I a Zr Cu,a,m,n,rFa,nfrEa,mfra if = .

We let ﬁ’#: Ms, — im G, be the corestriction of Gs, onto its image, and we let Eu:
im Gs,, — Ms, be the inclusion.

Lemma 2.6. If u € I, then G5, = E, o F,: M, — Ms,. In this case there exists a
unique K-linear isomorphism -y, : im Flﬁw — im Gs, such that the diagrams

Ms,, R Ms,, R
. T . . Tu .
im F), im Gs, im F, im G,

commute.

Proof. The very definition of Gs, shows that the first claim is just a reformulation of
the commutation relations in axiom (X2). So let us prove the second statement. By
axiom (X3) we have M, = im F,, ® ker E,,. Hence E, is injective when restricted to
im F),. Hence the statement follows from G5, = E, o F),. O

2.4. Restriction functors. Let I’ C I C X be closed subsets of X. Let M be an object
in X7. We now associate an object M’ in Xy with M in the rather obvious way. We
let M' := @, c v M, be the restriction of the grading to the set I’ and we forget all
homomorphisms E,, o, and F), o, with p ¢ I’. This yields a restriction functor

R=RI': x; — &y

Lemma 2.7. Let I' C I be closed subsets of X and let M, N be objects in X.
(1) The functorial map

Hompy, (M, N) — Homy, (RM,RN)

s surjective.
(2) Suppose that for all uw € I\ I' the homomorphism Fé‘/[: Ms,, — M, is surjective.
Then the functorial map in (1) is a bijection.

Proof. Let us write M’ and N’ instead of R M and R N. Let f': M’ — N’ be a morphism
in Xps. In order to prove (1) we have to construct for all 4 € I'\ I’ a linear homomorphism
fu: M, — N, such that the collection {f, | p € I\I'} U{f] | v € I'} defines a morphism
M — N in X7. If M, = 0, then we have to set f, = 0. Since the set of weights of M is
quasi-bounded, there is, for any p € I'\ I, only a finite number of v € I\ I’ such that
p <vand M, # 0. Hence we can extend f’ one weight at a time (cf. Remark 2.2), i.e. it
is sufficient to consider the case I = I’ U {u} for some pu & I'. Then f’ induces a linear
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map fg“: Ms,, — N5, (note that we can identify Ms, and Ns, with Méu and Néu)' We
need to find a K-linear homomorphism f,: M,, — N, such that the diagrams

15 fs
Ms, —"= N, Ms, —"= N,
F;ﬁ”l ng ngT TELV
M, N, M, N,

commute. Note that if the homomorphism Fé\/f : Ms,, — M, is surjective, then there can
exist at most one such linear map f,. Hence (2) follows from (1).
As f’ is a morphism in X, the map ftgu commutes with the endomorphisms G%

and Gé\L. Hence there is a unique homomorphism J?u: im Gé\:{ — im Gé\L such that the
diagrams
f5 fs
~ > Nj, Ms, ——— Nj,,
feowl e

N
o

Ms,,
Fyi

. fu . . fu .
1mG(5MM—M>1mGé\L 1mG%—H>1mG

commute. By Lemma 2.6 we can identify im Ggu with im F ; in such a way that the
diagrams

f(g/,L f(/S;Uf

Mé,u Né,u M5u N‘S#

M N M N
FM i \LFH EIL T TEN‘

imF/ﬁV[—M>imFlﬁv imFlfw—H>im Flﬁv

commute. As M,, = im F, lﬁ\/f @ ker Eiy we obtain an extension f, of f’ by extending J?u by
zero on the direct summand ker Eﬂ/f . This proves (1). O

2.5. Extension functors. Let I’ C I C X be closed subsets of X.

Proposition 2.8. There exists a functor E = Ef,: Xy — X1 that is left adjoint to R =
Rf/: Xr — Xp. It has the following properties.
(1) The adjunction morphism id — RoE is an isomorphism of functors.
(2) For all M € Xp and o € I\ I' the homomorphism F,: (EM)s, — (EM), is
surjective.

Proof. Let M’ be an object in X7 and let J be a quasi-bounded open subset of X such
that M/, # 0 implies p € J (such a set always exists by (X1)). We want to find an object

M in X; with Rf M = M’. Hence we need M, = M/, EM = EM ~FM =FM
for all p € I'’, a € II, n > 0. We will construct M in such a way that also the weights
of M are contained in J. Hence, we set M, = 0 for all p € I\ I', p ¢ J. It remains to
construct M, and the corresponding E- and F-maps in the case p € JN (I \ I'). Again
we can do this one weight at a time, proceeding downwards: since J is quasi-bounded,
the set J N (I \ I') contains a maximal element p, and if I” C I’ C I are closed subsets
and if we have functors E% and E}, that have the properties stated in above, then their

composition EZ, := EL o Ef;/ is a functor satisfying the above as well.
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So we are now left with the case I = I’ U {u} for some pu & I'. Then we can already
define Ms, (= Mj,) and its endomorphism Gy, We now define M, := im Gs, and
F, = ﬁ’u: Ms,, — M, as the corestriction of G, to its image, and E), = E,L: M, — Ms,
as the inclusion. We claim that the object M belongs to X7. The axiom (X1) is clearly
satisfied. By construction, we have E, o I}, = Gs,. Looking at the individual matrix
entries we realize that this equation encodes the commutation relations (X2). Clearly we
have im F,, = M, and ker E,, = 0. Hence (X3) holds. So we have indeed defined an object
M e Xj.

Now let f: M" — N’ be a morphism in Xp. It induces a homomorphism f;,: My, —
N éu with the property that the diagram

!

s
/ K /
Méu — N(;#
GM/\L \LGN’
Sp S
féu
/ /
Méu —>N5M

commutes. From this we deduce that f’ induces a homomorphism f,: M, — N, on the
images of the Gi5,-homomorphisms. Then we deduce that the diagrams

I} I}

M, $Ngu M, $Ngu
F%l W EMT T BY
fu fu
M, "~ N, M, —“~N,

commute. This shows that the construction is functorial, so we arrive at a functor E =
E%,: X — Xr. Note that it follows from the construction that it has property (2).

From the construction it is obvious that M’ = R M functorially. Hence we obtain an
isomorphism idy,, — RoE of functors. Consider the functorial homomorphism

Homy, (EM',N) — Homy, (RoE M',R N).

Since RoE M’ = M’ and since the homomorphism F),: (EM)s, — (E M), is surjective by
construction, it follows from Lemma 2.7 that this homomorphism is a bijection, i.e. E is
left adjoint to R. So we proved statement (1). O

We will apply the extension functor to a “skyscraper object at A” to obtain the standard
objects S(N).

2.6. Construction of the standard objects. Before we construct the standard objects
in X we need the following definitions. Let M be an object in X.

Definition 2.9.

(1) The object M is called F-cyclic if there exists a vector v in M such that M is the
smallest subspace of M that contains v and is stable under F, , for all o € II and
n > 0.

(2) For A € X we define

MP™™ := {m € My | Eqn(m) =0 for all @ € Tl,n > 0} .
This is called the set of primitive vectors of M of weight A.
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Remark 2.10. Suppose that M is an object in X with maximal weight A and that M)
is one-dimensional. Then M is F-cyclic if for all p € X, p # A the homomorphism
F,: Ms, — M, is surjective.

Theorem 2.11.

(1) For all A € X there exists an up to isomorphism unique object S(\) in X with the
following properties.
(a) S(N) is indecomposable in X.
(b) The weight space S(\)y is of dimension 1 and S(\), # 0 implies ;1 < .
2) The objects S(A) characterized in (1) have the following additional properties.
(2) j 9 prop
(a) S(N) is F-cyclic.
(b) Let vy € S(\)x be a non-zero vector. Then the homomorphism
Homy (S(A), M) — MY™™
[ foa)
is well-defined and an isomorphism of vector spaces.
(¢) We have S(NX™™ = S(A)x and S(N)ET™ =0 for all p # X.
(d) For \ # u we have Homy (S(A),S()) =0 and Endy(S(\)) = K -id.
(e) Let M be an object in X. Then there exists an index set J and weights
Aj € X for j € J such that M = @, ¢ ; S(A;). The multiset {\;} is uniquely
determined by M .

Proof. Let us fix A € X and set Iy = X \ {< A} :=={pu € X | u £ A}. This is a closed
subset of X that contains A as a minimal element. Then we define an object S’()\) € A7,
as the skyscraper at A, i.e. we set S’(A\)y = Kvy and S'(\), = 0if g € I, p # A. All E-
and F-homomorphisms have to be zero, of course. This indeed defines an object in &7,
and the homomorphism

Homy, (S'(\), M) — M{™,
f = fa(vy)

is well-defined and a bijection for all objects M of A7, .
Now we use the extension functor from Proposition 2.8 and define

S(A) = EZ.S'(N).

By construction, this is an object in X'. Let p € Iy. Then S(\), = (Rg? SA)p =5 N)u
and this vector space vanishes, if u # A, and is of dimension 1, if © = A. Hence S(\), # 0
implies either = XA or u & Iy, i.e. u < A. So we have constructed, for all A € X, a
specific object S(\) that satisfies the property (1b). We now show that these objects also
satisfy all properties in (2). Then property (1a) and the uniqueness statement in (1) follow
from (2e).

Property (2a) follows from Remark 2.10 and the property of the extension functor that
is stated in Proposition 2.8(2). Now let us prove (2b). From the fact that E, ,(vy) =0
for all a, n > 0, we deduce that the map in (2b). is well-defined. Moreover,

As M = (RR M)P™ we deduce the statement in (2b), as we already observed
Homy, (S'(A), N) = Ny for all objects N of X7, .
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Let us show (2c). Let u € X. If p € Iy, then S(A)ﬁ”m = S’()\)ﬁ”m and this space
vanishes if 1 # X and equals S'(A\)y if A = p. If p & I, then (X3) implies that the
homomorphism E,,: S(\), — S()\)s, is injective, as Fj,: S(N)s, — S(A), is surjective by
Proposition 2.8. Hence S ()\)ﬁ”m = 0, hence (2c). Property (2d) is an easy consequence
of (2b) and (2c).

Finally we prove (2e). By (X1) the object M has a maximal weight A € X, so M) =
Mf”m. Then there exist K-linear homomorphisms f’: Kvy — My and ¢': My — Kuv,
such that ¢’ o f’ = idg,,. The maximality of A implies that we can view these homomor-
phisms as morphisms f’: Rg? S(A) — Rg? M and ¢': Rgé M — Rg? S(A) with the property
that ¢’ o f/ = idRﬁ? S0 Lemma 2.7 implies that there exist morphisms f: S(\) — M and

g: M — S()\) that extend f’ and ¢’. In particular, g o f is a non-zero endomorphism of
S(A). By (2d), g o f is an automorphism of S(A). This means that M = S(\) @ M’ for
some object M’ in X. Repeating the above we arrive at M = M”@@?inf M S(A) for some
object M" in X with MY = 0 and dim M} < dim M, for all v # X\. Downwards induction
on the weights (using Remark 2.2) finishes the proof of the existence of a direct sum de-
composition as in statement (2e). Note that if M =P, ; S(A;), then the multiplicity of

S(X\) in this decomposition equals dim M?™™ by (2)(c), hence it is uniquely determined
by M. O

3. CONTRAVARIANT FORMS

In this section we study contravariant forms on the objects in the category X. Note
that in the definition of X', the roles of the E- and the F-operators are not symmetric.
The existence of a non-degenerate contravariant form, however, reveals that there is some
symmetry after all. But we will see that (non-degenerate) contravariant forms only exist
if the choice of coefficients is symmetric in m and n.

Definition 3.1. We say that the choice of constants c is symmetric if for all p € X,
a €I, m,n >0 and r € Z we have

Cp,ammn,r = Cp,an,m,r-

(.0 )+mn

; | is symmetric.

Our main example ¢ amnr = |

3.1. The definition of a contravariant form. Let I be a closed set and M an object
in X7. We do not need to assume yet that c is symmetric.

Definition 3.2. A contravariant form on M is a bilinear form b: M x M — K with the
following properties.
(1) b is symmetric.
(2) The weight space decomposition is orthogonal with respect to b, i.e. if A, u € I and
A # i, then b(v, w) = 0 for all v € My and w € M,,.
(3) The E-operators are adjoint to the F-operators with respect to b, i.e. for p € I,
acll,n>0,ve M, and we€ M, ,, we have

b(Eqn(v), w) =b(v, Fopn(w)).

For any bilinear form b on M and p € I we write b, for the restriction of b to M, x M,,
and for all u € X such that pu+na € I for all a € I, n > 0 we write bs,, for the restriction
of b to Mé,u X M5M'
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Lemma 3.3. Suppose that b is a bilinear form on M that satisfies properties (1) and (2)
of Definition 3.2. Then b is a contravariant form if and only if for all p € I, v € M, and
w € My, we have

bsu(Ep(v), w) = byu(v, Fyy(w)).

Proof. Since

M&u = @ M,u—i—na’

aecll
n>0

for the condition stated in the lemma it suffices to check the identity bs,(E,(v),w) =
bu(v, Fy(w)) for all p € X, v e My, o« €I, n > 0 and w € My 4nq. But if w € M 4na,
then b5, (E,(v), w) = b(Eq,,(v), w) by the orthogonality of the weight space decomposition,
and Fy(w) = Fon(w). Then bs,(E,(v),w) = bu(v, Fj,(w)) is the same as b(Eq,(v), w) =
b(v, Fyy n(w)) and the claim follows. O

3.2. Self-adjointness of G,. Let M be an object in A7 and suppose that u € X is such
that u+ na € I for all o € I, n > 0. Then Ms,, and its endomorphism G, are defined.

Lemma 3.4. Assume that the choice of constants is symmetric. Suppose that b is a
contravariant form on M. Then Gs, is a self-adjoint endomorphism on Ms, with respect
to b(;#.

Remark 3.5. In the case that p € I we have G5, = E, o F}, and the statement of the
lemma above follows directly from Lemma 3.3. In the case yu & I we have to work a little
harder.

Proof. We need to show that bs,(Gs,(v), w) = bsy(v, Gsu(w)) for all v, w € Ms,. We can
assume that v € M, 1, and w € M43 for some o, 8 € 11, m,n > 0. First suppose that
a # . As the weight spaces of Ms,, are orthogonal with respect to bs, we have

b(G5u(U)v ):b(GM( )/H-n,é’a w)
(FamEﬁn( v), w)
b (v, FgnEom(w))
b (v, Gsu(w)) -

In the case a = § we calculate

b(Gop(v),w) = b(Gsu(v) ptna, w)

=b (Z Cu,a,m,n,rFa,m—rEoc,n—r(U)7 ’LU)

T

=b ('Ua Z Cu,a,m,n,’/‘Fa,n—rEa,m—r(w)>

r

=b (Ua Z cu,a,n,m,rFa,n—rEoz,m—r(w)>

=b(v,Gsu(w)).

Note that in the fourth equation above we used the fact that the function ¢ is symmetric.
O
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3.3. Extension of contravariant forms. Let I’ C I C X be closed subsets of X. Let
M’ be an object in Xp and let M = EL M’ be its I-extension.

Proposition 3.6. Suppose that the choice of constants is symmetric. Suppose that b is
a contravariant form on M'. Then there exists a unique contravariant form b on M such
that blpp s = b'. Moreover, if b is non-degenerate, then so is b.

Proof. Again we can assume that I = I' U {u} with p ¢ I'. Let us denote by b}, the

restriction of V' to Mj, C M’. We define a new contravariant form Eu on Mg, x Mg, by
twisting bf,, with Gy, i.e. we set

/I;u(.f, y) = bgu (.@, Ggﬂ(y)) = bgu (Géﬂ(x)? y) >

where for the second equation we used Lemma 3.4. As bj; 4, 18 symmetric, this is a symmetric
K-bilinear form on M éu' Now recall that we defined the extension M of M’ by setting
M, := im G5, and then identified the maps E,, and F, with the canonical inclusion
im G5, C Ms, and the canonical homomorphism Ms, — im Gs, onto the image. By

definition, the kernel of G, is contained in the radical of Em hence 5# induces a symmetric

G
bilinear form b, on M, along the (surjective) homomorphism Mj, = M, . (that is now
identified with F),). So

by (Fu(v), Fu(w)) = bu(v, w) = bim (Géu(U)a w)
for all v,w € Ms,. We extend b’ orthogonally by b,, and obtain a symmetric bilinear form
b on M. If b/ was non-degenerate, then so is b/ x and b, has radical ker G, hence the

induced form b, on Ms,/ker G5, is non-degenerate as well.
We now prove that b is contravariant. As b’ is contravariant, we only need to show that

bu(v, Fy(w)) = by (Ep(v), w)
for all v € M, and w € M;,. We can write v = F,(v’) for some v' € Ms,. Then

bu(v, Fp(w)) = by (Fu(v /)7Fu(w))
bau(Gdu( V'), w)
U5 (Ep o Fu(v'), w)
= b (Bu(v), w) = bsu(Epu(v), w).
Hence b is contravariant. 0

Proposition 3.7. Suppose that the choice of constants is symmetric. Let M be an object
in X. Then there exists a non-degenerate contravariant form on M.

Proof. 1t is sufficient to prove the claim in the case that M = S(\) for some A € X. In this
case consider the closed subset I as in the proof of Theorem 2.11. Then S’ = Rg? S(A\)isa
skyscraper at A, and S is one dimensional. Choose any non-degenerate K-bilinear form b’
on the K-vector space Sy. This can then be considered as a non-degenerate contravariant

form on S’. Proposition 3.6 shows that there exists a non-degenerate contravariant form
b on EﬁS’:S(A). O

This is all we can say for the category X for an (almost) arbitrary choice of constants.
In the remainder of this article we fix a special choice for the coefficient function c.
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4. QUANTUM BINOMIAL COEFFICIENTS

In the remainder of this article we assume that the choice of coefficients function c is
given by quantum binomials. Then we deduce several properties of the objects S(\) from
arithmetic properties of these binomials.

4.1. Quantum integers. Let v be an indeterminate and set 2 := Z[v,v™!]. For n € Z

set
n . , if n=0,
V" — v :
[n] = 4/0 — ,Ufl — Uﬂ*l + UTL*?) + e + ,Uf’nr‘rl, lf n > 0,
—p T3 et ifn <0,
Note that [n] = —[—n] for all n € Z. For a,b € Z the quantum binomial coefficient [}] is
defined as alla—1]-fa—bi]
J | mEmm o #0>0
b =19t ifh=0,

0, if b < 0.

This is an element in 2 for all a,b € Z. Note that a > 0 and [}] # 0 imply 0 < b < a.
Under the ring involution -: 2 — 2, v — v~!, the quantum numbers [n] and the quantum
binomial coefficients [}] are invariant. Under the ring homomorphism 2 — Z, v — 1, [n]
is sent to n and [7'] to ().

An alternative definition of the quantum numbers and quantum binomials is the fol-
lowing. Let w be another variable and let 2 = Z[w,w~!]. Then define, for n € Z,

n 0, if n=20,
[ p_wt—1 n—1 .
n|’ = =ql+w+---+w if n >0,
w—1
—w T —w M —wTl ifn<0

a)’la—1]"...[a—b+1]" .
al’ o 1£0>0,
i1,

0, if b < 0.

This are elements in 2.

4.2. Binomial identities. We start with proving several formulas for binomial coeffi-
cients.

Proposition 4.1. For a,b,x,y,n € Z the following holds.
(1) (the transformation formula): If we identify w with v, then

[a] = v*"'a] and lg] = ybe=d) [Z} .
(2) If b > 0, then

(8) (the inversion formula):
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(4) (the Pascal identity):

-t

(5) (the Chu—Vandermonde convolution formula):

-zl

r+s=n

a+b
n

(6) (the Pfaff-Saalschiitz identity):

ynbLb] ¥

k

r+a—0>
a—k

T+ a
a

r+y+k

k b—k

y—l—b—a]

(7) For all m > 2 we have

(1) [@“ - ] m o

r

Proof. Formula (2) and the inversion formula (3) follow directly from the definition of the
binomial coefficients, formula (1) and the Pascal identity (4) require simple calculations.
Let us prove (5). The w-Chu—Vandermonde convolution formula (see, for example, the
solution to [11, Exercise 100 in Chapter IJ) is

R Hm

r+s=n

a+b
n

Setting w = v? and using the transformation formula (1) this reads

platb—n) atb Z p2la—r)str(a—r)+s(b—s) lal [b‘|
n T S
r+s=n
— Z Un(a+bfn)frb+as la] [b‘| ’
r+s=n TS

where we used
na+b—n)—rb+as=(r+s)(a+b—r—s)—rb+as

=ra+rb—r*—rs+as+bs—rs—s>—rb+as

=2as — 2rs+ra—r’ 4+ sb—s°

=2(a—r)s+r(a—r)+sb—s),

and the identity (5) follows by dividing by v™(@+0="),

Also the Pfaff-Saalschiitz identity (6) follows from its w-binomial counterpart. The
latter was originally proven by Jackson, but now there are several proofs in the literature.
The proof in [12] is particularly interesting, as it involves a counting argument. The w-
Pfaff-Saalschiitz identity has several equivalent formulations, and the following version
can be found in [5]:

/

!/ /

r+a—>
a—k

r+y+k
k

r+a| |y+b

b

/
= 3 wlaRE-h)

y—i—b—a]/
k

b—k

a
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Using the transformation formula in (1) above we get

r+a +b x+y+k||lz+a—0>
o a yb :Zk:UCk Z a—k
with
cr=2a—k)b—k)+k(z+y)+(a—k)(z—b+Fk)+
=k(z+y) +(@—k)(xz+b—k)+(b—k)(y—a+k)
=k(z+y)+(a—k)z+ (b—k)y
= ax + by.
Hence the w-Saalschiitz identity can be rewritten as
rz4a||ly+bd _Z[x+y—|—k r+a—>b
a b . k a—k

which is identity (6).
We show that (7) follows from the Saalschiitz identity (6) by induction on m > 2. For
a =b =1y =1 the Saalschiitz identity reads

or

_x+1 2__—:1c+1_ T
1 y"_o 11
2 x—i—l___x +_x+
1 1 | |1 1

iR

2

T+ 2
1

y+b—a
b—k

(b—k)(y—a+k)

y+b—a1

This is the case m = 2 in formula (6) with x replaced by x4 2. So we can take this as the
starting point of an inductive argument.

Suppose that m > 3 and that Y, .(—
replace '] by v"[™~ Mo i

we obtain

r

Ann. Repr. Th. 2 (2025),

r o r(2—m) |@ T rm_l
e

Z(*l)T’UT@_m)

T

_"_ Urfm

_Z 7“7"(2m r|fl

_|_Z r7‘2 m)+r— m[azr][

— Z(_l)rvr(Q—(m—l)) [

V)

a—r
1

(a —r
1
(m—1
r—

I

8

)

"

m—1
T

e
] (Pascal’s identity (4)) in the expression

m—1
r—1

|+

= (0 is proven.

If we

3 ZmZ r 1 (r 1)(2—(m—1)) [(a - 1) I (T - 1)‘| |f::f]

:0—u3%m:0

2, p.249-279
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using the induction hypothesis and the following identity:
3—2m+(r—1)2—-(m—-1))=3-2m+ (r—1)(3—m)
=-2m+3r—rm+m
=r(2—m)+r—m. O
4.3. The quantum characteristic. Now let K be a field (of arbitrary characteristic)
and ¢ € K* an invertible element. From now on we consider the quantum integers [n]
and the quantum binomials [‘lﬂ as elements in the field K via the ring homomorphism
Z[v,v™'] — K that sends v to q. The formulas in Proposition 4.1 then hold if we replace
v by q.
Definition 4.2. We define the quantum characteristic £ > 0 of the pair (K, q) as follows.
(1) We set £ =0 if [n] # 0 in K for all n # 0.
(2) Otherwise ¢ is the smallest positive integer with [¢(] = 0 in K.

Note that [—n] = —[n] and that [1] = 1 in all cases, so either £ =0 or ¢ > 2. If { = 2,
then [2] = ¢! + ¢ =0, so ¢> = —1, so ¢ is a primitive 4'® root of unity if char K # 2, or
q =1 if char K = 2.

Lemma 4.3. Suppose that ¢ > 0. Then q is a 20™ root of unity in K. Moreover, the
following holds.

(1) If g =1 or ¢ = —1, then K is a field of positive characteristic, and ¢ = char K.
(2) Suppose that q # +1 and that the order of q is odd. Then ¢ equals the order of

q, i.e. q is a primitive £* root of unity. Moreover, [n] = 0 in K if and only if
nelrz.
Proof. Note that [n] = 2=t = p1=n27'=1 S0 if the image of [n] vanishes in K, then
v—v v4—1

¢®™ = 1, so either n = 0 or ¢ is a 2n'™ root of unity. If ¢ = +1, then [n] = +n, so [n]

vanishes if and only if n is a multiple of the (ordinary) characteristic of K. So we have
proven (1). If the order of ¢ is odd, then ¢*" = 1 is equivalent to ¢" = 1, so (2). O

4.4. Binomial identities in positive quantum characteristics. We list a few addi-
tional identities that hold in positive quantum characteristics.

Proposition 4.4 (The g-Lucas Theorem). Suppose that £ > 0 and that the order of q is
odd if ¢ # £1. Let a,b € Z and write a = ag + lay, b = bg + £by with 0 < ag,bg < £. Then

s-1RG)

Note that (‘;) here stands for the ordinary binomial coefficient, i.e. the ¢ = 1 version of
the quantum binomial coefficient!

Proof. The w-version of the g-Lucas theorem reads

-l G

(cf. [2]). Using the transformation formula in Proposition 4.1 this gives us

ba—b) [F| _  bolag—bo) |20 | [ 41
’ [b] ’ lbol <b1>'

As v! =1 by Lemma 4.3, vP(¢78) = ybo(a0=bo) and we obtain the claimed identity. O
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The following lists some simple conclusions.

Lemma 4.5. Suppose that £ > 0 and the order of q is odd if ¢ # +1. Let a,b,n € Z.
Then the following holds.

(1)

ta]l [0,  ifbgrz,
b ) ifbelz.

-2 10

Proof. The statement (1) follows directly from Lucas’ theorem (Proposition 4.4). In order
to prove (2) we use the Chu-Vandermonde convolution formula in Proposition 4.1:

gt

r+t=n

(%) _
a+ £b
n

a+ /b
n

By (1), [th] = 0 unless t is of the form ¢t = £s for some s € Z, in which case [etb] = (Z) If

t = 0s, then ¢ %" =1 as ¢ is an £*" root of unity by Lemma 4.3. Hence
[a + fb} B Z [a] (b)
n r+4s=n r 8

5. CHARACTERISTIC INDEPENDENT RELATIONS

For the rest of the paper we consider the category X as defined in Section 2 with ¢
given by certain binomial coefficients. We assume that the root system R is simply laced,
ie. {(a,BY) € {0,—1} if & # B. In the non-simply laced case, the choice of ¢ has to be
slightly altered, and some of the binomial identities that we would need for the following
results are not available in the literature.

5.1. The choice of coefficients. We set

(, ) +m+n}

cﬂva»m»nﬂ“ = [ r

forall p € X, a € I, myn > 0 and r € Z. Note that this choice is symmetric in the
sense of Definition 3.1. It is now also convenient to slightly rewrite the axiom (X2). The
version (X2) was necessary as we started out with the definition of X7 for a closed subset
I of X. Now we only need the global case I = X. The new axiom reads

(X2') For all p€ X, a, 8 €II, m,n >0 and v € M,, we have

FgnEam(v), if o # 3,
\ _

Zr l<ﬂ’ “ > m n] Fa,nfrEa,mfr (U)a if « = B

r

EomFpn(v) =
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We replaced the weight p + ng with the weight p in the formulation of the axiom. Hence
the coefficient ¢, o m,n,» is replaced with ¢, _na,a,mn,» and hence

l(p,a\/}—i—m—l—n] with (u—na,a’)y +m+n :l<u,av>+m—n]‘

T T r

We now apply the binomial identities that we obtained in the previous chapter to under-
stand the arithmetics of the E- and F-operators on the objects in X.

5.2. Dominant weights. We start with a relatively simple property of the objects S(X)
in the case that A € X is dominant, i.e. satisfies (\,a") > 0 for all a € II.

Lemma 5.1. Let A € X be a dominant weight, o € II and v € S(A\)x. Then Fy (v) =0
for alln > (N a").

Proof. Suppose that n > (A, a"). We show that E, F, ,(v) =0 for all v € IT and s > 0.
Then F, ,(v) =0 by axiom (X3). If v # «, then E, (F, ,(v) = FonEy(v) =0 as A+ sy
is not a weight of S(\). If v = «, then

BasFon(v) = Z [<A’ a\/):_ o n] Fon—rEas—r(v)
_ l@\, a\/> + s — n] Fono(0)

as Fqt(v) = 0 for all ¢ > 0. For all n such that (A\,a¥) < n < (A, a") + s we have
0 < (\aY)y+s—n < s, hence [<’\’O‘Vé+s_"] = 0. For all n such that n > (\,a") + s,
hence n — s > (\,a"), we can use the formula that we obtain by induction and deduce
Fon—s(v) =0. O

5.3. Divided powers. In order to simplify notation, we use the following convention. If
we write down a relation between operators (for example, F pFopn = [mnt”] Fom+n) we
mean, more precisely, that the relation holds if we apply it to any element of any object

M of X (for example, Fy ;, Fon(v) = [ Fymin(v) for all M in X and all v € M).

m

Lemma 5.2. Let a € II and m,n > 0. Then

m-+n

Ea,mEoc,n = Ea,m—f—n;

m+n
Fa,mFa,n:[ m 1Fa,m+n.

In particular:

(1) The operators Eqm and E, , commute for all m,n > 0, and the operators Fy m,
and Fy , commute for all m,n > 0.

(2) [1[2]...[n]Ean = By y and [1][2]... [n]Fon = Fyy for alln > 0.

Proof. The claims (1) and (2) are easy consequences of the two displayed identities. These
certainly hold in the case m +n = 0. So we assume m + n > 0. Fix an object M € X,
some ¢ € X and w € M,. We need to show that E,mEan(w) = [m+n] Eq mn(w)

m

and Fy mFon(w) = [m;;”} Fom+n(w). Using the fact that there exists a non-degenerate
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contravariant form on M it is sufficient to prove the identity for the F-operators. Using
m —+n > 0 we can use axiom (X3) and deduce that it is sufficient to show that

m-+n
Eys (Foz,mFa,n(w)) =Eys (

Fa,ern(w)) (51)

for all v € II and s > 0.
First suppose that v # «. Then we can commute F, ; past all F,,-homomorphisms to
the right and realize that we need to prove

m-+n

Fa,mFa,nE'y,s(w) = Fa,m+nE'y,s(w)-

This certainly holds if £, s(w) = 0. Using axiom (X1) we can now argue by downwards
induction on the weight 1 and deduce the claimed identity.

Now we consider the case v = a. Again we commute the homomorphism FE, s to the
right using the commutation relations (X2). The left hand side of equation (5.1) becomes

Z Cudu,vFa,m—uFa,n—'u (ws—(u—i—v))

u,v

where for notational simplicity we set w; = E, (w) for all ¢ and

(1 —na,aV) + s — m]
Cy =
u

B _<u,av>+s—m—2n]

I u
_[x-m
__ Wl
(V) +s5—u—n
du,v:
I v
. _X—i—m—u
= ” i

with x = (u, ") + s — (m +n).

We now use induction on the weight of w as before and also on m + n. Then we can
replace Fo m—uFon—o(Ws—(utv)) With [m”;;_(fr”)] Fomtn—(utv) (Ws—(utv) ), as for u+v =0
the weight of wy is strictly larger than u, and for u4+v > 0 we have m+n— (u+v) < m+n.
So the left hand side of equation (5.1) is

LHS =" cydu

u,v
_ X—n
>

where we replaced the variable v with r = u + v.

a,m+n—(u+v) (ws—(u—i-v) )

[m+n—(u—|—v)

X+tm—u

T—Uu

]Fa,m+n—r (ws—’/‘)
m—u

[m—i—n—r
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The right hand side of equation (5.1) becomes after applying the commutation relations

v _
RHS = men Z [<M’ @ ) +s (m * n) Fa,m—i—n—rEa,s—T(w)
m - T
m-4+n
= m ; zf Fa,ernfr (wsfr)-

Now we fix r and show that the coefficients of Fi, y;,4n—r(ws—,) in the expressions LHS
and RHS coincide. Hence we need to show that

Z X—n|l|x+m—-u||m+n—r| |m+n||x
” u r—u m—u | | m r

or, if we replace u with k = r — u and use ["1" "] = [Z‘Iﬁ__ﬂ = ™,
Z x—n|lx+m—r+k|[m+n—r _m+n||x

—|r—k k |l n—Fk | n r|

This is the Saalschiitz identity from Proposition 4.1, i.e. the identity

5 e+y+kllzta-blly+b—a] [z+al|ly+b
k k a—k b—k | | a b
withx=x—r,a=7r,y=m and b =n. O

5.4. The Serre—Lusztig relations. The case m = 2 in the following proposition yields
the original Serre relations. The higher Serre relations, i.e. the cases with m > 2, were
proven by Lusztig in the case of quantum groups ([8, Chapter 1.4]). Lusztig proved an
even more general identity that we do not need for the following.

Proposition 5.3. Let o, € II, a # 3, and m,n > 0.

(1) If (o, BY) = 0, then FomEpn = FgnFom and EqmEgn = EgnEam.
(2) If (o, 8Y) = —1 and m > 2, then

Z(_1)Tqr(27m)Fa,7"Fﬁ,1Fa,m—r =0,

s

Z(_1)rqr(27m)Ea,rEﬁ,lEa,m—r =0.
T
Proof. Again fix an object M of X, a weight 1 and an element w € M, and prove both
identities by showing that both sides yield the same vector when applied to w. We only
prove the versions for the F-operators. The FE-operator version then follows from the
existence of a non-degenerate form on M and the fact that the E-operators are adjoint to
the F-operators with respect to this form.

We start with identity (1). Again we prove the claim by showing that £, (Fy ymFp n(w) =
E,sFgnFom(w) for all v € Il and s > 0. If v ¢ {a,3}, then we can commute
the E-homomorphism to the far right, and downwards induction on u yields the claim.
So suppose that v = a. Then commuting the E-homomorphism to the right on the left
hand side of the equation yields

Z <,u—nﬁ,av>—|—s—m

u Fa,mquB,nE’y,sfu(w)-

u
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Doing the same thing to the right hand side yields

v
Z [(M, o );}F s m] oo By o).
v

As (B8,a¥) = 0, the binomial coefficient of the u-summand in the first and the v-
summand in the second expression coincide if we identify u = v. Downward induction on
the weight p now finishes the argument. The case v = 3 is treated in a symmetric fashion.
This proves statement (1).

Now we prove statement (2). We need to show that

E. . (Z(—Wq?"(?m>Fa,TFB,1Fa,m_,,(w)> =0 (5.2)

T
for all v € IT and s > 0. If v # «, v # B, then we commute E past all F-maps and then
use induction on the weight p of w.
Now suppose that v = a. Using the commutation relations we obtain
Ea,sFa,rFﬁ,lFa,m—r (’U}) = Z Cu,rdu,v,rFa,r—uF,B,lch,m—r—v (ws—(u+u))

U,

with wy = F44(w) and (note that (o, 8Y) = —1!)

(1= (m—r)a—B,a%) =1+
Cur =
I U
ey —2m+r+s+1
N I U
_ _X—m—|—r—|—1
= Y ,
(w,a¥)+s—u—m+r
du,v,r:
I v
o _X—u—i-r
N I v

where we abbreviate x := (u,a") — m + s. Hence the left hand side of equation (5.2)

becomes
_mylx—m+r+1||x—u+r
Z (_l)rqr(2 m) [ u v Fa,r—uFﬁ,lFa,m—r—v(ws—u—v)-
U,

Now we replace (u,v) by (¢,d) with c:=u+vandd:=r—u. Thenm—r—v=m—c—d
and the above expression reads

Z(_l)rqr@—m)[x—m"i_r"i_l X+d

cH+d—r FoaFs1Fom—c—d(Ws—c) (5.3)

r—d

r.c,d

Now let us fix ¢ and d. The coefficient of Fi, 4F31Fp m—c—d(ws—¢) is

Z(_l)rqr@—m)

r

x—m+r+1
r—d

X+d
c+d—r
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or, with t = r — d,

S (1)Hgerem [X b d T X d
- t c—t|
Using the inversion formula from Proposition 4.1 this equals
Z(_l)dq(t+d)(2_m) _—X+m—d—2 X+d
- t c—t|
or
—m -m _X_d+m_2 X+d
(—1)dpd@mm) N gt2m) . L (5.4)
¢

We leave this expression for a moment. A special case of the Chu—Vandermonde convolu-
tion yields
m — 2
L

We calculate (c —t)(—x —d+m —2) —t(x +d) = —c(x +d+2—m) +t(2—m) and hence

m— 2
Z qt(2—m) _ qc(x+d+2—m) [ ] .
n C

X —d+m—2
t

X +d
c—1

Z q(c—t)(—x—d+m—2)—t(x+d)
t

—X—d+m—2
t

x+d
c—t

So expression (5.4) now is

(71)dqd(2—m)+c(x+d+2—m) [’m - 2] .
&

Recall that we fixed ¢ and d in expression (5.3) and took the summation over r to obtain
this expression. We plug this into equation (5.3) and obtain

_ oy m =2
Z(_l)dqd(2 m)+c(x+d+2—m) [ . ]Fa,dFﬁ,lFa,mcd(ws—c)-
c,d

Now we fix c¢. The summation over d is the expression

m — 2
qc(XH*m) [ c ] Z(_1)dqd(27(mic))Fa,dFﬁ,lFa,mfcfd(ws—c)'
d

Suppose that ¢ = 0. Then we can use downwards induction on the weight of w and deduce
that this expression vanishes (note that s > 0 and ws = E, s(w), which vanishes if the
weight of w is maximal). Suppose that ¢ > 0. If m < 2+ ¢, the binomial coefficient
vanishes. In particular, this settles the case m = 2. Now we can use upwards induction on
m and deduce that Zd(—l)dqd@*(m*c))Fa,ng,lFaym,c,d = 0. Hence the above expression
vanishes for all ¢ and m > 2. This is what we wanted to show in the case v = a.

Now suppose that v = 8. Then

Eﬁ,sFa,rFﬁ,lFa,mfr(w) = Fa,rFﬂ,lFa,mfr(ws) + CrFa,TFa,mfr(wsfl)

m
= Fa,rFﬁ,lFa,m—r(ws) + ¢ r ‘| Fa,m(ws—l)
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with
. _lw—(m—r)a,ﬂvHs—l]
" 1
By +m—r+s—1| |x-—r
B 1 1

with x = (u, 8Y) + m+s—1. Using downwards induction on the weight p it hence suffices

to show that
—1) r(2—m) X—r
S|

It is sufficient to show that

m

Fom(ws—1) = 0.
T] m(Ws-1) =0
X—-T

NKE

But this is one of the identities listed in Proposition 4.1. O

Z(_l)rqr@—m)

T

6. FURTHER RELATIONS IN POSITIVE QUANTUM CHARACTERISTICS

The relations that we obtained so far hold for all pairs (K, q), i.e. they are independent
of the (quantum) characteristic . We now add further relations in the case that £ > 0
and the order of ¢ is odd if g # +1.

6.1. Decomposition of the operators. For 0 < n < ¢ define the operators E([)ln]1 and

F C[ﬂ inductively by setting Et[)?}l =id, ]:‘O[?]1 —idand for0<n < ¢
1 1 1 1
R N e N

Lemma 6.1. Suppose that £ > 0 and the order of q is odd if ¢ # +1. Let n > 0 and write
n=mng+fny with 0 <ng < and ny € Z. Then

Ea,n = ELTI;?]ECM,ZTH = Lo lny Eg?]
Fa,n = Fg?f]Fa,an = a,EangLf]'

Proof. Lemma 5.2 yields
n

o e R O
no no no 0
]

by Lucas’ theorem (Proposition 4.4). Hence we are left with showing that E, , = Egnl
for 0 < n < ¢. For this we use induction on n. The statement is clear for n = 0. Using
Lemma 5.2 again gives us [|]Ean = Fa,1Fan-1. Since []] = [n] # 0 for 1 < n < {, we

obtain ) )
-1
Ea,n = mEa,lEa,nfl = m a,lE([;l ] = E([;L]l
using the induction hypothesis. We prove the identity for the F-operators in the same
way. ]

Lemma 6.2. Suppose that £ > 0 and the order of q is odd if ¢ # £1. Let A € X.

(1) Suppose that v € S(X) is such that Eq 1(v) =0 and Eq ¢(v) = 0 for all o € II and
t>0. Then v € S(A\)y.
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(2) Let S C S(\) be the smallest X -graded subspace that contains S(\)x and is stable
under all operators Fo 1 and Fy 4 for all « € IT and t > 0. Then S = S(A).

Proof. First let us show that claim (1) follows from claim (2). So let v € S(A) be as in
claim (1). Let b be a non-degenerate contravariant form on S(A). Then b(v, Fi, 1(w)) =
b(Eq,1(v),w) = 0 and b(v, Fy g (w)) = b(Eq (v), w) = 0 for all w € S(A). So if claim (2)
is true, then v is orthogonal to @, S(A),, hence must be contained in S(A).

So let us prove claim (2). Lemma 6.1 shows that S is stable under all homomorphisms
Fypn with o € ITand n > 0. As S(A) is F-cyclic (Theorem 2.11), we deduce S = S(A). O

6.2. On primitive and coprimitive vectors in the case of a restricted highest
weight. The next results will be used in the proof of Steinberg’s tensor product theorem.
It concerns the simple objects with restricted highest weight.

Definition 6.3. A weight A\ € X is called restricted if 0 < (\,a") < £ for all « € II.
In particular, if £ = 0, there is no restricted weight.

Lemma 6.4. Suppose that £ > 0 and the order of q is odd if ¢ # +1. Let A € X be a
restricted weight. Then the following holds.

(1) Suppose that v € S(A) is such that Eq1(v) =0 for all « € II. Then v € S(A\)x.
(2) Let S C S(\) be the smallest X -graded K -vector space that contains S(\)x and is
stable under all homomorphisms F, 1 with o € II. Then S = S(\).

Proof. As in the proof of Lemma 6.2 one can show that claim (2) implies claim (1). So
let us prove claim (2). As S()) is F-cyclic, it is sufficient to show that S is stable under
all homomorphisms Fy, ,, with a € II and m > 1. For this we use induction on m. By
assumption, S is stable under F,, ; for all o € II. So let m > 2 and assume that S is stable
under F,, , for all & € Il and 1 < n < m. We now show that for all © < A\, w € §,, and
a € II we have Fy, ,,(w) € S. This we show by downwards induction on . Suppose that
= A. Now our assumption that X is restricted comes into play. Suppose m < (\,aV).
Then m < ¢ and Lemma 6.1 shows that F ,, is a multiple of F";. Hence Fom(w) € S
as S(A\)y C S and S is stable under F, ;. But if m > (\ &), then F, ,,(w) = 0 by
Lemma 5.1. Hence Fy, ,n(w) € S for any m > 0 if w € S(X),.

Now suppose that u < A and w € S,. By the induction on y we can assume that S, =
S(A)y for all v > p, hence we can assume that w = Fp ;(w') for some § € Il and w' € S,4 3
(as S(A) is F-cyclic). If (o, 8Y) = 0, then Fym(w) = FoamFp1(w') = Fp1Fom(w') (by
Proposition 5.3), and Fy,,(w') € S (by induction on p), so Fg1Fom(w') € S. Now
suppose (a, V) = —1. Then the Serre-Lusztig relation in Proposition 5.3 reads

Z(—1)rqr(2_m)Fa,rFB,1Fa,m—r =0,
T
hence Fom(w) = FomFp1(w') is a linear combination of vectors of the form F,,Fp
Fom—r(w') with 0 < r < m. Using the induction hypothesis on ; we see as before that
Fg1Fym(w') € S (the r =0 case), and for 0 < r < m we have F, ,Fp1Fq m—r(w') € S by
the induction on m. Hence F, ,(w) € S in all cases. O

6.3. The Frobenius pullback. We still assume that the characteristic of (K, q) is £ > 0
and that the order of ¢ is odd if ¢ # +1. In this section we denote the corresponding
category by X ), since we will also consider the category Xk ;). We do not assume
anything on the characteristic of (K, 1). We construct a K-linear functor from the category
Xk 1) to the category Xk q)-
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So let A € X and consider the simple object S(x 1)(\) of Xk 1). We denote by S’ the
X-graded K-vector space with

g _J0 if g 01X,
“TSN ), ifpelx.
For a € IT and n € Z and p € X define
5 _ 0, if u g lX orn ¢ l7,
pasm Eg,m%, if p € /X and n € (Z,
7 _ 0, if u €€X orn &7,
poan Fugn, ifpelX andn e 2.
Then E}, ,, ,, is a homomorphism from S, to S} ,,,,, and F, , , is a homomorphism from
S)tna to S,

Theorem 6.5. Suppose that £ > 0 and that the order of q is odd if ¢ # +1. Then the
X -graded space S’ together with the operators E:ha,n and F;,L,a,n defined above is an object
in X(g,q)- It is isomorphic to S q)(LN).

The construction is obviously functorially, so we can consider the above as a Frobenius
pullback functor Frob™: Xk 1) — Xk q) With the property Frob™(S(x 1)(A)) = Sk q)(£A).

Proof. We show that the axioms (X1), (X2') and (X3) are satisfied. Axiom (X1) readily
follows from the corresponding property of S 1)(A). We now check the commutation
relations. So let o, 3 € I, m,n >0, p € X and v € S/’L. We need to check that

Fé,nE(,l,m(U)v if « ?é ﬁ,
3 lw’ a’) +m— ”] F. B (v), ifa=4.

a,n—r~am—r
r

EomFn(v) =

If o ¢ ¢X, then v = 0 and both sides of the above equation vanish. Now suppose

that p € £X. If m & 07 or n &€ (Z, then the left hand side of the equation vanishes.

The only terms on the right hand side that do not obviously vanish are of the form
"

[(watytm=m pr R (v), where m —r € ¢Z and n —r € ¢Z. For those terms we have

r an—rHam—r
Vv
m —n € (Z and hence (i1, ") +m —n € (Z. Then [* >T+m_"] = 0 unless r € (Z by

Lemma 4.5. But if r» € ¢Z, then m — r € {Z and n — r € £Z imply m,n € {Z, contrary to
our assumption.

We are left with the case that u € ¢Z and m,n € £Z. In this case the left hand side
is Egmlh,(v) = EqmFga(v). In the case o # B the claimed identity follows from

EomFgn(v) = FgnE, m(v) = Fp, Ey ,(v). Suppose that a = . As [<“’av>+m7"} =0

@, T
unless r = £s for some s € Z, we obtain for
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Z[W’“v”m‘ ]F Bl (0):

- r

<M7 aV> tm-—n
ls (;,n—KSE(/x,m—Es (U)

{ma¥)+m=—n
S ) LRS-
S
av)+m—n
_Z[ 7 ] Fon_Bom_y(v)
S 1

= Ea,%Fa,%(v> (by axiom (X2/) for S(K,l) ()‘)) E’a ch/y n( )

Finally, let us check that axiom (X3) is also satisfied. The fact that S(x 1)()) is F-cyclic
implies immediately that S’ is F'-cyclic. Hence im F, = S, for all 1 # ¢\ and im Fy, = 0.
Suppose that © € X and v € S, are such that v # 0 and Ej,(v) = 0. This implies that
p € £X and Eu( ) =0 in Sk 1)(A). Hence & = A, i.e. u = £X. Hence ker £, = 0 unless

= /), and ker E¢\ = 5},. In any case we have S =im F;/; @ ker EL Hence axiom (X3)
is satlsﬁed as well.

So S’ is an object in X(k,q)- As it is F-cyclic with highest weight £), it is isomorphic
to S(K’q) (EN). O

Remark 6.6. We deduce that S q)(¢)\), = 0 unless p € £X, and that E,, = 0 and
Fon=0o0n Sk, (¢X) for all a € I if n & (Z.

6.4. Steinberg’s tensor product formula. Again we assume that the quantum char-
acteristic £ of (K, q) is positive. Let Ao, \1 € X. Now we consider S’ := S(N\g) @ S(¢A1)
as an X-graded vector space by setting S}, := @,,_,1, S(Mo)y @K S(€A1)s,. (Note that
we sum over all pairs (v, p) here, regardless of the fact whether u = v + fp is an f-adic
decomposition (i.e. , v is restricted) or not.) Then we define operators Ey, ,,, and F} , on
S’ by setting

El (UO®U1 ZEas UO)®EOcm s(vl)

Fﬂn(v()@vl ZFﬁtUO ®Fﬁn t(vl)

for vy € S(Ag) and v € S(¢A1). Recall that the operators E, , and Fy, act trivially on
vy unless r € £Z by Remark 6.6.

Theorem 6.7. Suppose that £ > 0 and that the order of q is odd if ¢ # £1. Suppose
that \g is restricted. Then the X -graded space S’ together with the operators E' F,é’,n

defined above is an object in X. It is isomorphic to S(Ag + €A1).

a,m?’

Proof. First we check that the axioms (X1), (X2') and (X3) are satisfied. The axiom (X1)
is clear. Let us check the commutation relations of (X2'). So let a, 3 € II, m,n > 0,
o, 1 € X, vg € S(Xo)ug» v1 € S(€A1)ey, - First suppose that a # . Then
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El i Fh (00 ®v1) = EasFp4(v0) ® Eaym—sFpn—t(v1)

s,t
= Z Fﬂ7tEOl7S(UO) ® Fﬂ,n—tEa,mfs(Ul)
s,t
= F,é,nE;,m(vo ® vl)'
Suppose that a = 3. For convenience we now write I, and F), instead of E, , and Fy 4
and p; instead of (u;, ). Then E! F! (vo@v1) = >ost BsFi(vo) @ By s Fp—t(v1) and this
equals

D

s,t,a,b

by +m—s—(n—
b

po+s—t
a

t
)‘| thaEsfa(fUO) ® Fn—t—bEm—S—b(Ul)‘

We now apply the following change of variables. Set x :=s—a,y:=t—a and r :=a+b.
Sos=x+a,t=y+a, b=r—a. The above expression then is

3 uo+x—y]

a
a7x7y7r

by +m—n+y—=x
r—a

] FyEx ('UO) b2y anyfrEmfxfr (Ul)-

Now note that F,,_y_,FEy—z—r(v1) = 0 unless n —y — r and m — « — r are both divisible
by ¢ (by Remark 6.6). But then m —n 4+ y — x is divisible by ¢, and this implies that
[fratm=nty=2] — ( ynless r — a is divisible by £. In this case,

r—a
lpp+m—n+y—x| batmonty=z
N

Hence the expression displayed above translates into

lui+m—nty—z
ot+x— -
Z g a y] ( T’Ea >FyEz(UO) ® Fn—y—rEm—z—r(Ul)- (6.1)
R ‘

Now we want to fix x, y, r and take the above summation over the parameter a. Note that
Lemma 4.5 yields the equation

Z Lo+ 2 — y‘| <€u1+mzn+y—w> _

r—a
a€r+LlZ a

r

uo+€u1+m—n]
7

Expression (6.1) now simplifies to

D

x’y7r

po + Ly +m—n
r

] FyEm(UO) & Fn—y—'rEm—m—T(vl)

~(z[erm,

+lpur+m—n
o Iul ‘| F'I/I—TET,TL—’I’> (UO ® Ul)v

which is what we wanted to show. Hence axiom (X2') holds.

Let us check (X3). We claim that S’ is F-cyclic of highest weight Ao + £\;. Let
S" C S’ be the smallest subspace that contains the (one-dimensional) subspace S} .\, =
S(Xo)ro @ S(£A1)er, and is stable under all F'-maps. As [}, acts trivially on S(¢€A;)
for all o, and as S(\g) is Fi-cyclic by Lemma 6.4 (recall that Ag is restricted), we deduce
S(X0)®S(A1)en, C S”. The definition of the Fy, ,, and the fact that S(¢A;) is F-cyclic then
shows inductively that S(A\g) ® S(¢A1), C S” for all v < €A1, hence S(N\g) ® S(¢A;) C S”.
So S’ is F-cyclic.
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Now we claim that E;L: S;L — S(’;# is injective for all p # Ao + A1. Since E, 1 acts
trivially on S(¢A1) for all a € II, we deduce

ker BS') C ker ES0) @ S(0A),

hence
ker EE/ C (ﬂ ker Ei(l)\())> QK S(lA1)
= S()\o))\o QK S(ﬁ)\l)
by Lemma 6.4. Since E, , acts trivially on S(Ag)y, we deduce

ker Eg:n C S(Ao)a, ®x ker ES(A1)

s

for all &« € IT and n > 0. Hence
ker B C S(Mo)re @k S(EN)ea, = Shoten,

Hence ker F/, = 0 unless i = Ao +£A1, and ker F\ oy, = S&O‘Fz)\l as Ao +£A is the highest
weight of S’. So axiom (X3) holds as well, so S’ is an object in X'. As it is F-cyclic with
highest weight Ao 4+ €A1, it is isomorphic to S(Ag + £A1). O

7. REPRESENTATIONS OF LIE ALGEBRAS AND QUANTUM GROUPS

In this final section we show that the category X has a real life interpretation in the
case that the coefficients ¢ are (quantum) binomials as before. Again we assume that R
is simply laced (for notational convenience).

We denote by Uy the quantum group over 2 = Z[v,v~!] (with divided powers) as-
sociated with the Cartan matrix ((a, 8Y))a,genr of R. It is generated by the elements
egﬂ, én], ko, k! for a € T and n > 0 and some relations that can be found in [7, Sec-
tions 1.1-1.3]. For a € R, n > 0 also the element

k@[‘| - ﬁ kav—s-i-l _ k‘;lvs_l

s=1

n P Ve

is contained in Usz. We let U;}, Uy and U% be the unital subalgebras of Uy that are

generated by the sets {e[ol1 ]}, { fo[ln]} and {kq, k1, [’jﬂ }, resp. A remarkable fact, proven by
Lusztig, is that each of these subalgebras is free over 2 and admits a PBW-type basis, and
that the multiplication map Uy, ®# U?X R U} — Uy is an isomorphism of Z2’-modules
([7, Theorem 6.7]).

Recall that we fixed a field K and an invertible element ¢ € K. We let U := Uy Q@ K
and U* :=U% @ K for x = —,0,+. In this article we consider U only as an associative,
unital algebra and forget about the Hopf algebra structure.

By [1, Lemma 1.1] every p € X yields a character

Xu: Uy = &
+1 +(p,aV
kL s e

-1

(a €I, r >0).
r
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We can extend this character to a character x,: U Y - K. A U-module M is called a
weight module it M =€, ¢ x M, where

M, = {m € M‘H.m:XM(H)m for all H € UO}.

Hence all the weight modules that we consider in this article are of “type 1”7 (cf. [6,
Section 5.1]). An element p € X is called a weight of M if M, # {0}.

The triangular decomposition of U allows us to construct highest weight modules. We
denote by L(\) the irreducible U-module with highest weight A.

Now let us consider L(\) as an X-graded K-vector space and let us denote by E,, o n: My,

— My 4no and Fy o n: My1no — M, the homomorphisms given by the actions of e[gf ] and

fo[(n}, resp., for all p € X, a €I, n > 0.

Theorem 7.1. The X-graded space L(\) together with operators E,, o n and Fj, o yields
an object in X. It is isomorphic to S(\).

Proof. We check the axioms (X1), (X2') and (X3). As the weights of L()\) are quasi-
bounded and the weight spaces are finite dimensional, (X1) is satisfied. If a # 8 then e,
[m]

and fg commute, hence eq = and fén] commute for all m,n > 0. In order to check the
commutation relations in the case o = 3, set

ka;c _ ﬁ kaqc—s—i-l —k;lq_c+8_1
r s=1 ¢ —q” '

This element is contained in UY and acts as multiplication with

r q(V,aV>+c—s+1 aV)y—ct+s—1

— q_<V7
e qs _ qfs

on each vector of weight v. By [7, Section 6.5] the following relations holds in U for all
a,B8e€ll, m,n > 0:

1’1’111’1 mn

ml [n] o ka;QT—m—n e
R W [ : ]eg ]

For v € M, we hence obtain

min(m,n) T C—s+l _ —(4s—1
i) = > e [ el )
r=0 s=1 ¢ —a
where ¢ = (u+ (m — r)a,a") +2r —m —n = (u, ") + m — n. In order to prove that

condition (X2) holds it remains to Show that

¢ _ S
r s=1 @ —q”

)

which is (almost) immediate from the definition. Hence the axiom (X2') is satisfied.
Finally, we need to check (X3). As L(A) is a highest weight module it is F-cyclic. Hence
im F,, = M, for all 4 # X, and im F\ = 0. Moreover, by the general theory in highest
weight categories, L(A) has no primitive vectors of weight # A, hence ker E,, = 0 for all
p # A, and ker Ey = M,. Hence (X3) is satisfied as well. We obtain the object S()), as
L(X) is F-cyclic with highest weight A. O
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