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RoCK blocks for double covers of symmetric
groups over a complete discrete valuation ring

Alexander Kleshchev* and Michael Livesey

ABSTRACT. Recently the authors proved the existence of RoCK blocks for double covers of symmetric
groups over an algebraically closed field of odd characteristic. In this paper we prove that these blocks
liftt to RoCK blocks over a suitably defined discrete valuation ring. Such a lift is even splendidly
derived equivalent to its Brauer correspondent. We note that the techniques used in the current
article are almost completely independent from those previously used by the authors. In particular,
we do not make use of quiver Hecke superalgebras and the main result is proved using methods solely
from the theory of representations of finite groups. Therefore, this paper much more resembles the
work of Chuang and Kessar, where RoCK blocks for symmetric groups were constructed.
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1. INTRODUCTION

Throughout this article p will denote an odd prime and (K, O, F) a p-modular system. So
K is a field of characteristic zero, O a complete discrete valuation ring with field of fractions
K and residue field F, which, in turn, is an algebraically closed field of characteristic p.
We denote by ~: O — F the natural projection.
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For the remainder of the introduction, when dealing with a finite group G, we will
assume that K (and consequently O) contains a primitive |G|*" root of unity. This ensures
that KG is split semisimple. For example, in Broué’s conjecture we assume K contains
a primitive |G|™ root of unity. Similarly, in Theorems A and B we assume K contains a
primitive (2n!)™ root of unity, where B*4 is a block of ©S,,. Elsewhere in the article we
will make it explicit whenever we are making such an assumption on K.

This article is primarily concerned with Broué’s long-standing abelian defect group con-
jecture:

Broué’s abelian defect group conjecture. For any finite group G, a block B of G
with abelian defect group D is derived equivalent to its Brauer correspondent b.

One can state the conjecture for blocks defined over F or O@. Our focus is blocks defined
over O. B

For n € N, S,, will denote the symmetric group on n letters and S,, one of the two double
covers of S,,. In addition, A, will denote the corresponding alternating group and A, its
double cover. There is a one-to-one, isomorphic correspondence between the blocks of
0S,, and those of @S, (1 + z)/2. In particular, Broué’s conjecture is known for the blocks
of OS,(1+ 2)/2, as it is known to hold for blocks of symmetric groups (see [6] and [7]).
We, therefore, restrict our attention in this article to blocks of 7, := 0S,(1 — 2)/2, also
known as the spin blocks of the symmetric group.

Throughout the article it will be important to consider 0S,, as a superalgebra via:

We recall that the spin superblocks of ©S,, are labeled by pairs (p,d), where p is a p-core
and d € N (referred to as the weight of the block) such that n = |p|+dp. We denote such a
superblock by B”¢. We note that the case d = 0 corresponds to the defect zero situations,
so we will often assume that d > 0. In that case B”? is in fact a spin block (and not just
a spin superblock) of OS,,. In this case the defect group D of B”? is abelian if and only
if d < p. If it is abelian, then D = (C,)*“.

In [16] the authors defined the notion of a d-Rouquier p-core, for d € N. For the
remainder of the introduction we assume 0 < d < p and that p is a d-Rouquier p-core.

Throughout the article “®” will denote a tensor product of superalgebras. For a super-
algebra A, a twisted wreath superproduct Als Ty is defined in § 3.7. For the definition of a
Morita superequivalence, see § 3.3. Our main result (see Theorem 8.13) is as follows:

Theorem A. Let 0 < d < p and p be a d-Rouquier p-core. Then B¢ is Morita su-
perequivalent to B @ (B2 s Ty).

The analogous result for blocks defined over F was proved in [16]. Indeed, that paper
proved that we have Morita superequivalences in a more general setting. Namely, from
specific (RoCK) blocks of quiver Hecke superalgebras to “local” objects. We also use the
term RoCK block to describe the block B¢ in Theorem A. Moreover, the corresponding
purely even subalgebra Bg’d is a spin block of O/&n, which is also referred to as a RoCK
block.

Using Theorem A, we then go on to prove that B”% is not just derived equivalent but
splendidly derived equivalent to its Brauer correspondent (see Corollary 9.6):

Theorem B. Let 0 < d < p and p be a d-Rouquier p-core. Then BP% and Bg’d are splen-
didly derived equivalent to their respective Brauer correspondents. In particular, Broué’s
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abelian defect group conjecture holds for RoCK blocks B”® and Bg’d of O0S,, and OA,
respectively.

This is an improvement over the derived equivalence constructed for the corresponding
blocks defined over F in [16].

Ebert, Lauda and Vera in [8] as well as Brundan and the first author in [4] independently
proved that any spin block of an FS,, with weight d is derived equivalent to some RoCK
block B??. Together with [16], this completed the proof of Broué’s conjecture for the spin
blocks of FS,,. Currently, the conjecture remains open for blocks defined over O.

The article is organized as follows: § 2 consists of various preliminaries concerning
combinatorics and general algebras. § 3 states all the relevant results on superalgebras
and supermodules. § 4 introduces the double covers of the symmetric group and their
block theory. § 5 is where we first introduce RoCK blocks and in § 6 we analyse weight
one RoCK blocks in detail. In § 7 the bisupermodule X, which will ultimately induce our
desired Morita superequivalence, and the related bisupermodule Y are defined. Theorem A
is proved in § 8, while Theorem B is proved in § 9.

2. PRELIMINARIES
2.1. Generalities. We denote N := Z>q. Throughout this article p is an odd prime,
t:=(p—-1)/2 and I:={0,1,..., ¢}, (2.1)

and (K, O,F) is a p-modular system. So K is a field of characteristic zero, O a complete
discrete valuation ring with field of fractions K and residue field F, which is an algebraically
closed field of characteristic p. We denote by —: O — F the natural projection.

Throughout the paper, we denote by R either K or O (we will rarely work over F). We
will at several points need the fact that 2 is invertible in R (certainly it is invertible in F
and hence in @.) For R-modules M and N, we set M @ N := M ®x N. (Starting with
§ 6.3 we will use bold letters to distinguish specific fixed bi(super)modules from general
ones.)

All R-algebras are assumed to be finitely generated as R-modules. A subalgebra of an
R-algebra A is always assumed to be unital. Since by assumption A is finitely generated
as an R-module, so is a subalgebra of A (as R is noetherian). Most algebras in this
article will be O-algebras. Therefore, when we do not specify the underlying ring, it will
be assumed that algebra refers to an O-algebra. If A and B are algebras, then we write
A ~p\ior B if A and B are Morita equivalent.

If A is an R-algebra, then an A-module will always refer to a finitely generated, left
A-module. Such modules satisfy the Krull-Schmidt property, see [23, Corollary 4.6.7].
Since all A-modules are assumed to be finitely generated they are also finitely generated as
R-modules and so a submodule of an A-module is finitely generated as an R-module. For
R-algebras A and B, we identify (A, B)-bimodules and (A ® B°P)-modules; in particular,
all (A, B)-bimodules are assumed to be finitely generated. If M is isomorphic to a direct
summand of N, for (bi)modules M and N, we write M | N.

A projective cover (P, ) of an A-module M is a projective A-module P and a surjective
A-module homomorphism ¢ : P — M such that no proper direct summand of P surjects
onto M. Our conditions on A ensure that it is a semi-perfect ring, hence projective covers
of (finitely generated) A-modules always exist and are unique up to isomorphism. We set
Qa(M) to be the Heller translate of M. That is, the kernel of . We inductively define
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powers of the Heller translate Q7%, for n € Z¢. Finally, Q% (M) is defined as the direct
sum of all the non-projective, indecomposable summands of M.

For finite groups G and H, any (RG,RH )-bimodule M can be thought of as an R(G x
H)-module via (g,h).m = g.m.h™!, for all g € G, h € H and m € M. Similarly, any
R(G x H)-module M can be viewed as an (RG, RH )-bimodule via g.m.h = (g, h~1).m, for
allg € G, h € H and m € M. We will use these two concepts completely interchangeably.
For example, a projective (RG, RH )-bimodule means that it is projective as an R(G x
H)-module, a vertex of an indecomposable (RG, RH )-bimodule means its vertex as an
R(G x H)-module, etc.

2.2. Split semisimple algebras. Let A be a (finite dimensional) semisimple K-algebra
such that every irreducible A-module is absolutely irreducible. We say A is split semisim-
ple. In other words, A is isomorphic to a finite direct sum of matrix algebras defined
over K. Throughout this article we are primarily concerned with blocks of finite groups
and Brauer tree algebras, both of which satisfy the above property, provided K contains
enough roots of unity.

We set Go(A) to be the Grothendieck group of (finite dimensional) A-modules and
Gq (A) the subset of classes in Gy(A) that represent actual A-modules. So

Go(4) = {Zamm
M

where M runs over the isomorphism classes of irreducible A-modules. We refer to the
elements of Gj (A) as the characters of A and call [M] an irreducible character if M is an
irreducible A-module. We denote by Irr(A) the set of irreducible characters of A. We will
also often use ZIrr(A) and NIrr(A) to mean Go(A) and Gy (A) respectively.

Let B be an O-free O-algebra such that KB := K ®o B is split semisimple. We say B
is K-split semisimple. Set Irr(B) := Irr(KB) and

any € Z} and Gg (A4) = {Z aps[M]
M

CLMEN}7

Prj(B) := {[K ®o M] € G§ (KB) ‘ M is an indecomposable projective B—module} ,
NPrj(B) := {[K ®o M| € G§ (KB) ‘ M is a projective B—module} .
For x,v € NIrr(B), we write

X 2Irr(B) ,l/] and X ZPrj(A) w

to mean x — ¢ € NIrr(B) and x — ¢ € NPrj(B), respectively.

Let B,C be K-split semisimple algebras and N a (B, C)-bimodule. Then the functor
N®c? induces a (Z-)linear function Gyo(KC') — Go(KB) that, by an abuse of notation, we
also denote N®¢?. If C' is a subalgebra of B, then we denote by

18: Go(KB) = Go(KC)  and  18: Go(KC) — Go(KB)

the linear functions induced by the functors Resg and Indg respectively. Similar notation
applies for algebras over K—for example if B and C' are split semisimple K-algebras and
N a (B, C)-bimodule, then N®¢7 induces a (Z-)linear function Go(C) — Go(B) that we
also denote N®¢c?.

If G is a finite group and H a subgroup, we write

15 Go(KG) = Go(KH)  and  15: Go(KH) — Go(KG)

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

90 Alexander Kleshchev & Michael Livesey

for the functions induced by the functors Resg and Indg respectively. Furthermore, if b
is a block idempotent of OG and ¢ of OH, then

V7o Go(KGh) = Go(KHe)  and 1% Go(KKHe) = Go(KGh)

will denote the functions induced by truncated restriction Resg’i and truncated induction
Indg’f; respectively. That is, the functions induced by cOGbRpap? and bOGeRo .7

2.3. Group algebras. Throughout the article we assume standard facts about vertices
and sources, see, for example, [23, Chapter 5].

At several stages we will use the Brauer homomorphism, see [23, § 5.4]. Let G be a
finite group and P a p-subgroup. The Brauer homomorphism Brp is defined by

Brp: Z(OG) — Z(FCq(P Zagg»—> Z Qyg.
geaG g€Ca(P)

For any finite group G, when we refer to a block OGb, we implicitly mean that b is a block
idempotent of OG. We will use Alperin’s definition of defect group, see [1, Chapter IV].
Namely, D is the defect group of a block OGb if the block has vertex AD when considered
as an O(G x G)-module.

Let D be a fixed finite p-group. For any subgroup P < D and group monomorphism
p: P— D, we set

Ay P :={(z,p(x)) |z € P} <D xD. (2.2)
If ¢ is the identity on P, we just write AP.

Lemma 2.1. Let G, H and J be finite groups with a common p-subgroup D, and M be an
indecomposable (OG, OH )-bimodule with vertex A, P for some P < D and ¢ : P — D.

(i) If V is an indecomposable O H-module with vertex Q, then M Q@op V is a direct
sum of indecomposable OG-modules each with vertex contained in PNy~ ("QND),
for some h € H.

(it) If N is an indecomposable (OH, OJ)-bimodule with vertex AyQ for some Q < D
and ¥ : Q < D, then M ®og N is a direct sum of indecomposable (OG,OJ)-
bimodules each with vertex of the form AyR, for some R < P and ¥ : R — D,

with V(R) < (Q).
Proof. (i) We have M | IndGXH U for some indecomposable OA,P-module U, and V|

Indg W for some 1ndecomposable OQ-module W. By Mackey’s Theorem, we have that
Resg( P)Indg W is a direct sum of indecomposable O¢(P)-modules each with vertex con-

tained in ¢(P) N "Q for some h € H.
We now prove that we have OG-module isomorphisms

G ~ G ~
(mdZED0) @oy(p) dZp) 2 = (dL 5 0) @opr) Z = dG(U @ 2),  (23)

for any R < P and Op(R)-module Z, where U ® Z is given the structure of an O R-module
via

r(u® z) = rup(r) @ o(r)z (forre Ryue U,z € Z).
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The first isomorphism in (2.3) is immediate. For the second, we need only observe that
we have an O R-module isomorphism given by

(a5 P Resy? pU ) @opmy Z — U Z
(r1 ®u® () @z rup(r) ™ @ p(rir)z
UQ 21U Q@ 2,
and an O(G x ¢(R))-module isomorphism

Indgiz(R)Resﬁz;U = ResGXw(P)

Gxp(R)

Indij}ﬁ(P U,

given by the Mackey decomposition formula.
We have that

M oy V| (md$HU) @on md§W = (nd3 27 U) @oyp) Rest o Ind W,

which, by (2.3) and the comments preceding it, is a direct sum of modules each with vertex
contained in

o7 (e(P)n"Q) =P ("Q),
for some h € H.

(ii) Suppose N lies in the block O.Jb when considered as a right O.J module. Certainly
OJb is naturally an (OJ, O.J)-bimodule. We consider the (O(G x J), O(H x J))-bimodule
M ® OJb. Say OJb has defect group S < J. Then OJb has vertex AS and M ® OJb has
vertex Agxiag (P x S) < (D x S) x (D x S).

We have the following isomorphism of O(G x J)-modules

(M ® OJb) Qo(Hx.J) N=2M®og N
(m®jb)®n»—>m®nbj_1
(m ® b) ® neam @ n.
Therefore, by part (i), M ®og N is a direct sum of indecomposable (OG, OJ)-bimodules
each with vertex contained in

(P x S) N (p x 1ds) " (")A,Q),

for some h € H and j € J. Since M ®oy N is a right OJ-module each vertex is contained

m
-1

(171) (P 8)N(p x1de)™ ("MAyQ)| = (Px778) n(pxId-g)  (MVAQ),

for some h € H and j € J. Setting R = PN ("Q) and ¥ : R’ — D, z — (" ' o(z))
we now have

(P X j_IS) N ((,0 X Idj_lS)_l ((h’l)A¢Q) < Ale/R,.

Since every subgroup of Ay R’ is of the form AyR, for suitably defined R and 1, the claim
follows. ]

In the next lemma Tr% : Z(OH) — Z(OG) is the relative trace given by Tr%(z) =
> g<cG/H grg~!. See e.g. [23, § 2.5].

Lemma 2.2. Let G be a finite group, H a normal subgroup and OHe a block with defect
group D. If Cg(e) = H, then OGf is Morita equivalent to OHe with defect group D,
where f:= Tr%(e). In particular, f is a block idempotent of OG.
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Proof. The Morita equivalence is just a special case of [17, Theorem C]. That OG f has de-
fect group D follows from the following isomorphisms of O(G'x G)-modules and O(H x H)-
modules respectively
Ind$ % (OHe) 2 OGf,  Resi G (OGf)= P  g1OHegs.
91,92 € G/H
The first isomorphism implies that OGf is relatively A D-projective, while the second
dictates that the vertex of OGf cannot be any smaller that AD. U

Lemma 2.3. Let G be a finite group, H a normal subgroup and M an indecomposable
OH -module with vertex D. If Ng(D) < H, then Ind§ M is indecomposable.

Proof. Consider the decomposition
ResfIndfM = P gM (2.4)
9g€G/H
of Res%Ind% M into indecomposable O H-modules. Since M has vertex D, gM has vertex
9D. Let g1, g2 € G and suppose 9' D is conjugate to 92D in H. In other words 91D = "91 D,
for some h € H. Then gl_lhgg € Ng(D) < H and so gl_lgg € H. We have now proved

that all summands in (2.4) are pairwise non-isomorphic. The claim now follows from [34,
§ 5, Proposition 2]. O

We now examine a specific application of Lemma 2.3. If G is a finite group and H a
normal subgroup, we define the subgroup

(GXG)G/H = {(gl,gg) 6GXG|ng:g2H}§GXG. (2.5)

Lemma 2.4. Let G be a finite group, H a normal subgroup and M an indecomposable
O(H x H)-module, with vertex AD.

(i) If Ca(D) < H, then nd§ 3 M is an indecomposable O(G x H)-module.

(i) If M extends to an O(G x G)g,p-module, then

GxG GxG ~ GxH
ResciHInd(GXXa)G/HM = Ind y M.

In particular, if the hypotheses of both (i) and (ii) hold, then Ind(GGXXGG)G/HM is an inde-
composable O(G x G)-module.

(iii) If e € Z(OQG) is a block idempotent of OH such that OHe has defect group D and
Ca(D) < H, then e is a block idempotent of OG.

Proof. (i) Suppose (g,h) € G x H normalizes AD. Then
AD = @MAD = {(ga:,hx> ‘a: € D} = (9:9) {(a:,g_lhx> ‘x € D} .

In particular, g~ 'h € Cg(D) < H and so Ngxg(AD) < H x H. The claim now follows
from Lemma 2.3.
(ii) This is just the Mackey decomposition formula once we note that

(GxH)N(GxG)gg=HxH
and

](G x H\(G x G)/(G x G)G/Hl = 1.

(iii) This just follows from (i) and (ii), as OHe is certainly an O(G x G)g/g-module
such that OGe = Ind%X%,  (OHe). O
(GxG)g/u
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2.4. Brauer trees. We assume the reader is familiar with Brauer trees, in particular the
fact that the basic algebra of a block of a finite group with cyclic defect is isomorphic to
an appropriately constructed Brauer tree algebra (see [19, Proposition 3.10]). We refer
the reader to the same result for the definition of the Brauer tree algebra defined over O.
There, it is stated only for basic algebras of blocks with cyclic defect but the definition
works for arbitrary Brauer trees. We briefly state some key facts used in this article.
A good reference is [24, § 11.1].

Let 7 be a Brauer tree with associated Brauer tree algebra A defined over O. It is
implicitly assumed that the nodes of .7 are labeled by Irr(A). Similarly, the edges of .7 are
labeled by the isomorphism classes of irreducible FA-modules. A node with multiplicity
greater than one (of which there will be at most one) will label a number of irreducible
characters equal to said multiplicity. Finally, the projective cover (as an A-module) of
an irreducible FA-module has character equal to the sum of characters associated to the
nodes at either end of the appropriate edge of 7.

It is our convention with Brauer trees that a node has multiplicity one unless it has
some number of rings around it. In this case the multiplicity is always one more than the
number of rings. In this article we will only consider Brauer trees with multiplicities at
most two.

Recall the notation (2.1). Consider the following Brauer tree:

+ ¢ — 1)t + - 0—1)" -
P R S S U St S (2.6)

We use By to signify the corresponding Brauer tree algebra defined over J. Note that
F ®o By is the algebra denoted B, in [16]. We denote by x;+) € Irr(B;) the element
corresponding to the node i), for i € I.

Next, consider the following Brauer tree:

é_;i - (2.7)

We use Ay to signify the corresponding Brauer tree algebra defined over J. Note that
F ®o Ag is isomorphic to the algebra denoted Ay in [16]. We denote by x; € Irr(Ay) the
element corresponding to the node i, for 1 < ¢ < ¢ and by xo+, xo- € Irr(4y) the pair
corresponding to the node 0.

Recall from § 2.2 that, if N is an (A, B)-bimodule, then we use N®p? to denote the
corresponding function Go(KB) — Go(KA).

Lemma 2.5. We have the following relationships:
(i) If 0 <n <40 — 1 then
X(—nm)+ HFO<n<Ll-—1,
X0 ifn=12¢,
X(n—t)- L+1<n<2¢
X(3e—n)- H20+1<n<30—1,
X0 if n =3,
X(n—sot 3 +1<n<4l—1

n
QB[@BEP (BZ> ®BZ Xet+ ZImr(Bz)

Moreover, if 1 < i </ then
X(t—iy+ and x—p- fl1<i<l—1,

Q3 (B >
B£®B2p( ¢) ®B, Xi+ ZPrj(8y) {Xo ifi=1{,
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3¢ X(e—iyt and x—p- f1<i<l—1,
QBZ®BZP(B£) ®B[ Xi* ZPrj(B[) {XO Zf@ _ 67
and
Q%@Bz’p (B¢) ®5, X0 ZPrj(BZ) Xe+ and Xp-.

(ii) If 0 <n <20 —1 then

Xt—n ZfOSTLSE—l,
QJ@@AZP (Ar) @n, xe Zhes(ag) | X0t T Xo- ifn=4¢,
Xn—¢ ifl+1<n<20-—1.
Moreover, if 1 < i </ then
Qb v (Ag) @n, Xi >
reongr (Ae) Ea Xi Zpay {x0+ txo- ifi=t
and
¢
QM@A?" (AZ) ®Ae (X0+ + XO*) ZPrj(AZ) Xe-
Proof. (i) By [9, Theorem 2], there exists a sequence vy, ..., v4y—1 of vertices of the Brauer
tree of By (possibly with repeats) and O-free Bj~-modules Mo, ..., Myy—1 such that [M;] = x.,,

for all 0 <14 < 4¢—1, with the following properties: (v;, v;+1) is an edge of the Brauer tree,
for all ¢ € Z (where the subscripts are considered modulo 4/), each edge occurs exactly
twice in the sequence

(vo,v1), (v1,v2), ..., (Vae—2,va0-1), (Vae—1,v0)

and Qg,M; = M;;; for all i € Z (where again the subscripts are considered modulo 4¢).

Since each edge must occur exactly twice, it is clear that our sequence must be some

cyclic permutation of

-t o1t L, (=), (0—1)7, ., 10,1 L (e =D

In fact, by shifting, we can assume our sequence is exactly as above. In other words, the
sequence walks from one end of the Brauer tree to the other and then back again.

Next note that, for all Bj-modules M and n € N,
QTBL({@B;’P(BZ) ®p, M = Qg M & P,

for some projective Bi-module P. This can be seen easily by taking a projective resolution
of Bpasa B, ® Bz’p—module and then applying ? ®g, M. Therefore, for all i,n € N,

QQ@@BEP (Bf) ®p, M; = Miyn @ Pin, (2.8)

for some projective B;-module P; ,,. In particular, for all n € N,

QQ[@BEP (Be) ®s, Mo = Mn © Po -

The first claim now follows. The second claim also follows immediately from (2.8) once we
have noted that all the nodes that are not £* occur twice in our sequence. For example,
forall 1 <i</¢—1,since vp_; = v3py; =i and vgyy_; = (£ — )", vgppi = v; = (£ —1i)~, we
have

3¢
QBg@ij (Be) @, Xi+ ZPrj(Be) X(e—i)+ and X(—i)—-
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(ii) The application of [9, Theorem 2] gives a sequence My, ..., Moy of O-free Ap-

modules such that

Yoi ifo<i<l—1

[Mz] = 3 Xo+ + Xo0— ifi=14¢

Xi—t fr41<i<20—1
and Qy,M; = M, for all i € Z (where the subscripts are considered modulo 2¢). The proof
now proceeds as in part (i). O
2.5. Combinatorics. Let n € N. We use [n] to signify the set {1, ..., n}. We denote

by Z(n) the set of partitions of n and by Zy(n) the set of strict partitions of n, i.e.
partitions of n without repeated parts. In addition, we set

P = |_| H(n) and Py := |_| Po(n).
neN nelN

For any partition A\, we set hA(\) := max{k | Ay > 0} to be the length of A. If, in addition,
pe P, we write p C X if h(p) < h(X) and p; < A, for all 1 < i < h(p).

For a partition A\, we denote by [\] the Young diagram of A, which consists of the bozes
(1,7) € Z~o X Z~g satisfying the following conditions:

N = {(6,5) € Zoo X Zuo|i < h(A) and 1<j <A}

For a strict partition A it is often more natural to work with its shifted diagram, which
consists of the boxes satisfying the following conditions:

Sh[A] == {(i,§) € Zwo X Zsg|i < h(\) and i<j <A +i—1}.
For example, if A = (6,4,2,1) € P,(13), then the shifted diagram of A is

sh[\] :‘ ‘

Let A € Z(n). We define K to be the number of bijections T : [n] — [A] such that
T([m]), for 1 < m < n, is always the Young diagram of a partition. We also denote by
PN the set of all 4 € P(n + 1) such that [u] is obtained by adding a box to [)].
Similarly, we denote by Z2(\)~! the set of all 4 € &(n — 1) such that [u] is obtained by
removing a box from [\].

Let A € Zy(n). We define K} to be the number of bijections T : [n] — sh[A] such that
T([m]), for 1 <m < n, is always the shifted diagram of a strict partition. We also denote
by Zo(A) T the set of u € Py(n+ 1) such that sh[u] is obtained by adding a box to sh[)].
Similarly, Z(\)~! will denote the set of u € Py(n — 1) such that sh[u] is obtained by
removing a box from sh[\].

The following lemma is well known and is easy to see:

Lemma 2.6. Let n € Z~g. We have:
(i) if N € P(n) then 32, c pn-1 K = Kx;
(i) if X € Po(n) then 3, c o1 K, = K.
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The next lemma is proved in [16, Lemma 4.3.13] and ultimately stems from the di-
mension formulae of the irreducible and irreducible spin representations of the symmetric
group. See [12, 3.1.13] and [33, (7.2)] respectively.

Lemma 2.7. Letn € N. Then
S Ki=nl= Y 2"MI(KY)

Ae 2(n) Xe Po(n)

We will use the p-abacus notation for strict partitions introduced in [27]. For A € Zy(n),
Ab) will signify its p-abacus display, see [16, § 2.3b] for more details on this. Our convention
is that the 0" position on the abacus display is always unoccupied, i.e. we always use
h(A) beads in Aby. An elementary slide up on some abacus display means simply moving
a bead from position r to position r — p, for some r > p. For r = p, this means removing
the bead in position p entirely. There is, of course, the analogous concept of an elementary
slide down on an abacus display. In particular, inserting a bead in the empty p'" position
in an abacus display is considered to be an elementary slide down.

Following [26], we can associate to every A\ € 2 its p-core core(\) € &. We can also
define a non-negative integer called the p-weight of A:

wt(A) := (|A| — |core(N)])/p € N.
If p is a p-core and d € N, we define
Po(p,d) :={X € Py|core(A) = p, wt(\) =d}.
If A\ € P(p,d), then, for i € I, we set \) to be the i*" quotient of \, as defined in [27,
p. 27]. So the A’s are partitions, A(?) being strict, with >f_, [A®| = d. We set
K(}\) = K;\((])K)\(l) cee K)\(Z) . (29)
We denote by A(I,d) the set of all tuples d = (dy, ..., d,) of non-negative integers such
that dg + -+ - + dy = d. Given a tuple d = (dy,...,ds) € A(I,d), we set
Po(p,d) = {x € Po(p,d) | [ND| = d; for all i € I}. (2.10)

We also define the multinomial coefficient

d d
<d> - (do, d4>' (2.11)

For A € Zy(n —p) and j € I, Z(N)T will signify the set of u € Py(n) such that Ab,
is obtained from Aby by an elementary slide down on the runner j or p — j or by inserting
beads at the top of the runners j and p — j. It is well known that this is equivalent to A
and p having the same p-core, A0 = 4 for all i # j, and p(® € Zy(ANO)+H! if j =0 or
p) e 2N if j £ 0. We set

PN =

|
-
X
=
+

Conversely, for A € Zy(n), @g(A)_ is the set of € Py(n — p) such that X € (@g(,u)*.
Again, we set

PST(N) T = |_| PN
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3. SUPERALGEBRAS AND SUPERMODULES

3.1. Superspaces and superalgebras. Most of the definitions and results in the first
part of this section come directly from [16, §2.2]. However, we restate a lot of the content
of that article as all the superalgebras in [16] are defined over fields and we are primarily
concerned with O-superalgebras.

Recall that R denotes K or O. By an R-superspace we mean a finitely generated R-
module V' with decomposition V' = V5 @ V;. For € € Z/2, we refer to the elements of V;
as the homogeneous elements of parity e, and write |v| = ¢ for v € V.. In fact, whenever
we write |v|, for some v € V, it is always assumed that v is homogeneous.

An R-subsuperspace W C V is an R-submodule of V such that W = (WnNV)®&(WnNV;).
We can, of course, treat W as an R-subsuperspace in its own right.

Let V, W be R-superspaces. The direct sum V @& W is considered an R-superspace in
the obvious way. Similarly, we define the tensor product V' ® W as an R-superspace via
v @ w| := |v| + |w|. A homomorphism f :V — W of R-superspaces is an R-linear map
satisfying f(Vz) C W, for € € Z/2.

An R-superalgebra is an R-superspace A that is also an R-algebra such that A.As C
Acys, for all ,8 € Z/2. Recalling our conventions that all R-algebras are assumed to
be finitely generated as R-modules and algebra refers to an (O-algebra, the same thus
applies to superalgebras: they are all assumed to be finitely generated as R-modules and
superalgebra refers to an O-superalgebra.

A subsuperalgebra of an R-superalgebra A is a (unital) subalgebra that is also a subsu-
perspace. A homomorphism f : A — B of R-superalgebras is an algebra homomorphism
that is also a homomorphism of R-superspaces.

We define the R-superalgebra homomorphism

c=04:A—= A a— (—1). (3.1)

Note that the superstructure (i.e. Z/2-grading) on A is completely determined by o 4.
The tensor product A ® B of R-superalgebras A and B is considered to be an R-super-
algebra via

(a@b)(d @) = (=) qa’ @ bb'.
Fora € Aand 1 <r <n, we set
a, :=1%07D @ q 0 1%0077) ¢ A", (3.2)

We define the superalgebra A%°P (denoted A°P in [16]) to be equal to A as an R-super-
space but with multiplication given by a.b = (—1)l9l®lpa, for all a,b € A. We define the
superalgebra A°P to be equal to A as an R-superspace but with multiplication given by
a.b=ba, for all a,b € A.

A symmetrizing form on a superalgebra A is a linear form tr € Homg (A, R) such that
the bilinear form (a, b) := tr(ab) is a perfect symmetric pairing (no signs). A superalgebra
A is called supersymmetric if it is (finitely generated) projective as an R-module and
there is a symmetrizing form tr such that tr(A;) = {0}. In this case we refer to tr
as a supersymmetrizing form. Note that, by considering a (non-super) algebra A as a
superalgebra concentrated in parity 0, we recover the definition of a symmetric algebra
from [23, Definition 2.11.1].

Let A be a superalgebra. We denote by A* the set of units in A. If A; N A* # &, we
call A a superalgebra with superunit, and any u € A N A* is called a superunit.
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Example 3.1. We define the rank n Clifford superalgebra C, to be the R-superalgebra
given by odd generators ¢, ..., ¢, subject to the relations ¢ = 1 for r = 1, ..., n and
crcs = —cser for all 1 <7 # s < n. We will use the well-known fact that C, = Cf@”.

Example 3.2. We denote by M,,xn(R) the set of m x n matrices with entries in R.
Denote by M,,,(R) the superalgebra M, 4n)x (m4n)(R) With the usual matrix multipli-
cation and

Mon(R)5 = {(VOV 2) ’ W € Mysm(R), Z € Mnxn(n)} ,

Mun® = { (3 5[ X € Moa(R).Y € M (R |

Example 3.3. The superalgebra Q,(R) equals M, x,(R)® My xn(R) as an algebra, with
09, (R) : (T,y) = (y,2), for all z,y € Mpxn(R) (recall from (3.1) that oo, (g) completely
determines the superstructure).

Example 3.4. The twisted group superalgebra T, over R of the symmetric group S,, is
the R-superalgebra given by odd generators ¢, ..., t,—1 subject to the relations

tf =1, tts=—tst, if r —s| > 1, (t,«tr+1)3 =1.
Choosing, for each w € S,,, a reduced expression w = s,, - - - 55, in terms of simple trans-
positions, we define t,, := t,, - - - t,, (which depends up to a sign on the choice of a reduced

expression). It is well-known that {#, | w € S,,} is an R-basis of 7,, (one way to see that
is to use one of the isomorphisms (4.3) below).

3.2. Supermodules and bisupermodules. Let A be an R-superalgebra. By an A-
supermodule M we mean an A-module which is also an R-superspace such that A. Mgz C
M_ys for all €,0 € Z/2. A subsupermodule of M is a submodule that is also a subsuper-
space. The A-supermodule M is called irreducible if it has exactly two subsupermodules.

If B is another R-superalgebra, an (A, B)-bisupermodule M is an (A, B)-bimodule which
is also an R-superspace such that A.Ms C M. s and MsB. C M. s for alle,§ € Z/2. We
note that we can also view the (A, B)-bisupermodule M as an (A ® BP)-supermodule
via

(a®b).m = (=)l gmp, (3.3)

for all @ € A, b € B and m € M. In this way, we identify the notions of an (A, B)-
bisupermodule and an (A ® B%°P)-supermodule.

If M is an A-supermodule, we denote by IIM the module M with parity swapped,
ie. (IIM). = M4 for € € Z/2Z, and the A-supermodule structure on IIM is given by
a.m = am.

A homomorphism f : M — N of A-supermodules is an A-module homomorphism
that is also a homomorphism of R-superspaces, i.e. we are working in the (II-)category
A-smod of finitely generated A-supermodules and even A-supermodule homomorphisms,
cf. [3, Definition 1.6]. So an isomorphism of A-supermodules is also always assumed
even, and we use the notation M ~ N to signify that the A-supermodules M and N are
(evenly) isomorphic. Note, for example, the regular supermodule for a superalgebra A
with superunit u satisfies A ~ IIA via the isomorphism a — au. We write hom 4 (M, N)
for the R-space of all homomorphisms between A-supermodules M and N. We also need
the R-superspace

Hom4 (M, N) = Homu (M, N); & Homs (M, N)y,

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

RoCK blocks for double covers of symmetric groups over a DVR 99

where
Homu (M, N)g :=homa(M,N) and Homua(M,N)i:=homu(M,IIN).

If V is an R-superspace we denote by |V| the R-space which is V' with grading forgotten.
In particular, if A is an R-superalgebra and M is an A-supermodule, we have the R-
algebra |A| and an |A|-module |M|. Similarly, if B is another superalgebra and M is an
(A, B)-bisupermodule, we have an (|A|, |B|)-bisupermodule |M|. Note that

[Homa (M, N)| = Homy (| M], |NT)

for all M, N € A-smod. For the purely even sub(super)algebra Az we do not distinguish
between |Aj| and Ag.
The category A-smod is isomorphic to the category A-mod, where

A= <A, €5, €1

eces = Oz 9€e, €5+ €7 =1, aec = €. jqa, forall €,0 € 72, a € A>R'

Here, e. is understood to correspond to the projection M — M., for an A-supermodule
M. In particular, we have the Krull-Schmidt property for A-smod, see also [29, Corol-
lary 3.7.5].

Using the above identification of (A, B)-bisupermodules with (A ® B%°P)-supermodules
we can also define (A, B)-bisupermodule homomorphisms and isomorphisms. In partic-
ular for (A, B)-bisupermodules M and N we have the R-space hom g psor (M, N) and
the R-superspace Hom g pser (M, N). As with ordinary (bi)modules, we again use the
notation M | N to signify that M is (evenly) isomorphic to a direct summand of N, as
(bi)supermodules.

An A-supermodule M is called module-indecomposable if | M| is indecomposable as an
|A]-module. Similarly, an (A, B)-bisupermodule M is called module-indecomposable if | M|
indecomposable as an (|Al, |B|)-bimodule.

For an |A|]-module M, we define M7 to be the |A|-module equal to M as an R-module
but with the action given via a.m := (—1)l%am, for all a € A and m € M. We call M
self-associate when M =2 M?. Otherwise, we say M is non-self-associate.

Let A, B,C and D be R-superalgebras, M an (A, C)-bisupermodule and N a (B, D)-
bisupermodule. We define the (A® B, C'® D)-bisupermodule M XN to be the R-superspace
M ® N with the action

(a®@b)(m@n) = (—=1)""(am & bn),
(m@n)(c®d) = (=1)1" (me @ nd),

foralla € A,be B,ce C,de D, m e M and n € N. In particular, given an A-
supermodule M and a B-supermodule N, we have the (A ® B)-supermodule M X N with
action (a ® b)(m @ n) = (=)™l (am @ bn).

The following Remark, taken from [16, Remark 2.2.8], allows us to apply results con-
cerning tensor products of supermodules to tensor products of bisupermodules.

Remark 3.5. Using the above notation, the (A® C*°P) ® (B ® D*°P)-supermodule M X N
can be identified with the (A ® B,C ® D)-bisupermodule M X N using (3.3) and the
superalgebra isomorphism

(AR C*P)® (B® D*P) - (A® B) ® (C ® D)*P
(a®c)® (bed) — (-1)l(a0b) @ (c®d).

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

100 Alexander Kleshchev & Michael Livesey

Lemma 3.6. Let A;, Ay, By, B2, Ci and Cy be R-superalgebras, M; an (Ay, Bi)-
bisupermodule, Ms an (Ag, By)-bisupermodule, N1 a (B, C1)-bisupermodule and No a
(Ba, C2)-bisupermodule. Then

(M1 X M) ®p,@B, (N1 W No) — (M ®p, N1) X (My ®p, Na)
(m1 @ ma) ® (n1 @ n2) — (—1)m2Ml(my @ 1) @ (M2 @ no),
forallmy € My, mg € My, ny € N1 and ny € Na, is an isomorphism of (A1 ® Ay, C1®C5)-
bisupermodules.

Proof. This is just a fairly quick checking exercise. O

Lemma 3.7. Let A be a superalgebra with superunit u.
(i) If M is an A-supermodule, then M ~ Indﬁ@M().
(it) If N is an indecomposable |A|-module, then
Al L JAl A ~ o
IndAﬁResAﬁN = Ne N°.

Moreover, either Res[%'N is indecomposable or Resﬁ_}lN =M ®uM for indecom-

posable Ag-modules M 2 ull .

Proof. (i) The A-supermodule homomorphism IndﬁaMﬁ — M, a®m — am is an isomor-
phism, as M = Mg © ulMj.
(ii) We can give N @ N7 the structure of an A-supermodule via
(N®N%)g:={(n,n)|ne N} and (N@®N%);:={(n,—n)|ne N}.
Since 2 is invertible in O, N & N7 is indeed a direct sum of (N & N?); and (N & N7)5.
Moreover, Res!fﬁ'N = (N & N7)3, as Ag-modules, and so, by part (i), we have that

Ind} Resi| N ~ N & N7 (3.4)

as A-supermodules. The fact that Res'ﬁjl(N ) is the direct sum of at most two indecom-
posable Ag-modules follows immediately.

Suppose Res[fo'N = M @ M’, for indecomposable Ag-modules M, M'. By (3.4),
Ne& N°=Ind v @ mdar,
0 0
as |Al-modules. Since N is indecomposable, we may assume that N = Ind‘jfﬁlM and
N = Ind M7, Now,
0
M & M’ 2 Reslf! N 2 Resl nd 2 M = M & us
0 0 0
and so M’ = uM. In particular,
II’ldA(,)M/ = II’ldA(,)UM = IndAﬁM = N,

as |A|-modules, proving all the claims except that M 2 ulM.

Suppose ¢ : M — ubM is an Ag-module isomorphism. Since, N = Ind‘ﬂ M, we may
identify N with M @ uM and consider the |A|-module automorphism ¢ : N — N, m +
um’ — p(m) + up(m’), for all m,m’ € M.

Certainly ¢? is an |A|-module automorphism of N. Since N is indecomposable, there
is some ¢ € O such that ¢.Idy —¢? € rad (End 4 (N)). Let k € O* such that E?=¢ct
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in F. Now, the images of (Idy +k.1)/2 and (Idy —k.3)/2 in End| 4 (N)/rad (End| 4(V))
are orthogonal idempotents. Once we have shown that they are also non-zero we will have
contradicted the indecomposability of N, proving the non-existence of ¢.

One can quickly check that End|4 (V) has an automorphism given by conjugation by
the O-linear map

N — N, m+um' — m —um/,

for all m,m’ € M. Note that, under this automorphism, 1 and — get swapped and
hence (Idy +k.v)/2 and (Idy —k.1))/2 get swapped. Therefore, (Idy +k.1)/2 is zero in
End| 4 (N)/rad (End| 4 (N)) if and only if (Idy —k.1))/2 is. Since they sum to Idy, we
have shown that they are both non-zero and the proof is complete. O

3.3. Morita superequivalences. Let A and B be superalgebras. A Morita superequiv-
alence between A and B is a Morita equivalence between A and B induced by an (A, B)-
bisupermodule M and a (B, A)-bisupermodule N, i.e. M @ N ~ A as (A, A)-bisupermo-
dules and N ® 4 M ~ B as (B, B)-bisupermodules. We write A ~g\ior B.

A stable superequivalence of Morita type between A and B is a stable equivalence of
Morita type between A and B induced by an (A, B)-bisupermodule M and a (B, A)-
bisupermodule N. That is, there exist bisupermodule isomorphisms M g N ~ A& P
and N ®4 M ~ B ® @, where P (resp. @) is an (A, A)-bisupermodule (resp. (B, B)-
bisupermodule) such that |P| (resp. |Q|) is projective as an (|A],|A|)-bimodule (resp.
(|B|, |B|)-bimodule).

Many of the following results are taken from [16, §§ 2.2c,d], where it is assumed that
the superalgebras are all defined over a field. However, all the proofs run through for
O-superalgebras in exactly the same way.

Lemma 3.8. Let A be a superalgebra and e € Ay an idempotent such that AeA = A.
Then A and eAe are Morita superequivalent via the (eAe, A)-bisupermodule eA and the
(A, eAe)-bisupermodule Ae.

Proof. [16, Lemma 2.2.12]. O

Lemma 3.9. Let Ay, Ao, By, By be superalgebras. If A; and B; are Morita superequivalent
via the (A;, B;)-bisupermodule M; and the (B;, A;)-bisupermodule N;, for i = 1,2, then
A1 ® Ay and By ® By are Morita superequivalent via the (A1 ® Az, B1 ® Bs)-bisupermodule
M, ® My and the (By ® Ba, A1 ® Ag)-bisupermodule N1 X Na.

Proof. [16, Lemma 2.2.15]. O

Lemma 3.10. Let A and B be superalgebras with superunit. If the (A, B)-bisupermodule
M induces a Morita superequiavlence between A and B, then Mg induces a Morita equiav-
lence between Ay and By.

Proof. [16, Lemma 2.2.17]. O

Let A be a superalgebra, M be an Ag-module and N be an |A|-module. We give
Indﬁ6 (M) the structure of an A-supermodule via |a @ m| := |a|, for all a € A and m € M.
If, in addition, A has a superunit u, we denote by “M the Ag-module which is M as a

O-module but the Ag-action is given by a.m = (u"tau)m. If M C Res'jﬁ,}lN, we have the

Ag-submodule uM of Res‘%‘ N, and uM = “M.
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3.4. Projective supermodules. Let A be a superalgebra with a superunit. In particular,
for the left regular supermodule A we have A ~ I1A as noted in § 3.2. A standard argument
then shows that a supermodule P € A-smod is projective if and only if P | A®" for some n.

Lemma 3.11. Let A be a superalgebra with a superunit u and P € A-smod. Then the
following are equivalent:
(i) P is a projective A-supermodule;
(ii) |P| is a projective |A|-module;
(iii) Py is a projective Ag-module;
(iv) P~ IndﬁaQ for a projective Ag-module Q.

Proof. (iv) = (i) If @ is a projective Ag-module, then @ | A%en, for some n, and so
Indﬁé@ | IndﬁaAga" ~ A% hence IndﬁéQ is projective.

(i) = (iii), (iv) Let P be a projective A-supermodule. Then P ~ IndﬁﬁP(), by Lem-
ma 3.7 (i). Moreover, P | A®™ for some n, and so

A ~
Py ’ResﬁﬁP‘ Res AP = AT @ AT

as Ag-modules. It remains to note that Az = Az, as Ag-modules, via a — au, and so Fj
is a projective Ag-module, as desired.

(iii) = (i) By Lemma 3.7(i), we have P ~ IndﬁﬁP(J, so (i) comes from the implica-
tion (iv) = (i).

(i) = (ii) is clear since P | A®™ implies |P| | |A|®".

(i) = (i) Let P be an A-supermodule with |P| being projective as an |A|-module.
Then P ~ IndﬁGP(], by Lemma 3.7 (i). Moreover, |P| | |A|®", for some n, and so

A A ~
Py ’ Res‘Aa‘|P| ‘ Res‘Aﬁ||A|@” = Aga" ® AP,
as Ag-modules. But the Ag-modules Aj and A7 are isomorphic, as noticed above. So P

is projective, hence P is projective by the implication (iii) = (i). d

A projective cover of an A-supermodule is defined exactly like for modules. Our con-
ditions on the superalgebra A ensure that a projective cover of a (finitely generated) A-

supermodule M exists and is unique up to isomorphism. So we can define Heller translate
QA(M) of M just like for modules.

Lemma 3.12. Let A be a superalgebra with a superunit and M € A-smod. If (Ppr,, ;)
is a projective cover of Mg as an Ag-module, then (IndﬁéPMG,Indﬁ()(pMG) 18 a projective
cover of M as an A-supermodule and of |M| as an |A|-module.

Proof. By Lemma 3.11, Indf,6 Py, is projective as an A-supermodule and as an | A|-module.
Moreover, no proper summand of IndﬁaPM() will suffice as a projective cover of M or | M|,
since Resﬁﬁlndﬁﬁ Py = Py @ “ Py is a projective cover of ResﬁéM = My @ uM. O

Corollary 3.13. Let A be a superalgebra with a superunit and M € A-smod. Then
QA(M) ~ Ind} Qa;(Mp) and [Qa(M)] 2= Q4| M]).

Proof. Follows from Lemma 3.12 and the exactness of the functor Indﬁa. O
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Corollary 3.14. Let A, B be superalgebras with superunits, M an A-supermodule and N a
B-supermodule. If (Pur, ) is a projective cover of Mg as an Ag-module and (Pny, ¢N;)
is a projective cover of Ny as a Bg-module then

A®B A®B
(IndA6®Bﬁ (PMG X PNﬁ) ) IndA@@B@ (SDMQ ® SON()))
is a pT’OjCCt'L"U@ cover OfM XN as an (A & B)—SupeTmodule.

Proof. This follows similarly to Lemma 3.12 once we have observed that (PM6 X PNy, orM; ®
©nN;) is a projective cover of Mz X Nj as an Ag ® Bg-module. O

Lemma 3.15. Let A and B be two superalgebras with superunits, M € A-smod and
N € B-smod. Then there exists a canonically defined monomorphism

QA(M)XRQp(N) = Qagp(M X N)
of (A ® B)-supermodules. Furthermore, through this monomorphism,
Quop(M B N)/(Qa(M) RQp(N)) = (Q4(M) R N) & (M B Qp(N)),
as (A ® B)-supermodules.

Proof. If (Pyr, par) is a projective cover of M and (Py, ¢n) is a projective cover of N then,
using for example Lemma 3.12 and Corollary 3.14, we can see that (Py X Py, oar @ ©N)
is a projective cover of M X N. Now,

Qagp(M X N) = ker(om @ on)
= (Qa(M) X Py) + (Pu ®Qp(N))

C Py X Py
and
((Qu(M) X Py) + (P B Qp(N)))/Qa(M) R Qp(N) = (Qa(M)RN) & (M KR Qp(N)),
which implies the result. O

3.5. Crossed superproducts. Let G be a finite group. A G-graded crossed superproduct
will refer to a superalgebra A with a decomposition €, ¢ A4 into subsuperspaces such
that AgAy C Agy, for all g, h € G, and such that, for all g € G, we have A, N A* # @. If
A is a G-graded crossed superproduct, then so is A*P by defining (A%P), = A,-1, for all
g € G. Note that A;, is always a subsuperalgebra of A, and (A;,)%*P = (A%P),.

A G-graded crossed superproduct A is called supersymmetric if it has a supersymmetriz-
ing form tr : A — O that turns A into a supersymmetric algebra and tr(A4,) = 0, for all
g € G\ {lg}. In particular, tr gives A;, the structure of a supersymmetric algebra.

If A and B are G-graded crossed superproducts, we define

(A,B)g = Z Ay ® By1 = Z Ay ® (B*P), C A® B™P. (3.5)
geaG geqG
The definition of G-graded crossed superproduct ensures that
A ® BYY € (A, B)g € A® B™P

are subsuperalgebras. In particular, if A and B are both superalgebras with super units,
we consider A and B as Cs-graded crossed superproducts in the natural way, and

(A, B)c, = (45 ® By) & (A1 ® By) € A® B*P.
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The following Proposition is a super version of [25, Theorem 3.4 (a)], proved in [16,
Proposition 2.2.22] for superalgebras defined over a field. However, the proof is no
more complicated for superalgebras defined over O. As long as the superalgebras are
supersymmetric the proof of [16, Proposition 2.2.22] runs through unaltered (see [25,
Remark 3.2(e)]). Recall that one can view an (A, B)-bisupermodule as an A ® B°P-
supermodule via (3.3).

Proposition 3.16. Let G be a finite group, and A, B be supersymmetric G-graded crossed
superproducts. Suppose M is an (Ai, ®B§Zp)—supermodule inducing a Morita superequiva-
lence between Ay, and By,. If M extends to an (A, B)g-supermodule, then Indf‘fg;;p(M)

induces a Morita superequivalence between A and B.

3.6. Dual supermodules. Let A be a superalgebra and M € A-smod. We define the
dual M* of M to be Homp (M, O) that we give the structure of a superspace through

Homo (M, O). := {f € Homp(M,O) | f (M_,7) =0} (e €Z)2).

We treat M* as a right A-supermodule via (f.a)(m) := f(am), for all a € A, f € M* and
m € M, hence also as an A*°P-module via (a.f)(m) := (=1)%l/1f(am).

If B is a another superalgebra and M an (A, B)-bisupermodule, we can view M* as a
(B, A)-bisupermodule via (b.f.a)(m) := f(amb). Note that this is not always isomorphic
to the bimodule obtained by considering M as an (A® B%°P)-supermodule and hence M* as
an (A ® B%P)*P-supermodule (which can also be thought of as a (B, A)-bisupermodule).
The reason we have chosen to define M* using the former definition is that our main reason

for introducing M* is Lemma 3.20, which does not hold using this alternative definition
of M*.

Lemma 3.17. Let A, B and C be superalgebras, with B supersymmetric, M an (A, B)-
bisupermodule and N a (B, C)-bisupermodule. If M is projective as a right B-supermodule
or N is projective as a left B-supermodule, then there is an isomorphism of (C,A)-
bisupermodules

N*®p M* = (M ®5 N)*.

Proof. The analogous statement for (non-super) bimodules is proved in [23, Corollary
2.12.5]. There it is assumed that N is projective as a left B-supermodule. However, the
case where M is projective as a right B-supermodule is proved entirely analogously. We
also focus on this first case for the same reason.

If we examine the chain of isomorphisms in the proof of [23, Corollary 2.12.5], we get

(M®BN)*2H0mB(N7M*)7 f>—>(nr—>(m»—>f(m®n)),
Homp(N, M™*) ~ Homp (N, B) @ M*, (n— g(n)h)g @ h,
Homp(N,B)®@ M* ~ N* ®@p M*, j®h— (troj)® h,

where tr is a supersymmetrizing form on B. All of the above isomorphisms can immedi-
ately be seen to be homomorphisms of bisupermodules. O

Lemma 3.18. Let G, H be finite groups, A a G-graded crossed superproduct with a, €
Ay N AX for all g € G, and B an H-graded crossed superproduct with by, € B N B*
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for all h € H. If M is an (A1, Bi1,)-bisupermodule then there is an isomorphism of
(B, A)-bisupermodules

B®p,, M*®a4,, A = (A ®a, M ®p,, B) ,

{f (agagmbubn) if g =g ' 0 = h—1,>

b, fRag— |ay @mQ by —
n@f g (g h otherwise.

Proof. The map is certainly a bijection as the set of b, ® f ® a4, as f runs over M*, is
precisely the set of (A ®a,, M ®p,, B)* that is zero on all ay ® M ® by, for all g,

with ¢ # g~ or b/ # h~!. One can readily check that this bijection is a homomorphism
of (B, A)-bisupermodules. O

Lemma 3.19. Let Ay, As, B1, By be superalgebras, M an (A1, B1)-bisupermodule and
N an (Ag, By)-bisupermodule. Then there is an isomorphism of (B1 ® B2, A1 ® Ag)-
bisupermodules

M*RN* =5 (MBNY, f@gm (mane ()" f(m)g(n)).

Proof. By noting that f(m) = 0 whenever |f| # |m| (and similarly for g and n), this
simplifies to a standard verification. O

Lemma 3.20. Let A and B be superalgebras, with A being supersymmetric. If M is an
(A, B)-bisupermodule such that |M|®)p|? induces a Morita equivalence between |B| and
|Al, then M and M* induce a Morita superequivalence between B and A.

Proof. By assumption, End4(M) = B°P as superalgebras. By Morita theory, |M| and
Hom, 4| (|M|,|A]) induce a Morita equivalence between |B| and |A[. More precisely,

|M @p Homu (M, A)| = [M| @5 Homya(|M],[A]) = |A], m® ¢ — ¢(m)
is an isomorphism of (|A|, |A|)-bimodules and

| Hom 4 (M, A) ©4 M| = Homj (| M[, [A]) @4 [M]| — Endj4(|M]) = [B],

e @m > (m' — p(m')m)

is an isomorphism of (|B]|,|B|)-bimodules. Now, the first isomorphism is easily checked
to be an isomorphism of (A, A)-bisupermodules M ®p Hom (M, A) and A, and the
second isomorphism is easily checked to be an isomorphism of (B, B)-bisupermodules
Hom (M, A) ®4 M and B. In other words, M and Homy(M, A) induce a Morita su-

perequivalence between B and A.
Let tr : A — O be a supersymmetrizing form on A. Then, by [23, Corollary 2.12.2],

[Homa(M, A)| = Hom 4 (|M]|,[A]) = [M7|, f—trof

is an isomorphism of (|B|,|A|)-bimodules. Once again, this is easily checked to be an
isomorphism of (B, A)-bisupermodules Hom 4 (M, A) and M*. O

Lemma 3.21. Let A be a supersymmetric superalgebra with supersymmtrizing form tr :
A — O. Ifer,ea € Ay are non-zero idempotents then, considering e;Aey as a (e1Aeq,
eg Aes)-bisupermodule, we have the isomorphism of (egAes, e1 Aeq)-bisupermodules

eaAe; — (e1Aes)*, x> (y = tr(zy)).
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Proof. One can quickly check this is a homomorphism of (eyAes, e Aeq)-bisupermodules.
That it is an isomorphism in the case e; = eg = 14 follows immediately from the fact
tr is non-degenerate. Now, the kernel of the induced epimorphism A — (ejAeg)* is
A(l—e1)+ (1 —ez)A and A/[A(1 —e1) + (1 — e2)A] =~ ez Aey, as desired. O

3.7. Wreath superproducts. Throughout this subsection it is assumed that both —1
and 2 have square roots in O and that A is a superalgebra.
Let V be a superspace and d € Zg. The symmetric group Sg acts on V¢ via
Vi @ - @ ug) = (71)[w§1)1,..-,'0d]vw_1(1) ® - ® Vy-1(a),

where

[wivy, ..., vg] = Z [Va||ve|.

1<a<c<d,w(a)>w(c)

Following [16, §2.2a] (where we have worked over F), given a superalgebra A, we consider
the wreath superproduct Als Sq to be A®? ® OS, as superspaces, with OS,; concentrated
in parity 0. To describe the algebra structure we identify A% and OS, as subalgebras in
A®4 ® OS, in the obvious way and define

wla @ - ®ag) ="(a1 ® - ®aqg)w (w € Sy, a1,...,aq € A).
Note that, As Sy is an Sg-graded crossed superproduct via
AkSi= P A%w. (3.6)

wE Sy

Recall from Example 3.4 the twisted group superalgebra Ty with basis {#, | w € S4}.
Following [16, §5.1a], we define the twisted wreath superproduct Als Tq as the free product
A®4 & T, of superalgebras subject to the relations

Z law]
(a1 ®@ - ®aqg) = (=)= (*"(a1 @ - Rag)t) (3.7)

forall a, ...,ag€ Aand 1 <r <d-1.
Recall Example 3.1 and the notation from (3.2).

Proposition 3.22. We have an isomorphism of superalgebras
(A®C1) s Sa — (A Ta) © Ca
(a® )y — (—1)"a, @ 2y,
1
5p \/7_—2tr® (er = erg1)
forallae A,z €C,1<u<dandl <r<d.

Proof. This was proved in [16, Proposition 5.1.3] when everything is defined over a field.
However, the proof over O is identical, since 2 is still invertible in O. O

Since (¢ — ¢r4+1)/v/—2 is invertible in C4, an immediate consequence of Proposition 3.22
is that A s Ty is an Sg-graded crossed superproduct via

ATa= P A% (3.8)

w E Sy
Given the Sg-grading in (3.8), recall the definition of (A Tq, A s Ta)s, from (3.5).
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If M is an (A, A)-bisupermodule, we denote by Ms%d the (A T4, Als Ta)s,-supermodule
given by extending the (499, A%?)-bisupermodule M™%, via

(6@ 67) (1@ @my) = (—)m Il (o (ny @ @ ma)), (3.9)
forall my, ..., mge M and 1 <r <d-—1.

Remark 3.23. That (3.9) above does indeed define an (A s 74, A s Tq)s,-supermodule is
essentially proved in the proof of [16, Proposition 5.1.5]. In that proof the bisupermodule
M is assumed to induce a Morita superequivalence and our superalgebras are defined over
a field. However, neither of these two details alter the proof at all.

For an (A, A)-bisupermodule M, we now define

o T g ABTa®(AWT)™P (1 rRd
M s T := Ind (00T (M8, (3.10)

Note that
Al Ta® (A Ta)P = P (tw ®1)(Aks Tas A Ta)s,-

wE Sy
Therefore, using the bimodule notation, we can write

MiTo= P twM™. (3.11)
w € Sy
In particular,
Mg Tg o (Ade Ta) ® goa MX, (3.12)

as (As Ty, A%?)-bisupermodules.

Lemma 3.24. Let M and N be (A, A)-bisupermodules. We have:
(i) M s Ta| (M@ N)s Ta
(ii) (M s Ta) @ a7y (N s Ta) = (M ®4 N) s T

Proof. (i) Certainly (M @ N)¥¢ = M¥ @ M’ where

M = $b MK K M,.

M; e {M,N}
at least one M;=N

Moreover, M®® and M’ are both (As T, Als Ta)s,-subsupermodules of (M @& N)¥4. The
claim now follows by inducing up to A s Tqg ® (A s Tq)*°P.
(ii) We first note that

(M2 T2) @ a7y (N 26 Ta) 2 (M1 Ta) @400 N¥ = @Dty (MM @ 400 N¥)  (3.13)
w € Sy

as (A®4, A%?)_bisupermodules, where the first isomorphism follows from (3.12) and the
second from (3.11). In particular, the canonical homomorphism of (A%®?, A%9)-bisupermo-
dules

M2 @ y0a N¥ — (M s Ta) @ sty (N s Ta)

is injective. Moreover, if we identify M*? ® 404 N¥¢ with its image under the above
map, it also follows from (3.13) that (M s Tq) @a,7, (N s Tq) is Sg-graded. Note that
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M¥® 400 N¥9 is even an (As Tg, Als Ta)s,-subsupermodule of (M s Tg) @ 4,7, (N 3 Ta)
with

(t,.®t;1).[(m1®---®md)®(n1®---®nd)]
=(rest) me om) e|(sos!) (me-an|, (314)
foral 1 <r<d-—1,mq, ..., mg€ M and nq, ..., ng € N. Therefore, by (3.13),

Al Ta@ (Al Tq)%°P d
(M 1e T) @73 (N1e Ta) = Ind TR (M5 g0 N51)

as (A s Tg, Als Tg)-bisupermodules. The claim will be complete once we have shown that
©: MP @ 00 N — (M @4 N)Ef

> Imillny|
(M ® - ®@mg) @ (N1 - dng) — (—1)>7 (m1®n1) @+ (mg Q@ ng)

is an isomorphism of (A s Tq, A is Ta)s,-supermodules, where (M ®4 N )?j is defined

via (3.9). That it is an isomorphism of (A%, A%9)-bisupermodules follows immediately
from Lemma 3.6 and induction on d. Now, forall 1 <r <d-—1, my, ..., mg € M and
ni, ..., ng €N,

(@) me em)eme: ng)
=[(sost) meomy| e |(e05) . (me- 2 (b
= (_1)|mr|+\mr+1\+\nr|+\nr+1\ [Frimi @ @mg)] @[ (n ®---®@ng)] (3.15)
= () (M) @+ @ M) @ (M) @+ @ )
where

Cr = |me| + [mpia| + [ne] + [nesa| + me| [mpga| + 0] 041l

while

(t,,®tr_1).[(m1®n1)®"‘®(md®nd)]

( )|m'r®nr|+|m7‘+l®nr+l‘ ( [(m1 ® nl) Q- ® (md Q nd)])
=(-1 )'m*'H”*H'mT“‘J""T“' Crlmi ®@ny) @ - @ (mg @ng)]) (3.16)
=(=1)(my, (1) ® ng, (1)) @+ @ (Mg, (@) @ N, ()
where
Co = [my| + |ng| + [mppa| + g | + (Ime] + [10]) (I 1] + [7011]) -
Note that

Cy = C1 + [my| [npga| + [mrga | [ng].
Finally, a direct calculation shows that and also that
© ((msr(l) K- & msr(d)) ® (nsr(l) K& nsr(d)>)

C3+_E_|mi| ;1
= (—1) ©>7 (msr(l) & nsT(l)) R R (msr(d) X nSr(d)) 5 (3.17)
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where C3 = |my||ny+1| + |my41]||n,|. Putting together (3.15), (3.16) and (3.17), we have
now shown that the action of ¢ ® t. commutes with ¢. The claim follows. O

Lemma 3.25. Let A be a superalgebra with superunit and M an (A, A)-bisupermodule.
Then (M s Tg)* ~ M* s Tq as (A s Ta, Ads Tq)-bisupermodules.

Proof. Let u € A; N A*. We consider the wreath product
Co1Sqa={97" -+ g w|er, ..., eq € {0,1}, w € S4}

where g,, the generator of the r'" Cy factor in the base group CQXd, is considered to be
odd. With (3.8) in mind we can give A s 7 the structure of a Co ! Sy-graded crossed
superproduct with base component A?d and graded components

_ ARd, € e
(A ZS %)gilg;dw —A(—) u11 ...uddtw,

for all €1, ..., g4 € {0,1} and w € Sy, where we are utilising the notation from (3.2). We
can now define (A T, Als Ta)oms, as in (3.5). Note that (A Ta, Ats Ta)cms, is generated
by A?d ® (A%Z)d)‘)p together with u; ® u; ', for 1 <4 < d and &, ® &, !, for all w € Sq. We
now extend the A%bd ® (A%@d)of’—module Mgm to an (A s T4, Als Ta)coms,-module, that we
denote (M(—;m)czzsd, via

(ui®u;1> (M1 @ @mg) = ui(mi @ - @ma)uy '

:m1®...®umiu71®...®md

(3.18)

(tw®t1;1) (M1 @~ @mg) = ty(m1 @ - @ma)ty"

= My—-1(1) Q- ® Mayw=1(d)>
foralll1 <i<d,weéeSgand m ® ---R®mgq € Mggd. Note that no relations need to be

checked here as this is just M(—;m viewed as an (A s Tq, A s Ta)ons,-submodule of M%d, as
defined in (3.9). In particular,

MXd __ € €d Xd
M, = @ ut .y (M() )

C21S
€1, .ea €{0,1} 2>
and so
Rd . 1y, e TeAETd)s, ( Ed)
Mg " ~ Ind(Ast,Als’/?z)c2zsd 0 )ens,”
Therefore, by (3.10),
~ T At Ta®(AlsT)™P ( gmd)
M Zs 7:1 =~ Ind(AlS%7AZS77i)CQISd MO CtSy .

In exactly the same way we can extend (M) to the (A Tg, A s Ta)ops, -module
((Mg)&d)cgzsd that satisfies

M* s Ty ~ IndAtTa®ALT)™P (( M;«ﬁd)

(Alsﬁ,Alsﬁ)c2zsd 0 (319)

C21Sy

To complete the proof we construct an isomorphism

*
(At Ta® (At Tg)>°P ( _* xd) (A Ta®@(AtsTa)*oP ( ﬁﬂd)
Ind(Ae?’d,Azsmcmsd (M) szsd—> Ind(Als%Azs%)cySd Mo CSa)
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To do this we first set
ag:=ui ... ufty € (A Ta)g,
for each g = ¢7' ... g;%w € C21S,. Next we identify (Mé“)&d and (M(—')Xd)* via
(i@ @ fa)m @ @mq) == fi(ma) - ...+ fa(ma),

forall f1®---® fq € (Mg)&d and m; ® --- @ mg € M(—;Ed. It is trivial to check that this
is an isomorphism of (A s Tq, A s Ta)cms,-supermodules, as there are no signs to check
n (3.18).

We now construct the isomorphism in (3.19) via

flagapm) ifh=g?
® — & — )
f®ay (ah m {0

otherwise.

for all g,h € C21Sy, f € (Mg)gd and m € M(—;Ed. Much like the proof of Lemma 3.18, one
can now readily check that this does indeed define an isomorphism. O

3.8. Split semisimple K-superalgebras. For much of this subsection we mirror the
results of [15, §12.2]. There it is assumed that K is algebraically closed. We do not make
that assumption here meaning we cannot directly refer to the results from [15].

Let A be a K-superalgebra. An irreducible A-supermodule M is of type M if |M| is an
irreducible |A]-module, and type Q otherwise. A is called split if dimg End, 4 (|M]) = 1
for all irreducible M of type M and dimg End,4(|Q|) = 2 for all irreducible @ of type Q.
An A-supermodule M is called semisimple if it is isomorphic to a direct sum of irre-
ducible A-supermodules. The superalgebra A is called semisimple if every A-supermodule
is semisimple.

Recall the algebra A from § 3.2. Using the isomorphism of the categories A-smod and
A-mod, A being semisimple is equivalent to A being semisimple as an algebra. This, in
turn, is equivalent to A = Aeg@ Aeg being semisimple as an A-module. Now, Aeg and Ae;
correspond to the A-supermodules A and ITA respectively. Therefore, A being semisimple
corresponds to A and TTA being semisimple A-supermodules. Certainly ITA is semisimple
if and only if A is. We have, therefore, shown that A is semisimple if and only if A is
semisimple as an A-supermodule.

For the next lemma we introduce the K-linear map oy : M — M, m — (—1)I"lm, for
an A-supermodule M. Suppose that N is an |A|-submodule of |[M|. Then op(N) is a
submodule of | M| isomorphic to N?. Moreover, N is a subsupermodule of M if and only
if opf(N)=N.

Lemma 3.26. Let A be a split K-superalgebra.

(i) Let M be an irreducible A-supermodule of type M.

(a) |M| is an irreducible |A|-module.
(b) Enda(M) = K as superalgebras.
(c) |M| = [IIM| but M # IIM.

(ii) Let Q be an irreducible A-supermodule of type Q.
(a) |Q| = N @& N, for some irreducible |A|-module N, with N 2 N°.
(b) Enda(Q) = Q1(K) as superalgebras.
(c) Q ~TIQ.

(iii) If M and N are irreducible A-supermodule, then precisely one of the following
occurs:
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(a) M ~ N,
(b) M and N are both of type M and M ~ 1IN,
(¢) Homya (|M], [N]) = {0}.

Proof. (i) Since M is of type M, parts (ia) and (ib) are clear by definitions. Part (ic) just
follows by the definition of ITM and part (ib).

(ii) We follow [15, Lemma 12.2.1]. Let N C |Q| be an irreducible |A|-submodule. Since,
|Q| is not irreducible, N cannot be an A-subsupermodule of @ and oo (IN) # N. However,
N +0g(N) = N @ 0g(N) is og-stable. Since we have dimg End|4(|Q]) = 2, N and
0g(N) = N? must be non-isomorphic, proving part (iia).

We now define J € Enda(Q) by (—Idn) @ Ids,(n). Certainly J is an A-module iso-
morphism. Moreover, J anti-commutes with og and so J is odd. In particular, @ ~ IIQ),
proving part (iic). Since dimg Enda(Q) = dimg End|4|(|Q|) = 2, we can now construct
the isomorphism End4(Q) = 9;(K), J — (1,-1).

(iii) Suppose both (iiia) and (iiib) hold. Then, M ~ IIM, contradicting part (i). Cer-
tainly (iiic) cannot hold together with either (iiia) or (iiib). It remains to show that at
least one of the three statements is true.

Suppose (iiia) and (iiic) fail to hold. So, M %# N and | Hom 4 (M, N)| = Hom, 4 (|M], |N])
# {0}. Now, Homyu(M,N); = {0}, since M and N are non-isomorphic irreducible
A-supermodules. Therefore, Hom 4 (M, N); # {0} or equivalently Hom 4 (M,IIN)g # {0}.
Since M and IIN are irreducible A-supermodules, we must have M ~ IIN. Finally, if
N has type Q, then M ~ IIN ~ N, a contradiction. Similarly, M has type M and (iiib)
holds. O

We now take a brief moment to describe the irreducible supermodules for M, (K)
and Q;(K). Let U, be the standard column vector supermodule for Mm|n(K), where
the first m entries are considered even and the last n odd. Clearly U, is an irreducible
M (K)-supermodule of type M.

Let V; := V1 @ V5, where V7 and V; are the standard column vector spaces for the two
matrix factors in Q;(K). We identify V4 and Va through og, ) and give V; the structure
of a Q;(K)-supermodule by setting

(Vi)g = {(v,v) e i}, (V)i :={(v, —v) € Vi

Since V; and V3 are non-isomorphic, irreducible |Q¢(K)|-modules and oy, (V1) = Va, V; is
an irreducible Q;(K)-supermodule of type Q.

We claim that, up to isomorphism, U, ,, and U, ,, are the only irreducible M,,,,, (K)-
supermodules and V; is the only irreducible Q;(K)-supermodule. By construction, in either
case, any irreducible supermodule must have a non-zero module homomorphism from one
of the above irreducible supermodules already constructed. The claim now follows from
Lemma 3.26 (iii).

The following lemma is well known. For example it can be deduced from results in [13]
and [29]. However, since most texts do not deal in the generality we do here, we include
a proof for the convenience of the reader.

Lemma 3.27. Let A be a K-superalgebra. The following are equivalent:

(i) A is split semisimple.
(i) A is a direct sum of K-superalgebras each of the form M,y,,,(K) or Qi(K), for
m,n,t € N, with m +n,t > 0.
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Moreover, every irreducible |A|-module is isomorphic to the direct summand of an irre-
ducible A-supermodule considered as an |A|-module.

Proof. (i) = (ii) Suppose A is split semisimple. In particular, the left regular supermod-
ule A decomposes into a direct sum of irreducible A-supermodules. By Lemma 3.26, we
can write

a b
A= @ (M & (1)) & PP,
i=1 1=1

for some a,b, m;, m},¢; € N, where the M;’s and IIM;’s form a complete list of repre-
sentatives for the isomorphism classes of irreducible A-supermodules of type M and the
Q;’s form a complete list of representatives for the isomorphism classes of irreducible
A-supermodules of type Q. In particular, by Lemma 3.26, we have

Endy(A) é Endy (M7™ @ (TIM;)®™ ) @ é End, Q")
=1 =1

a b
=1 =1

Now, End4(A) = A°P as superalgebras, where the isomorphism is given by right multipli-
cation. The claim now follows by the isomorphisms of superalgebras:
Mm¢|m§ (K)Op = Mmi\ﬂ% (K) qu (K)Op = Q% (K)
x>zl (x,y) — (ijyT> .
(ii) = (i) It is enough to prove the statement for A = M,,,,,(K) and Q:(K), for m,n,t €
N, with m +n,t > 0.

By the comments at the beginning of this subsection, to show A is semisimple, we
need only decompose A into a direct sum of irreducible supermodules. Recall the irre-
ducible M,,,,(K)-supermodule Uy, , and the irreducible Q;(KK)-supermodule V; from the
comments preceding the lemma. Now, M|, (K) = (Upn)®™ © (U)o, a5 My, (K)-
supermodules, and Q;(K) ~ Vt@t, as Q¢(K)-supermodules, proving semisimplicity. Finally,

@) (MU ) =1

and dimg End,g, x), (Vi) = 2, so all our irreducible supermodules are split, completing the
claim.

We now prove the final part of the lemma. Since we have decomposed A into a direct
sum of irreducible A-supermodules, by Lemma 3.26 (ia), (iia), we can also decomposed
|A| into a direct sum of irreducible |A|-modules. Since every irreducible |A|-module is a
homomorphic image of |A|, the claim follows. O

dimK End|Mm‘n(K)|(’Um,n|) = dimK End‘M

mln

3.9. (Super)characters of split semisimple superalgebras. Throughout the subsec-
tion, let A be a split semisimple K-superalgebra. In particular, |A| is a split semisimple
K-algebra, and we have the terminology of irreducible characters of |A| from § 2.2. By
definition, these are elements of the Grothendieck group Go(|A|).

For simplicity we will write Go(A) instead of Go(|A|).

Recalling the operation M — M? introduced in § 3.2, we denote by

=7 :Go(A) = Go(A)
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the corresponding automorphism of the Grothendieck group.
The set of irreducible A-supermodules (up to isomorphism ~) can be written as

{X)\,HX)\’)\GAg}LI{XA‘)\EAf‘}a

where the first set contains type M irreducible A-supermodules, the second set contains type
Q irreducible A-supermodules, and A(—)A,A%4 are just labeling sets. Later on, particularly
when dealing with characters of double covers of the symmetric groups, it will be natural
to call elements of AE—;‘ even and elements of A{‘ odd. We put

A A A

For the corresponding classes in the Grothendieck group Gy(A), we use the following
notation:

&= [1X]] = [MXA] € o(4) (reagd).
& = [ X[l € Go(4) (reat).

We call the classes &) the irreducible supercharacters of A. We denote the set of the
irreducible supercharacters of A by Irrgyper(A4). Thus

ITguper (A) = {Q ‘ A€ AA} :

These need to be distinguished from the irreducible characters of |A| which we denote
simply by Irr(A) so that Go(A) = ZIrr(A).

Let A € A{‘. By Lemma 3.26(iia), {), = Sj\“ + &, for some irreducible characters
&5, € € Irr(A), with

£ ad (&) =¢F
Moreover, by Lemma 3.26 and the final part of Lemma 3.27,
() = {& [ re A fu{el, & [reaf} (3.20)

is a complete irredundant list of irreducible characters of |A|. Adopting the language of
§ 32, if A € A(—]A7 we say &) is self-associate and if A € A‘f‘, we say 51,5; are non-self-
assoctate and call them an associate pair. In this latter case it is usually not going to be
important to specify which character is 5; and which is §, . However, when it is important,
we will make this choice clear.

When A is a K-split semisimple (O-)superalgebra, we denote

Irrguper(A) = Irrguper (KA)  and  Irr(A) := Irr(KA) = Irr(JKA|). (3.21)

In particular, in this case we have Go(KA) = ZIrr(A).

Let B and C be K-split semisimple superalgebras and N a (B, C)-bisupermodule. As
in § 2.2, [KN|®|gc|? induces a (Z-)linear function Zlrr(C') — ZIrr(B) that, by an abuse
of notation, we denote N®¢?. If C' is a subsuperalgebra of B, then we denote by

18: ZIrr(B) — ZIrr(C) and 8. ZIrr(C) — ZIrr(B)

Iﬁg; and Imdﬁg‘| respectively. Similar

the linear functions induced by the functors Res
notation applies for superalgebras over K—for example if B and C are split semisimple K-
superalgebras and N a (B, C')-bisupermodule, then |N|®)¢|? induces a (Z-)linear function

ZIrr(C) — ZIrr(B) that, by an abuse of notation, we denote N®¢?.
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Lemma 3.28. Let A be a split semisimple K-superalgebra with superunit w. Then Ag is

a split semisimple K-algebra. Moreover, if X € Ag‘, then

Ex = &) iﬁ(): g;r + g}
for distinct Ej,.{; € Irr(Ap), with “E:\*' = EX If X e A‘f‘, then
& =6 1a,= 6,
for some &y € Irr(Ag). Furthermore,
Irr(Ag) = {5;,5; ] A€ Ag‘} U {EA ‘ A€ A{‘}
is a complete, irredundant list of irreducible characters of Ag.

Proof. By Lemma 3.27, it is enough to prove the result for A = M,,,,(K) and Q;(K), for
m,n,t € N, with m+n,t > 0. Recall the irreducible Mm|n(K)—supermodule Unmn,n and the
irreducible Q;(K)-supermodule V; = V; & V5 from the comments preceding Lemma 3.27.

We first deal with A = M,,,,(K). Note that Uy, 5, is of type M meaning we are in the A(—‘;‘
case. If m # n, then every element of M,,,(K); has determinant zero. This contradicts A
having a superunit and so we must have m = n. Therefore, A5 = M xm (K) & M xm (K).
Moreover, the two matrix factors gets swapped by conjugation by

0 In x

Certainly Res‘fﬁ‘ |Upn,m| decomposes as a direct sum of two irreducible |A|]-modules, one for
each isomorphism class, proving all the claims.

Next we consider A = Q4(K). This time V; is of type Q meaning we are in the A{‘

case. Now, Ay = My+(K) and Res'f()l]‘/l\ = Restél\Vﬂ is, up to isomorphism, the unique
irreducible Az-module, proving all the claims. O

From now on we will adopt the labeling of Irr(Aj) as in Lemma 3.28. As with f;f, IS
Irr(|A]) when ) is odd, most of the time we will not be careful about distinguishing between
fj\L and &, for A even.

Remark 3.29. As a consequence of Lemma 3.28 and the fact that Imdllfﬁ| and Res‘;i,)| are

adjoint functors, we can describe TAG: ZIrr(Ag) — ZIrr(A). If A € Af, then & Tﬁx‘@:
&y Th,= & IEA € Af, then & 14 = &F + &5
Let A and B be split semisimple K-superalgebras, U an A-supermodule and V a B-
supermodule such that |U| has character x € ZIrr(A) and |V| has character ¢ € ZIrr(B).
We write xy X ¢ € ZIrr(A ® B) for the character of the |[A ® B|-module |[U X V.
Lemma 3.30. Let A and B be split semisimple K-superalgebras.
(i) A® B is a split semisimple K-superalgebra.
(i) If \ € A and p € AP, then & K¢, € Trrguper(A ® B) unless A € A‘f‘ and
uE A?. In the latter case {x X &, is the sum of two copies of the same irreducible
supercharacter of A® B.

In all cases we write £y ,, for the unique irreducible constituent of { X §,.
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(#1i) ITsuper(A @ B) = {&x, | X € A u € AP} is a complete irredundant set of
irreducible supercharacters of A® B. Moreover, £y ,, corresponds to an irreducible
supermodule of type M if §x and §, have the same type and type Q if ) and &, have
opposite type.

Proof. All claims, except that our set in (iii) is irredundant, follow from [15, Lemma
12.2.13]. There it is assumed that K is algebraically closed. However, the proof runs
through in exactly the same manner once we have established Lemma 3.27.

For the irredundancy claim, if ), ., = &), 4, then, by restricting to A and to B we can
show that Ay = Ao and p; = pe. O

Remark 3.31. Occasionally, instead of £ , we use the notation {, ®¢,. This corresponds
to the operation “®” on supermodules as in [15, §12.2].

Using the above lemma we make the following identifications
AAOB = A AP AP = A AT LA AP AOP = A S AP LA < AT,
so that
(A ® B) = {&x, | (i) € 0092 L udel 60, | O ) € A998}
is a complete, irredundant list of irreducible characters of |[A ® B| and
g?\.,u = é.)\,,u if (Anu’) € A(?@B’
(ﬁu) =&, if (\p) e A®E,
More generally, if Aq,..., A, are split semisimple K-superalgebras, we can identify
AN@®An — AAL s AR
A~ LAL)€ AN e x A
Afrer @A LAL)€ AN e x A

number of the odd N is even} ,

number of the odd A’ is odd},
so that
Irrguper (A1 ® - ® Ay) = {@7__7” (/\1,...,,\"> €A x ... x AAn}7 (3.22)
Ay -8 A = {6 o | (3L 1) € Aeo)
U{eh e | (A X7) e aeean ]

Lemma 3.32. Let A and B be split semisimple K-superalgebras with superunits. Then
A® B is also a split semisimple K-superalgebra with superunit. Furthermore, we can label
the elements of Irr(Ag), Irr(B) and Irr(A ® B) such that

()

(3.23)

b A28 = (61 R&) + (6 8¢E,)  if Ae A and pe AB;
ff,uiﬁfgg = (gj\_&@jf)‘f'(g; &fi) if/\EAé4 and p € AP;
Eopbalts = HRE, ifAe A and pe AD;

Q,Mﬁ?@%:@@&,fntéﬁﬁg if A€ AL and p e AP,
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(ii)
(& ®e) 1455 =t if A€ AA and e AL
(g xgi) 1458, =5, if A€ A2 and p e AP,
(5 meT) 1495 = &, ifAeAd and e AB;
(E\R&) 1458, = ¢f, + &5, A€ A andpe A,
(gmgu) P49 = & ifAe A and e AP,
We, of course, have the corresponding equalities for L A B_ and Tﬁggﬁ.

Proof. We already know from Lemma 3.30 that A® B is split semisimple. Let ugy € A*NA;z
and up € B* N By. Clearly usg ® 1 is a superunit of A ® B, proving the first part of the
lemma.

For parts (i) and (ii) we prove the hardest case, that is A € Ag‘ and p € A’ig . The
other cases are similar but easier as any choices made about the labeling of characters are
unimportant.

Let U be an irreducible A-supermodule with irreducible supercharacter £y € Irrgyper(A)
and V an irreducible B-supermodule with irreducible supercharacter &, € Irrguper(B). By
Lemma 3.30, UKV is an irreducible (A® B)-supermodule. By Remark 3.29, Indﬁﬁ Uy ~U.
Therefore, IndA“ (U B V) ~ UR V.

Note that we made a choice when we selected U, as we could have chosen TIU # U.
Let’s say we picked U such that Uy has character E j In the previous paragraph we showed
that

e A®B —
(& me) tish= o =&, + &
We can now choose the labeling of the appropriate elements of Irr(A ® B) such that
ps A®B p -\ +4®B
(Eme) 1%5=¢t,  (8R&) M=,
We can think of this last equation as a definition, once the labeling of Irr(Ag) and Irr(B)

have been fixed. Next we note that, by Lemma 3.28, “A§ N = ij Also, conjugation by u 4
induces o on B and so “A¢E P §jF Therefore,

(G mgh) 1488 = (“ (& me)) 1a8h= (& e ) 1455=¢5,

= -\ LA®B A A®B pa A®B
(G Re&) 1455 = (" (6 8¢)) 14%85= (SR 14%85=¢f,
and part (ii) is proved. Part (i) follows form the fact that Indﬁ%BB and Resﬁ®(§B are an
adjoint pair. O

Let A be a split semisimple K-superalgebra and A € A4, We set

1 ifxeAd
- 0’ 3.24
g {\/i if A e AL, (3.24)
More generally, if Ay, ..., A, are split semisimple K-superalgebras then we have identified
AMEBAn = AL A s that (AL, L., M) € A2 ®4 if and only if the number

of the odd M\’ is even. Now, set
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1 (AL L., AR) € A @i,
n = n)y = 3.25
EXL, L A EML,.,An) {\/ﬁ if ()\1’ e )\n) c A?l@"'@An. ( )
Note that ey1_ y» does not depend on the order of A, ..., A" (unlike {1 an).

Lemma 3.33. Let A and B be split semisimple K-superalgebras with superunits and let
M be an (A, B)-bisupermodule. Then:

(1) M ®@p &7 = (M ®p&)?, for all § € Irr(B).
(ii) We can write, for each u € AP,

M®péi= Y aué
AEAA

for some a, \ € N. Similarly, we can write, for each \ € A4,

M~ ®A f)\ = Z b)\,,ugw
AB

for some by, € N. Moreover, 5?\0%)\ = Ezb/\,m for all A € A and € AB.

Proof. (i) Let 5, M be the (A, B)-bisupermodule equal to M as a superspace but with
(A, B)-bimodule structure given by a.m.b := oa(a)mb, for all a € A, b € B and m €
M. Define M, , analogously. We have the (A, B)-bisupermodule isomorphism ,, M —
M,,, m s (—1)I™m. The claim follows as

M®pt? =M,, @€l =, MRp&=(MopE)°.

(ii) The expressions involving M and M* just follow from part (i).

For the second part we simply run through all the possibilities of A and p being
even/odd. For example, let A\ be even and p odd. Part (i) implies that £, must ap-
pear with coefficient ay,x/2 in both M ®p &} and M ®p &, . Therefore, & and &, must
both appear with coefficient a,, /2 in M*®4&y. Therefore, by ,, = a,, /2, as desired. The
other cases are proved similarly. O

Using the notation of the above lemma, we say &\ appears as an irreducible supercon-
stituent (or just superconstituent) with coefficient a,, » in M ®p &,.

Lemma 3.34. Let A, B and C be split semisimple K-superalgebras with superunit, M a
(B, O)-bisupermodule and X € A4, p e AC. If M ®¢ Eu =2 uens au&y, then

EVE(N,
(AR M) @apc brp= 3, ——2)

Ay Ex -
e, € A v sV
veAB “HE(AW)

Proof. Let Uy be an irreducible A-supermodule with irreducible supercharacter &y, V,
an irreducible C-supermodule with irreducible supercharacter &, and W, an irreducible
B-supermodule with irreducible supercharacter ¢, for all v € A®. By Lemma 3.30 (ii),

U)XV, is an irreducible (A ® C)-supermodule with irreducible supercharacter Exfu ey

Eap) M

Now, by Lemma 3.6,
(AR M) @agc (UxBIV,) ~ UK (M @c V),

as (A ® B)-supermodules. By the hypothesis of the lemma and another application of
Lemma 3.30 (ii), this supermodule has character

ENE
Z - a/[,L7V§A,l/'

ve AB E()"V)
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The claim now follows. 0
We will sometimes need the following more general version of Lemma 3.34.

Corollary 3.35. Let A, B, C' and D be split semisimple K-superalgebras with superunit,
M an (A, B)-bisupermodule, N a (C, D)-bisupermodule, \ € AB, p € AP. If M ®p &)\ =
ZVEAA a)x,l/fz/ and N Qp fﬂ = ZVGAC CH’T&—, then

EVETE(N,
(MXN)®pgp rp = Z Jax,ycuﬁfuﬁ.
veAA, TeAC EXEUE(wT)

Proof. Note that, by Lemma 3.6,
MXN~(MXC)®pgc (BXN)

as (A ® C,B ® D)-bisupermodules. The claim now follows from two applications of
Lemma 3.34. O

3.10. Super group algebras. Throughout this subsection G will denote a finite group
with an index 2 subgroup Gj. We give RG the structure of an R-superalgebra with
superunit via

(RG)g = (g|dg € Gg)r and (RG);:=(g|g€ G\ Gp)p-

In particular, for g € G, we have |g| =0 of g € G and |g| =1 if g & Gj.

For a module-indecomposable RG-supermodule M, when we speak of a wvertex of M,
we always mean a vertex of |[M|. The same applies to relative projectivity with respect to
a subgroup and other standard notions of finite group theory.

Lemma 3.36. If K contains a primitive |G|'" root of unity and e is a non-zero idempotent
in Z(KG) N KGg, then KGe is a split semisimple K-superalgebra with superunit.

Proof. We first prove KG is split semisimple. Since K contains a primitive |G| root of
unity, it is well known that KGj and |KG| are split semisimple K-algebras. We make use
of this fact at several points during the proof.

Let U be an irreducible KGg-module and set M := IndgaU . We claim that M is an
irreducible KG-supermodule. If U is not G-stable, then, by standard Clifford theory, |M|
is an irreducible |[KG|-module. Therefore, M is an irreducible KG-supermodule of type
M and Endgg|(|M]) = 1. On the other hand, if U is G-stable, then, again by standard
Clifford theory, |M| = M; & Ma, for two non-isomorphic, irreducible |KG|-submodules
My, My C |M|. Furthermore, M; and Mo are related by tensoring with the unique non-
trivial, linear character of G with kernel Gj. In other words, M{ = M,. Therefore, neither
My nor My are op-invariant and M must be an irreducible KG-supermodule. Moreover,
End|gg|(|M]) = 2 and M is of type Q.

In fact, every irreducible KG-supermodule is of the form IndgaU , for some irreducible

KGg-module U. Indeed, if M is an irreducible KG-supermodule, then M o~ IndgaM(),
similar to Lemma 3.7 (i). We have now shown that KG is split.

Since we can decompose KGj into a direct sum of irreducible KGg-modules, we can
decompose KG ~ IndgGKG(—) into a direct sum of irreducible KG-supermodules, proving

semisimplicity.
The statement for KGe now follows from Lemma 3.27, since truncating by e translates
into deleting some of the factors in statement (ii) of said lemma. O
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Remark 3.37. We note that it is not true that a K-superalgebra A is split semisimple
if and only if the algebra |A| is split semisimple. For example, let A = My(R) with
superstructure determined by o 4, which is given by conjugation with (% §). Then A5 = C
and it follows easily from Lemma 3.27 that A is not split over R. On the other hand
|A| = M3 (R) is split over R.

For the next lemma, let H be another finite group with an index 2 subgroup Hj.

Lemma 3.38. Let M be a module-indecomposable O-free (OG,OH )-bisupermodule.
If M has vertex P < G x H then M* has vertex P* :={(y,z) € H x G | (z,y) € P}.

Proof. Since |M*| = |M|*, this is just a result about the usual (non-super) dual. Taking
duals commutes with induction. Therefore, M* is relatively P-projective as a right O(G x
H)-module. Equivalently, it is relatively P*-projective as a left O(H x G)-module. That
it has vertex P* is just a consequence of the fact that |M*|* = |M|, since M is O-free. O

For any subgroup N < G we will use Ny to denote N N G and ON will inherit its
superalgebra structure from that of OG. In particular, if N £ Gj, then ON is also a
K-split semisimple superalgebra with superunit.

We now state and prove a super version of the well-known Green correspondence.

Theorem 3.39. Let P be a p-subgroup of G and Ng(P) < N < G be such that N is not
contained in Go. Then there exists a correspondence between the module-indecomposable
OG-supermodules with vertex P and the module-indecomposable ON -supermodules with
vertex P. Suppose U is a module-indecomposable OG-supermodule with vertex P corre-
sponding to a module-indecomposable ON -supermodule V' with vertex P. Then

md§V ~U@® Mg  and  Res§U ~V @ My, (3.26)

for some OG-supermodule Mg and some ON -supermodule Mpy. Moreover, as an OG-
module, Mg is a direct sum of modules each with vertexr contained in P NIP, for some
g € G\ N and, as an ON-module, My is a direct sum of modules each with vertex
contained in N N9P, for some g € G\ N.

Furthermore, given U (resp. V'), the decompositions of supermodules in (3.26) uniquely
determine V' (resp. U) up to isomorphism, subject to all the above conditions.

Proof. All of this is the well-known Green correspondence except that (3.26) holds as
supermodules (and not just modules) and that U and V' uniquely determine one another
as supermodules (again, not just as modules), up to isomorphism.

Let V be a module-indecomposable ON-supermodule with vertex P. Then, by Lem-
ma 3.7 (i), V ~ IndN(,)V() and Vj is necessarily an indecomposable O Nj-module with vertex
P or*P, for some x € N\ Nj. (We are using the fact that p > 2 here.) Now, Ng, (P) < Ng
and so, by conjugating everything by =z, we also have that Ng (*P) < Nj. We can,
therefore, consider the Green correspondent W of Vj in Gj.

Note that, by Lemma 3.7(ii), Vj is not N-stable. Therefore, W is not N-stable,
which is equivalent to not being G-stable, and IndgﬁW is a module-indecomposable OG-
supermodule, with vertex P.

Now, Indggvﬁ =W @ Zg, where Zg is a direct sum of OGg-modules each with vertex
contained in P N9IP (or, in the case that Vj has vertex * P, each with vertex contained in
TP N9*P), for some g € G\ Nj. Consequently, Indgﬁ Zq is a direct sum of modules each
with vertex contained in P N 9P, for some g € G\ Nj.
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Setting U := Indg(_)W now gives
Id{V ~ md§ Vg ~ (Indg, W) @ (ndg, Ze) = U & Indg Za,

as OG-supermodules, as desired.

We now show uniqueness of U. Say Ind%V ~ U @ Mg, as in (3.26), where U and
Mg have the desired properties. Then, taking the even part of both sides, Indggvﬁ =
Us® (Mg)g- Since V has vertex P, Vj has vertex P or *P, for some € N\ Nj. Similarly,
U has vertex P or YP, for some y € G\ Gj. However, Uj | IndggV@ and so Vg and Uj
both have vertices P or *P. Therefore, Uj is the Green correspondent of Vj in Gj (as
before we have Ng,(P), Ng,(*P) < Ng) and U ~ IndgﬁU() is uniquely determined as an
OG-supermodule.

Showing that the second equation in (3.26) holds and that U uniquely determines V',
as an O N-supermodule, is completely analogous to the reverse argument. O

In the context of Theorem 3.39 we say U and V are super Green correspondents. We
will sometimes say U is the super Green correspondent of V in G or V' is the super Green
correspondent of U in N.

For the following lemma recall that, for a block OGb with defect group D, we can
consider OGb as an O(G x G)-supermodule with vertex AD.

Lemma 3.40. Let b € OGy be a block idempotent in OG such that OGb has defect
group D and Ng(D) < N < G with N £ Gg. Let f € ON be such that ONf is the
Brauer correspondent of OGb in N. Then f € ONg. Moreover, there is a unique module-
indecomposable summand U of bOGf, as an O(G x N)-supermodule, with vertex AD and
all other summands have vertices strictly contained in AD. Moreover, U is the super
Green correspondent of both OGb and ON f in G x N. In particular, ON f is the super
Green correspondent of OGb in N x N.

Proof. Since D < N5, ONopn(f) also has defect group D and

Brp(b) = Brp(ooa(b)) = Brp(ooa(f)) = Brp(oon(f))-

Therefore, ON f and ONoon(f) are both the Brauer correspondent of OGb in N. In
particular, con(f) = f and so f € ONj.

It is well known that OGb and ON f are (non-super) Green correspondents. We set U
to be the super Green correspondent of ON f in G x N. In particular, U | Ind%izx,(’)]\f [~
OGf and all other summands have vertex strictly contained in AD. Due to the first
paragraph, U must be at least the (non-super) Green correspondent of OGb in G x N.
Therefore, U | ResS X5 OGh ~ bOG, as an O(G x N)-module and so bU = U.

We have now shown that U is the unique indecomposable summand of bOGf with
vertex AD and all other summands have vertex strictly contained in AD. In particular,
U is the super Green correspondent of OGb in G x N. The proof is now complete. 0

If K <G, g€ Gand M is an OK-supermodule, then gM is the O(9K)-supermodule
defined in the obvious way, that is |[gm| = |g| + |m|, for all m € M. In particular, if
H <G, ke K and h € H, then we have a canonical isomorphism of O H-supermodules

Ind# -, Resi S o jc gM

5 Indf] gk Resyy fioe g hgkM, B @ gm > W'h™' @ hgk (K~'m) .
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This isomorphism ensures the right-hand side of the following “super Mackey decomposi-
tion formula” is well-defined.

Theorem 3.41. Let H/ K < G and M an OK-supermodule. We have the following
isomorphisms of OH -supermodules

ResGIndfM ~ (P  Ind¥, ,Resp o gM.
g€ H\G/K

Proof. In the proof of the original (non-super) version of the Mackey decomposition for-
mula the isomorphism is given by g ® m — gm € gM, for all g € H\G/K. This clearly
respects superstructure. O

3.11. Vertices of super tensor products. Throughout this subsection G and H will
denote finite groups with subgroups Gz < G and Hj < H of index at most 2. For g € G,
we write |g| = 0 if g € G and |g| = 1 otherwise. Similarly for h € H. Note that, unlike
§ 3.10, we do not exclude the cases G = G and H = Hj.

We also suppose that G and Hp both contain the canonical central element z of order 2
(note we do not distinguish between the z in G and that in H as these elements will be
identified anyway). We set G x, H to be the free product G x H of groups subject to this
identification of z’s and the relation [g, h] = zl9/"| for all g € G and h € H. We have a
natural surjection 7 : G x, H — G/(z) x H/(z) with kernel {1, z}. We now also have the
subgroup

(G %z H)g =" ({(9(), (=) | lg] = |h]})
of index at most 2. The main source of examples for this construction will become clear
in § 4.2.

As in § 3.10, we have the super group algebras OG, OH and O(G x, H), except that
now it is possible that some of these superalgebras could be purely even.

Let e, := (1 — 2)/2. Since e, is an even central idempotent, OGe,, OHe, and O(G X,
H)e,, inherit superalgebra structure from OG, OH and O(G x , H), respectively. Moreover,
we have the superalgebra isomorphism

O(G x, H)e, =2 OGe, ® OHe,.

So, given an OGe,-supermodule M and an OHe,-supermodule N, we can form the O(G %,
H)e,-supermodule M X N.

Since p is odd, if P is a p-subgroup of G' and ) a p-subgroup of H, then P < G, @ < Hj
and P and () commute with one another in G x, H. Furthermore, since the subgroup
of G x, H generated by Gg and Hj is isomorphic to (Gg x Hg)/{(#, 2)), the subgroup of
G x, H generated by P and @ is isomorphic to P x ). We will usually simply denote said
subgroup by P x Q.

Lemma 3.42. Adopting the above notation, suppose M (resp. N ) is O-free and module-
indecomposable with vertex P and source U (resp. vertex Q and source V). Then MXN is
an O-free module-indecomposable O(G %, H )e,-supermodule with vertex P x Q < G x, H
and source U XV .

Proof. That M X N is O-free, is clear.
We now assume that Gy and Hj are proper subgroups of G and H respectively. (We
deal with the possibilities of either G5 = G or Hy = H at the end of the proof.)
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Set L to be the subgroup of G x, H generated by G and Hg, so L = (Gg x Hy)/((z, 2)).
Consider the O(Gy x Hg)-module Mz& Nj. Since (z, z) acts as the identity on this module,
we can view My X Nj as the OL-module Mz KX Nj. Moreover,

Res{*"MRN~ P  uruy(My= Np), (3.27)

€g:€h 6{071}

as OL-modules, where u, € G7 and u;, € Hy, and
M X N ~ Ind$* Mz ¥ N3, (3.28)

as O(G x, H)-supermodules. By Lemma 3.7 (i), M is an O-free indecomposable OGg-
module and Ng is an O-free indecomposable O Hz-module. Therefore, Mg X Nj is O-free
and, by [18, Proposition 1.1}, is indecomposable as an O(Gg x Hy)-module and hence as an
OL-module. (Note that in [18] the algebras are defined over an algebraically closed field.
However, that proof runs through for algebras defined over O, as long as the modules are
O-free.)

Lemma 3.7 (ii) tells us that Mg 2 uyMg as OGg-modules and Nj 2 u,Ng as OHg-
modules. Therefore, all four indecomposable summands in (3.27) are pairwise non-isomor-
phic and it follows from (3.28) and [34, § 5, Proposition 2] that M X N is indecomposable
as an O(G x, H)-module.

Next, we note that M has vertex and source a G-conjugate of the pair (P, U). Similarly,
Nj has vertex and source an H-conjugate of the pair (@, V). Therefore, by [18, Proposi-
tion 1.2], My X Nj has vertex and source a (G x H)-conjugate of the pair (P x Q,UX V),
as an O(Gy x Hp)-module. (Again, the reference to [18] holds without complication for
O-free modules.) Since p is odd and ((z, z)) has order 2, My X Nj has vertex and source
a (G x, H)-conjugate of the pair (P x Q,U X V), as an OL-module. That M X N has
vertex P x @ and source U XV now follows from (3.27) and (3.28).

Finally, we observe that, if G = G or H = Hp, the proof runs through in a very similar
manner except that there will be only one or two summands in (3.27). g

4. DOUBLE COVERS OF SYMMETRIC GROUPS

Throughout this section it is assumed that K (and hence O) contains a primitive (2n!)*®
root of unity. To be able to utilize our results from § 3.7, we also assume that -1 and 2
have square roots in K (and hence O). We note that this last condition is automatic if
n > 4 and so is not a terribly onerous assumption.

4.1. The groups Sn and A,. The double covers of S,, are given by

§:L_ = <Zu tl) ey tn—l‘z2:17 tiZ:Ztia t7,2:17
ity = 2yt if i — j > 1, (tti)* = 1), )
g; = <Zv tlv ceey tTL—l ’22 = 17 tzz = Zti> t12 =z,

tit; = atjt; if [i — §] > 1, (titig1)® = 1>.

We will use §E to simultaneously represent both double covers. The natural group ho-
momorphism S,, — S,, z — 1, t; — s; is denoted by m, (recall that we denote by s; the

transposition (i,i+1) € Sp,). We will sometimes consider S, acting on [n] through 7,. We
denote the double cover of the alternating group 7,1 (A,) by A,. We define |—|: S,, — Z/2
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to be the unique group homomorphism with kernel A,. If n > 1 we consider RS, as a
superalgebra corresponding to (gn)() = An, see § 3.10. In the exceptional case n = 1, we
consider RS,, as a purely even superalgebra.

We set

= (1—2)/2 € RS,.
We will use the adjective “spin” when referring to objects associated to RS,e. rather
than the whole of RS,,. For example, the spin characters of S,, will refer to the ordinary
characters x of S, satisfying x(z) = —x(1), while the spin blocks of OS,, refers to the
blocks of (’)Snez Note that RSnez inherits the structure of superalgebra from RS since
the idempotent e, is even.

If n > 1 then KSye. is a split semisimple K-superalgebra with superunit. If n = 1, then
Kgnez = K is split semisimple but is without a superunit. We can, therefore, still utilize
many of the results from § 3.9. However, several of the subsequent proofs later on the
article require us to consider this case separately.

Let G <S,, with z € G. Following the notation from § 3.10, we set

Gs:=GNA, and G;:=G\A, (4.2)
and treat RGe, as a superalgebra in the appropriate way. (Note that, unlike in § 3.10,
we are yet not assuming that G is a proper subgroup of G.) If G £ A,, then, due to
Lemma 3.36, KGe, is a split semisimple K-superalgebra with superunit.

Recall the twisted group superalgebra 7, from Example 3.4. We have the following
isomorphisms of superalgebras

(’)5;{62 = T, ties — b, ze, — —1
Oggez = T, ties — (fl)i\/flti, ze, — —1.

4.2. Special subgroups. Consider the subgroups G < Sm and H < gn, both containing
the canonical central element z (note we do not distinguish between the z in G and that in
H as these elements will be identified anyway). As in § 3.11, we set G x,H to be the free
product G+ H of groups subject to this identification of z’s and the relation [g, h] = z9/"I,

for all g € G and h € H. Equivalently, G x, H is isomorphic to the subgroup of Sm+n

(4.3)

generated by G and H, where we view H < Sn as a subgroup of Sm+n via z — 2, t; = -

If X C [n], then Sx will signify the subgroup of S, consisting of all elements that fix
[n]\X pointwise and Sx will denote 7,1 (Sx) < S,. Moreover, for disjoint X1, ..., X; C [n],
le . Xy is the subgroup of Sn generated by the Sx s. In particular,

le,.. Xg = SX1 Xz XZSXk

i)

and
OSty, . xee: £ OSy e, ® -+ @ OSyex = Tig, | @+ @ Ty, (4.4)
as superalgebras. We also define the corresponding subgroups of A,
;AV\X = gx N /&n and 'E‘Xhm,xk = §X17,,,,xk N ;&n

In the important special case where n = ni+---+ng and Y; = [ni+- - -+ny]\[n1+- - -+ni_1]
forl =1, ..., k, we have the standard Young subgroups

§n1,...,nk = %Yl,...,Yk = §n1 Xz~' s Xy gnk < gn (45)
Anl,...,nk = Sn1,...,nk NA, <A,

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

124 Alexander Kleshchev & Michael Livesey

If some of the n;’s are equal to each other, we use the exponential notation, as for example
for the standard Young subgroup S, 1, ,a—+ = Sytkpp, ....p defined in (4.9) below.

4.3. Irreducible characters of S, and A,. For the following theorem, originally due
to Schur [32], we adopt the notation of § 3.9.

Theorem 4.1. We can identify XS with Po(n), where X € Py(n) is even/odd (in the
sense of § 3.9) if |\ — h(\) is even/odd.

To label the irreducible spin characters of S,,, we now use (3. 20) but note that for the
moment, we are not being precise about dlstmgulshmg between & y and &, when A is odd.
To label the irreducible spin characters of An, if n = 1, then § (1) will denote the unique

element of Irr(KAlez). For n > 1, we use the notation of Lemma 3.28. Again, for the

moment, we are not being precise about distinguishing between £~ j\r and E y When A is even.
If m,n > 1, we can label the irreducible characters of

K (gm X 5 gn) e, = Kgmez ® Kgnez

using Lemmas 3.30 and 3.32. If m = 1, then Lemma 3.32 no longer applies. However, to
unify our m = 1 and m > 1 theory, we set

i = RET et (K (51 X §n) €z> :
for any A € Py(n). If n =1 we proceed similarly to the case m = 1.

4.4. Shifted tableau and branching rules. If y € Zy(m) and A € Py(n) are such
that p C A, we consider the shifted skew diagram

sh[A\ p] == sh[A] \ sh[y]
of A\ u. We set N to be the totally ordered set {1’ < 1 < 2’ < 2 < ...}. The letters
1/,2/,3', ... are said to be marked. A shifted tableau T of shape A\ u is an assignment
T :sh[\\ u] — N satisfying
(i) T(i,7) < T(i +1,5), T(i,j) < T(i,j + 1), for all permissible i, j.
(ii) Each column has at most one k, for each k € Z~.
(iii) Each row has at most one £/, for each k € Z~.

We say T has content v = (v1,vs, ... ), where
v, = |{(2,4) |T(i,j) = k or k'}].
The word w(T) of T is the sequence obtained by reading the rows of T from left to right

starting at the bottom row and working upwards. If w(T) = w1, wa, ... Wyp—m and i € Zs,
we define

m;(j) = multiplicity of ¢ among wy—m—j4+1, - .., Wn—m,
for 0 <j<n-—mand
m;(n —m+ j) = m;(n —m) + multiplicity of ' among wy, ..., wj,

for0<j<n-—m.
The word w is said to satisfy the lattice property if, whenever m;(j) = m;_1(j), for
permissible ¢ and j with j < 2(n —m), we have

wn,m,j;éi,i' fo<j<n—m

Wj—pymy1 71— 1,7 ifn—m<j<2(n—m).
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We write |w| to denote the word w but with all the &”’s replaced by k’s, for all k € Z~.
If v € Py(n —m), then we define f, (A \ ) to be the number of shifted tableaux
T :sh[\\ p] — N of content v such that
(i) w(T) satisfies the lattice property.
(ii) The leftmost ¢ of |w(T)| is unmarked in w, for all 1 < i < h(v).
Recall the notation (3.24),(3.25).

Theorem 4.2 ([33, Theorems 8.1, 8.3]). Let m,n € Zsg, with m < n, p € Py(m) and
ve Py(n—m). Then

& Epw v)—
AR DI 1CAVD LSS
’ )\E,on(n)

Furthermore, if (u,v) and \ are both odd, then, unless A = p U v, the coefficients of 5;\‘
and & are equal in both &, 13" and &, Tgn

STVL,‘IL*"L m,n—m

Proof. In [33] this is stated for the character on the left-hand side being irreducible and not
an irreducible supercharacter (as is the case here). This is the reason our right-hand side

appears to be multiplied by 5%M V)" There is also an exception mentioned in [33], namely

when A is odd and A = p U v. In this case the appropriate coefficient is 1. As noted in
that proof, we have f, (A \ u) = 1. Therefore, since €,,, = €) and h(X) = h(p) + h(v), our
formula also gives coefficient 1. O

4.5. Blocks of S, and A,,. In this section we describe the spin blocks of S, and An, their
defect groups and Brauer correspondents. Parts (i), (ii) of the following theorem are [10,
Theorem 1.1], while parts (iii), (iv) are [5, Theorem A, Corollary 26].

Theorem 4.3. Let n € Z~g.
(i) The spin blocks of OS,, are labelled by pairs (p,d), where p is a p-core and d € N,
with n = |p| +dp. If d =0 and p is odd then (p,0) labels two spin blocks of OS,

with corresponding block idempotents e;f’o,e;’O € 0S,e,. In all cases we denote

the block idempotent (or sum of two block idempotents) corresponding to (p,d) by
€pd € Ognez.
(7i) The character §E\i) lies in the (sum of) block(s) Ognepd, where p is the p-core of \.
If d =0 and p is odd, we choose the labeling so that §;—L lies in the block Ogneio.
For the remainder of this theorem we fiz a p-core p and d € N with n = |p| + dp, and set
R:=[|p|]] and P := [n] \ R.
(iii) If d = 0, each block of Ognepd has trivial defect group. If d > 0, any Sylow
p-subgroup D of Sp<S,isa defect group of (’)gnep,d.
(iv) If d = 0, then each block of O§nep,d is its own Brauer correspondent. If d > 0,
then, setting D to be as in (iii), the Brauer correspondent of Ogne%d in Ng (D) is
ONg (D)eyo. Here, we view ey as an element of ONg (D) viae,o € (’)§R<—>ON§n
(D). If p = @, we interpret ez as e,.

Remark 4.4. The Ognep,d’s are precisely the superblocks of OS,e,. That is, the finest

decomposition of Ognez into a direct sum of two-sided ideals that are invariant under the
involution o . This follows from the distribution of characters given in Theorem 4.3 (ii).

In particular, we always have e, 4 € OA,e..
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The spin blocks of OA,, are described in [14, Proposition 3.16]:

Theorem 4.5. For eachn > 1, p-core p and d € N with n = |p| + dp, O/K\nepd is a single
block of OA,, unless d = 0 and p is even. In this latter case OAnemd is a direct sum of
two blocks of OA,,. If n=1, then (’)Ale(l)p = Ogle(l),o = QOe, is a single block of OA;.

If d = 0, once again, the defect group is trivial. In all other cases the defect group of
(’)Anepyd is the same as that of (’)gnep,d.

We set
B = 0Sye,q and B = OAne,q

(it is easy to see that (’);‘\nepd is indeed the purely even subalgebra of the superalge-
bra B4). We will often assume d > 0 to ensure that blocks and superblocks coincide.
However, the corresponding statements for trivial defect blocks are completely elementary.

Fix a p-core p and a non-negative integer d. Let r := |p| and n := r + dp. As in
Theorem 4.3, we set

R:=[r] and P:=[n]\R.
For k=1, ..., d, we also set
Py :=[r+kp]\[r+ (k—1)p].

In other words, we have:
P

L..o,rr+1,...,r+pr+p+1,...,r+2p...7+p(d—-1)+1,...,r+dp (4.6)
———
R Py Po Py

Let Dy be a Sylow p-subgroup of gpk.
With this notation, the following now follows easily from Theorem 4.3, cf. [16, Propo-
sition 5.2.13]:

Lemma 4.6. Let D be the defect group of the block B”%. Then D is abelian if and only if
d < p. In this case we can choose D = Dy x --- x Dy.

We continue with the notation (4.6). Let ¢ : Sg — Sp be the natural permutation action
of Sy on the P,’s. More precisely,

vw) - (r+(k=Dp+1t)=r+(wk) - p+t,

forall1 <k <d,1<t<pandw €Sy We choose a lift T}, of t(w) to gp, for each w € Sy
and set T, :=T,,, forall 1 <k <d—1.

Note that every Sylow p-subgroup of Sp, lifts uniquely and isomorphically to a Sylow
p-subgroup of gpk. We may, therefore, choose the Dy’s such that T},D, T, = Dk, for
all 1 <k < dand w € Sy. Indeed, one can first construct Sylow p-subgroups of each of
the Sp,’s that get permuted by the «(w)’s and then lift to gpk. By the construction of the
T,’s we also have ngka,,;l = gpw(k), forall 1 <k <dandweS,.

Note that nglez & ngez via tpyme, — tme,. We now fix isomorphisms between
the ngkez’s. For each 1 < k < d, we identify ngkez with nglez = (’)gpez via the
isomorphism

nglez — ngkez, a (—1)k|“|T(17k)aT(fk). (4.7)
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(Note this does not depend on our choice of T(; 1, since T{; y) is uniquely determined up
to multiplication by z.) Through these isomorphisms and using (4.4), we can identify the
superalgebra

O§P1,~~,Pdez = OgPlez Q- ® ngdez
with (OSye.)®.
Lemma 4.7. There exist ki, € OF, for 1 < k < d — 1, satisfying the following properties:

(i) (riThes)(ar ® -+ ® ag) (ki T bes) = (1) Zakke1 9 (5% (a1 @ - ® ag)), for all
1<k<d—-1landa1 ® - -Qayq € (ngez)m.
(ii) (ki Tre,)? = e, forall1 <k <d—1.
(iii) (krTxer)(kiTie,) = —(kiTie,)(kxTres), for all 1 < k1 < d—1 with |k —1| > 1.
(iv) II(:kTsez)(fik+1Tk+1ez)(i€kaez) = (kkr1Tk11€2) (kpTres) (kg1 Tr1€z), for all 1 <
<d-2.

Proof. This is essentially contained in the proof of [16, Proposition 5.2.13] but we outline
the main points.

Property (i) does not depend on the k;’s. Indeed, if a1 ® - - ® ag € (OS,e.)®?, we have

(krTrez) (a1 ® -+ ® aq) (lelTk_lez)
=Tl @ @ ag)T; "
= T TarnTaw(a ® - ©aa) T Tk Tp:

Property (i) now follows from a direct calculation using (4.7).

Property (iii) also does not depend on the k;’s and follows immediately from (4.4).

Since Ty, is a lift of «(sg), for each 1 < k < d — 1, either T,f =1 or z. Furthermore, for
each 1 < k,l < d—1, T} is conjugate in gp to either T; or z1;. Therefore, property (iii)
holds with either all k5, = 1 or all xk, = £/—1.

Finally, since the 7, (T})’s satisfy the braid relations, property (iv) holds up to a sign,
for each 1 < k < d — 2. We may therefore replace some of the k;’s with —k; to ensure
that property (iv) holds. Note that this last reassignment will not stop property (ii) being
satisfied. O

4.6. Special subgroups and their blocks. Throughout the subsection we fix a p-core
p and a non-negative integer d.
We adopt the notation (4.6), in particular

r:=|p| and n:=r+dp.

For 0 < k < d, we define the following subgroups of Sn:

Gy = gRUPlu...UPk = §r+kp7 (4.8)
Hy = gRUP1U...UPk,Pk+1,...,Pd = §T+kp,pdfk, (4.9)
Lk == Sapy,..px = Sk, (4.10)
Ni := Noy (e, ) » (4.11)
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and set
G:=Gy=S5,,
H:=Hg 1 =S, p, (if d >0),
Li=Lg=S, .,
N := Ny.

Note that N must permute Py, ...,P4. In particular, N < S, is the subgroup generated by
L= gR’me’pd and the T,,’s from § 4.5.

Recalling the notation (4.2), we will also use the subgroups Gy = An, Ng =NnN ;‘\n, etc.
(not to be confused with Gy, No, etc.)

We make the following identifications using (4.4):

OHgpe, = OgRUPlu...UPkez ® ngkﬂez ® - ® ngdez
Olge, = (’)gﬁez & nglez R ® ngkez,
for all 0 < k < d. Furthermore, for 2 < k < d, we identify OSp, e, with OSp e, = OSpe,

via (4.7). Through these identifications we set e(@k,)l € ngkez to be the image of ez 1 €

(4.12)

(’)gpez. We now define central idempotents

by :=e, 1 € OGpe, (4.13)
Chi=epr® e(@kjl) R ® eg{)l € OHge,, (4.14)
fri=epo@el) ® - el € Olyes, (4.15)
for all 0 < k < d and set
b:=by=c4€ OGe,, c:=cy_1 € OHe,, f:=f;=cye€ Ole,. (4.16)
For 0 < k <[ < d, noting that the idempotents c,, commute, we define the idempotent
Ck,l = CkChy1 """ Cl, (4.17)
which we consider as an elements of OGe,. Occasionally, we will also need
= gRUPlU...Pk,Pk+1,...,Pd_1 = §T+kp,pd—k—1 < Gg-1, (4.18)
Chpi=€pp ® e((;J{I) Q- ® e;d;l) € OHje., (4.19)
Cht = ChChy1 (4.20)
for 0 < k <1 <d—1. We note that, by Remark 4.4, all the by’s, f’s, c;’s, ¢}.’s, etc. are

in OG@

Using Lemma 4.7 we can now precisely express ONf in terms of a twisted wreath
product. More precisely, since we know N is generated by L and the T},’s, the isomorphism
Ole, = OSge, ® (OSpe,)®4, from (4.12) extends to an isomorphism

ONe, = OSge, ® (ngez s 7:1) , Trpe, — Iilzl(l ® ),

where the kj’s are those from Lemma 4.7. In particular, we have the isomorphisms of

superalgebras
- < ®d o
~ ~ p70 @,1
OLf = Of}zep,o ® (Ofpe®»1> =B"® (B ) (4.21)
ONFf = O%ze, 0 @ (OSpez,l s 7;1) ~ pro g (B@J s 721) .
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As in Lemma 4.6 and the subsequent comments, for £k = 1, ..., d, we set Dg to be a
Sylow p-subgroup of gpk such that T,,D,T,;! = D), for all k =1, ..., d and w € Sg,
and define

D:=Dj x--- x Dg < Sp. (4.22)

Lemma 4.8. We have:
(7,) CG(D) = SR X5 Cépl(Dl) Xy Xy Cgpd(Dd).
(ii) Ng(D) is generated by Sg X, N§P1(D1) Xy oo Xy ngd(Dd) and {Ty | w € Sq}. In

particular, Ng(D) < N.
(77i) NgxL(AD) <L x L and Ngxn(AD) < H x H.

Proof. (i) Since Dy, < /&pk, for each k, we have that Sy and all the Cgpk (Dg)’s centralize D.
The reverse inclusion is easily seen by passing to S,,, as centralizers decompose according
to an element’s cycle decomposition.

(ii) Since D < G, it is easy to check that §R, all the ngk(Dk)’s and all the T,,’s
normalize D. To show the reverse inclusion we again pass to S,,. By inspecting cycle
types, if g € Ng(D), then it must permute the Dj’s and consequently the Py’s. The claim
follows.

(iii) Suppose (g,h) € NgxL(AD) and 1 < k < d. Then 9" AD, < AD. However, since
h € L, we must have (¢"AD;, = ADj,. Therefore,

9 € No(Dk) < Sais | ey,
m#“k

where the containment follows by passing to S,, and considering cycle types. Taking all
such k’s simultaneously gives that g € L, as desired.

The second inclusion is proved similarly. O
Lemma 4.9. Let 0 < d < p. Then each of OGb, OHc, OLf and ONf is a block with defect
group D.

Proof. For OGb, this follows immediately from Theorem 4.3 (i), (iii).

For OHc, we first assume d = 1 and p is odd and set Ha := Sg x.Ap, < H. Now, e, 41 =
€0 = elfo +e,o and e(g)l = e(gl)1 Furthermore, by Theorem 4.3 (ii), (iii), opg, (e, + 0) =€,
and OSRe o 1s a block with trivial defect group and by Theorem 4.5 OAple(@ )1 is a block
with defect group D; = D. Moreover, by Lemma 3.42, the fact that Sp and Ap1 commute
and that |Sp N Ap,| = 2, OHa(e/y ® e(gﬁ)l) is a block with defect group D. If g € Sp, \ Ap, ,

then 9e;0 =e,0- Therefore, Lemma 2.2 now gives that

Tri, (e;r,o ® e(zl,)l) =€p0® e(gl,)l =c
is a block idempotent of OH and OHc has defect group D.

We now assume that d > 1 or p is even. Then OG,4_1e, 4—1 is a block with defect group
D; x --- x Dg_1 and OSp deg{)l a block with defect group Dy. The claim now follows from
Remark 3.5 and Lemma 3.42.

For OLf, we first prove f is a block idempotent of OL. We have already proved the claim
for d = 1 when we looked at OGb. For d > 1, note that, by induction on d, OLy_1fz_1 is
a block with defect group Dy X --- x Dg_1 and so the claim holds, as it did for OGb, by
Remark 3.5 and Lemma 3.42.
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To show that ONf is a block we simply apply Lemmas 4.8 (i) and 2.4. That it has defect
group D is immediate since p 1 [N : L]. O

Lemma 4.10. Let 0 < d < p. Then ONf (resp. ONgf) is the Brauer correspondent of
OGb (resp. OGgb) in N (resp. Nj).

Proof. By Lemma 4.9, ONf and OGb both have defect group D and, by Lemma 4.8(ii),
Ng(D) < N. We prove that ONf and OGb are Brauer correspondents by showing that
they have a common Brauer correspondent in Ng(D).

By Theorem 4.3 (iv), the Brauer correspondent of OGb in Ng(D) is ONg(D)e, 0. Now,

BrD(f) = BrD1><~~~XDd (ep,o &® 687)1 R X e(@cl’)l)

_ d
=€, ® Brp, (eg’)l) ® --- ® Brp, (e(@,)l)
:ép70®éz®®éz :ép,07
where the second equality follows from the decomposition of Cg(D) in Lemma 4.8 (i) and
the third from Theorem 4.3 (iv) applied to each ngke(gk;)l. The claim for ONf and OGb
follows.
For ONgf and OGgb, we first note that, by Theorem 4.5, b is a block idempotent of

OGg and certainly Ng, (D) < Nj. Next, by Lemma 3.40, we have that ONf and OGb are
super Green correspondents. In particular,

ONF|Resg§(OGb) and  OGb|Ind§;§ (ONF)

as bisupermodules. Taking the even part of both expressions gives that
GgxGg Gy xGg
ONgf [Resg? N2 (OGgb) — and  OGgb [ Indy? (2 (ONgf) .
The claim follows. O

5. ROCK BLOCKS

To keep in line with § 4, for the remainder of this article, we assume that K contains a
primitive (2n!)™ root of unity. We will also assume that n > 4, so, by the comments at the
beginning of § 4, it is automatic that —1 and 2 have square roots in K. This is harmless
since, when working with RoCK blocks, the assumption n > 4 will hold automatically as
we normally assume d > 1 in the setup below.

5.1. Rouquier cores and RoCK blocks. Let d € N. We take the following definition
from our [16, §4.1a].

Definition 5.1. A d-Rouquier p-core p is a p-core such that Ab, has the following prop-
erties:
(i) The 1% runner has at least d beads.
(ii) The (i + 1)*™® runner has at least d — 1 more beads than the i*" runner, for 1 <i <
(—1.
If p is a d-Rouquier p-core, we refer to B”% as a RoCK block of weight d.

If d > 1 and p is d-Rouquier p-core then it is automatic that the i*" runner of Ab, is
empty, for £ < i < p.

We note that, for each d, there exist infinitely many even and infinitely many odd d-
Rouquier p-cores, as one can for example add arbitrarily many beads onto the ¢! runner.

The following trivial observation will be very useful throughout this paper.
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Remark 5.2. If p is a d-Rouquier p-core then p is a k-Rouquier p-core for all £ < d.

The key properties of Rouquier p-cores are contained in the following lemma, mostly
taken from [16, Lemma 4.1.2].

Lemma 5.3. Let d € Z~, p a d-Rouquier p-core and A € Py(p,d). Then Aby is obtained
from Ab, by d consecutive elementary slides down on runners 0,1, ..., £. Moreover, if
we Po(p,d—1) such that p C X, then there exists 0 < i < £ such that:

(i) Aby is obtained from Ab,, by an elementary slide down on runner i.
(7i) sh[A\ u] is of the form:

C+i+1

£—i+1 —
(iii) 1 and X\ have the same parity if and only if i =0 and A = pU (p).

Proof. The statement concerning Aby and Ab, is just [16, Lemma 4.1.1(i)]. Part (i) is
stated in Lemma 4.1.2 from the same paper. There it is stated for \,u € &2, (p-strict
partitions) instead of 27, so the above is just a specific case. Part (ii) follows as a
consequence of Remark 4.1.3, again from the same paper. Note that the box diagrams
look slightly different in [16, Remark 4.1.3], since it deals with non-shifted diagrams.

To prove part (iii) we note that, since the i*' runner of Ab, has at least d beads on it,
for all 1 < ¢ < ¢, A must have the same length as u, unless i = 0 and A = p U (p). Since
|A| and |u| certainly have opposite parity, the claim follows. O

5.2. Induction and restriction of characters in RoCK blocks. As the characters
of BZ! and Bg 1 will be so important throughout this paper we introduce the special
notation for them. Note that Z(&,1) = {(p—j,7) | 7 € I}. In view of Theorem 4.1, the
partition (p) is even, while the partitions (p — j,j), with 1 < j < ¢ are odd.

Notationally, we often identify any such partition (p—7, j) with j. For example, recalling
the notation of §§ 3.9, 4.3, especially (3.24) and (3.25), we denote

. +._ o+ FE) . f(5) o
&= g(p—]}j)’ §j = é(p—j,j)’ gj = §(p—j,j)’ Epg, i = 5%(1’-]’17]‘1),---,(p—jwk) (5.1)

€5 "= E(p—4.4)r Edts ik 7T E(p—j1od1)s s (P—dkodi)? EHsT1, Gk T Epy(p—i1,51);s s (P—Jksdi)

whenever these make sense. In particular, we have

IITsuper (B®’1> = {507 517 ceey gf} ) (52)
Trr (B@‘vl) = {50,51i, g}}, (5.3)
Irr (Bﬁg’l) = {53[,51, cey gg} (5.4)

In § 6 we will be more precise about distinguishing between §;F and §;°, when j > 0.
Recall the notation used in Theorem 4.2, especially (3.24), (3.25). Thus ey = 1 if A is
even (i.e. |A| — h()) is even), and ey = v/2 if ) is odd. In particular, e; = 1 if j = 0 and
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g; = V2 if 1 < j < £. Moreover, €,y = 1if (u,\) is even (i.e. p and A have the same
parity), and e, = V2 if (11, \) is odd (i.e. u and A have opposite parities).
Recall also the notation of §§ 4.6, 2.5.
Lemma 5.4. Let d > 1 and p be a d-Rouquier p-core.
(i) If w e Po(p,d—1) and j € I then
G €, jEUAE]
Eu. THZE: > 7‘”; 3t
Ae 2SI ()t
(ii) If A € Py(p,d) then
EXEUNES
Slie=> Y Ty
jel = ’0)052—3‘()\)_ [22¥)
Furthermore, if (11, 7) and X are both odd, then, unless j = 0 and A = uU(p), the coefficients
of f; and & are equal in both §:j Tg" and f;] Tgn .
> R,P ) R,P

Proof. Since, by Lemma 3.21, (bOGc)* ~ cOGb, we can apply Lemma 3.33(ii) to see that
parts (i) and (ii) are equivalent. We will prove part (i).

Let p € Po(p,d—1), j € I and suppose & appears with non-zero coefficient in &, ; TEE
Since &) lies in the block OGb, we have A € Z(p, d). Furthermore, Theorem 4.2 dictates
that ¢ C A and so, by Lemma 5.3 (i), Aby is obtained from Ab, by an elementary slide
down on runner 4, for some ¢ € I and sh[\\ y] is of the form

(+i+1

L]

Now
1 ifi+j5 <Y,
Fo-3) (1) = {0 ifi+j>0
Indeed one can readily check that f,_;;)(h;) =0, if i + j > £ and that, if i + j < £, there
is precisely one legal way of filling in h; with content (p — j,7), namely

EIENENENS ENEREY

1/
1]
2]
2|
2]
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Therefore, by Theorem 4.2, we have
€ TE{E: Z @Q(h(u)Jrh((p—jJ))—h(/\))/Qé/\’
= =@0§£_j(li)+ EX

for all u € Py(p,d—1) and j € I.

To get the coefficient into the desired form note that 2M(P=73:1)/2 = \/2¢ . 2¢j. Furthermore,
h(\) = h(u) unless Aby is obtained from Ab, by adding a new bead on the runner 0, in
which case h(\) = h(p)+1. By Lemma 5.3 (iii), this case happens precisely when ey = ¢,.
Therefore, 20 =hN)/2 = ¢ | /1/2 and

2R +h((P=33)=h/2 = (¢, \ /V/2) (V2€5) = eunej,

as desired.
The final statement follows from the corresponding statement in Theorem 4.2 once we
observe that, by Lemma 5.3(1), A= uU (p—j,j) ifand only if j =0 and A = pU(p). O

6. WEIGHT ONE ROCK BLOCKS

Recall that it is now assumed that K contains a primitive (2n!)'" root of unity.
Throughout this section let p be a 1-Rouquier p-core and d = 1. We adopt the nota-
tion (4.6) and all the notation of § 4.6. So

r=lpl, n=r+p R=1[], P=[n]\[r], G=S,, L=N=5p=5,,,
b=e,1 € OG, f=e,o0ey) € ON.
We identify ONf with B”Y @ B2 via (4.21). By Lemma 4.9, D = D; is simultaneously a
defect group of (9§pe(®1)1 >~ B! and OGb = B~L.
We recall the notation Irr and Irrgyper from (3.21) and g](.i), éﬁi),gfj;), etc. from (5.1).

6.1. Brauer trees of weight one RoCK blocks. For j € I, we denote by

the partition whose abacus Ab,; is obtained from p by sliding a bead down the 4™ runner.

Lemma 6.1. Let p be a 1-Rouquier p-core and d = 1.

(i) If p is even, there exists a Morita superequivalence between ONf and B! with the
corresponding bijection

[t guper (ONF) = Itguper (BZ1) €05 > 5.

(ii) If p is odd, there exists a Morita equivalence between ONf and Bg’l with the
corresponding bijection

&im & if1<i<y,
Irr(ONF) — Irr (B2 | { Pl TS
(0 ) = »—)50

for an appropriate choice of irreducible characters (—)i.

The Morita equivalences in (i) and (ii) can be chosen to have trivial source.
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(iii) The irreducible characters of B%' can be labelled such that B! has Brauer tree:

& & g & & S &

The irreducible characters of B(—?’l can be labelled such that Bg’l has Brauer tree:
= _ N N
ot g & &

(iv) If p is even, the irreducible characters of OGb can be labelled such that OGb has
Brauer tree:

& g G G G &

(v) If p is odd, the irreducible characters of OGb can be labelled such that OGb has
Brauer tree:

§;E) + fP_O €p1 gpea fpe
® . e e
Proof. Suppose p is even. If r = 1, then ONf = ngeg)l =~ B2! and the Morita su-
perequivalence is clear. Let r > 1. By Theorems 4.3 and 4.5, |B?Y| & Moy, «0,(0) and
Bg’o = Mpxm(0) & Mopsm (O), for some m € Z~g. In particular, any primitive idempo-
tent in e € Bg’o remains primitive in B”°. Viewing e as an element of ONf & B0 g B!,
we have the isomorphism of superalgebras

B! = eONfe =2 eB”Ye @ B!, 2 — e®x.

Furthermore, since B”Ye B*Y = BV we have (ONf)e(ONf) = ONf and so, by Lemma 3.8,
eONf induces a Morita superequivalence between ONf and B!

If p is odd, then, by Theorem 4.3, | B?%| & M,y,5m(O) ® My (O), for some m € Zg.
Furthermore, g swaps these two factors. (In other words, BPY =~ Q,.(0).) Let e € BPY
be a primitive idempotent. The above shows that eoyg (e) = 0. Let u € B?’l N (B21)x.
Viewing e as an element of ONf = BP0 @ B?1 we have that “e = 005, (€). Therefore,

eB%1le =e® B(—‘)Z 1 and we have the isomorphism of algebras

Bg’l =4 eONfe = eB”Ye @ B(—]Q’l7 T e .
Now,
BPOeBPO 1 BPOyey~t BP0 — BP0 (e + Uoén(e)) BP0 — gro
Therefore, (ONf)e(ONf) = ONf and we have shown that eONf induces a Morita equiva-

lence between ONf and Bg”l.
The bijections of characters given in parts (i) and (ii) are both just a consequence of the

fact that eONf®ons? is a summand of restriction Resgi"’. Therefore, by Lemma 3.32 (ii),
nothing other than & ](-i), when p is even, or ég-i), when p is odd, can occur as an irreducible
constituent of the image of {, ® &;.

To show that the relevant bimodule always has trivial source we note that, in both
cases, ONf has trivial source as an (ON, ON)-bimodule and so eONf is a direct sum of
trivial source bimodules when considered as an (OD, OD)-bimodule. The claim follows.

Parts (iii), (iv) and (v) all follow immediately from [28, Theorem 4.4]. O
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6.2. Morita superequivalences for weight one RoCK blocks. For the following
lemma we treat bOGf as an (OGb, ONf)-bisupermodule and fOGb as an (ONf, OGb)-
bisupermodule.

Lemma 6.2. Let p be a 1-Rouquier p-core and d = 1.

(i) As a bisupermodule, bOGf (resp. fOGb) has a unique non-projective, module-
indecomposable summand U (resp. U*). Furthermore, U and U* induce a stable
superequivalence of Morita type between ONf and OGb.

(7i) The (OGb, ONf)-bisupermodule QéGb@(ONf)SGP(bOGf) induces a Morita superequiv-
alence between ONf and OGb. Moreover, we can choose the labeling of Irr(ONfF)
and Irr(OGb) such that the corresponding bijection of irreducible characters is given

by
Eporr &, i En (1<) <),
if p is even, and
:Oﬁgf:ﬁ)’ fp,iﬁfpj (1§j§€)7

if p is odd.
(iii) If p is even then the bisupermodules bOGf and fOGb are module-indecomposable.

Proof. By Lemma 4.10, OGb and ONf are Brauer correspondents. Since f € ONj and
b € OGg, using Lemma 3.40, we may set U to be the common super Green correspondent
of ONf and OGb in G x N. In particular, U is isomorphic to the unique non-projective,
module-indecomposable summand of bOGf.

Now, by Lemma 3.21, (bOGf)* ~ fOGb and so, with Lemma 3.38 in mind, U* is
isomorphic to the the unique non-projective, module-indecomposable summand of fOGb.
In particular, U* is the super Green correspondent of both ONf and OGb in N x G.

By Theorem 3.39 and the fact that Uf = U, OGb is isomorphic to the unique non-
projective, module-indecomposable summand of U ®pns fOGb. Since U™ is isomorphic
to the unique non-projective, module-indecomposable summand of fOGb, Lemma 2.1 (ii)
gives that OGb is isomorphic to the unique non-projective, module-indecomposable sum-
mand of U ®ons U*. So U ®@ons U* =~ OGb @ P, for some projective (OGb, OGb)-
bisupermodule P. Similarly, U* ®ogp U ~ ONf @& @, for some projective (ONf, ONf)-
bisupermodule ). We have now shown part (i).

Until further notice we assume p is even. We address the case where p is odd at the end
of this proof. By Lemma 6.1 (i), (iii), (iv), OGb and ONf are both Morita equivalent to By,
introduced in § 2.4. Moreover, we may assume the corresponding bijections of characters
are given by

Irr(ONf) — Irr(By),  £50 — Xo, f;fj =g (157 <0). (6.2)
We use these Morita equivalences with the above assumed bijections on characters at

multiple stages throughout the remainder of the proof.
Note that

Brp(f) = Brp(b) = €,0 € Z(FCg(D)),

where the first equality follows from Lemma 4.10 and the second from Theorem 4.3 (iv).
Furthermore, €, is primitive in Z(FCg(D)), as, by Lemma 4.8 (i), we have FCg(D)e, o =
FSge, 0 ® FD, where FD is totally even. Now, by Lemma 4.8 (ii),

NG(D,épp)/CG(D) = NN(D,épp)/CN(D) = ng(D)/CgP(D) = Cy.
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Therefore, by [22, 5.2,5.4] and [20, Proposition 5.1], there exists 0 < m < 4¢ such that

U ~ Q8cheongr (V)
for some (OGb, ONf)-bimodule V' inducing a Morita equivalence between ONf and OGb.
Also

Qb (oneyor (V) = V.

(Note we need to know that ONf and OGb are already Morita equivalent to be able to ap-
ply [20, Proposition 5.1] as this result is concerning stable and Morita auto-equivalences.)
Via the discussion in § 3.4, Lemma 3.20 tells us that V and V* even induce a Morita
superequivalence between ONf and OGb. Therefore,

V" @0cb U = V™ ®@o6b Qoebeoner (V) = Qonemongsor (V ®ocb V)
~ QOnfeoNf)or (ONF).

By Lemma 6.1 (i), (iii), (iv) and using the bijection of characters in (6.2), we may assume
that

(6.3)

V*@06b o = Epos V¥ ®ocb &y = &5y (1< <0). (6.4)

(One can think of this as fixing the labeling of the characters of OGb given that of ONf.)
Now, by Lemmas 5.4 and 3.33 (i), we have for all i € [

£—i
bOGF ®on €55 = bOGe @omc €15 = ¢, (6.5)
j=0

(Here and for the remainder of the proof, §S;) denotes §;t7i if i #0and & if i =0.) In
particular,

bOGf @ons E;fg = bOGf ®onf €, , = §po-

As U is isomorphic to the unique non-projective, module-indecomposable summand of
bOGf and £ 0 ¢ NPrj(OGb), Lemma 2.1 (i) now implies that

U ®@ons 5;5 - gpo'
Therefore, using (6.3) and (6.4),
QBnto(ongr (ONF) @one €1, =V ®ocb U @ont &1 = &p0-

Since, ONf is Morita equivalent to By with the bijection of characters given in (6.2),
Lemma 2.5 (i) now implies that m = ¢ or 3¢. We can, in fact, take either m = ¢ or 3¢, since
implicit in our application of [20, Proposition 5.1] is that, we have a bijection of irreducible
Brauer characters, IBr(ONf) — IBr(OGb), induced by some Morita equivalence. Then V'
and m are unique with respect to the condition that V' must induce this same bijection
IBr(ONf) — IBr(OGb). By the structure of the Brauer tree, there are clearly two possible
such bijections and hence we can take m = ¢ or 3¢. We set m = 3¢. Now,

V 2 Qfepaionor (V) 2= Qogoe oo (U) = Qogheoneos (BOG).

proving part (ii).
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To show that bOGf is module-indecomposable it is enough to show that U ~ bOGf
which, in turn, follows once we have proved that

(=i
U ®@ons SS? = bOGf @ons 5[(,? = &
—
for all i € I. By (6.4), this is equivalent to
@
V* @06 U ®one €’ = D &pis (6.6)
—~

for all i € I. Certainly U @ R ~ bOGf, for some projective (OGb, ONf)-bisupermodule R.
Therefore, by Lemma 2.1 (i), (6.5) and (6.4), we have

—i
V* ®oeb U @onNf 5,(,? Zpriionn VT ®ocb bOGE ®ons 5,(,1;) = &

for all ¢ € I. However, by (6.3) and Lemma 2.5(i), we also know that

* + + _
V* @0eb U @ons £y = Linrsionneor (ONF) @ont €55 >1on Ebvir &

for all i € I. Therefore, claim (6.6) will follow once we have proved that, for each i € I, it
is not possible to subtract a non-zero x € NPrj(ONf) from Zﬁ;i) &p,j and satisfy

prj —PrJ ONf 5 Z i
(ONf)  >p,

For a contradiction, suppose such a x does exist. Now, by inspecting the Brauer tree
of By and using the bijection of characters in (6.2), NPrj(ONf) is precisely the N-linear
combination of characters of the form

e p e (6.7)

for 0 <k </¢—1. Say 5;;) +§p+7k 41 appears with positive coefficient in x when expressed as
a linear combination of the characters in (6.7), for some 0 < k < ¢—i— 1. (The argument
for @Ejk) + §;k 41 is completely analogous.) Then we must have

0—i
> i (ﬁﬁk) +€;k+1> €p€ ; € NPrj(ONf)
j=0

and
0—i -
Zﬁp,j - ( o,k +5p k+1) 5pe ; € NPrj(ONf).
§=0

The first expression immediately rules out k = ¢ — i — 1, as otherwise we have &' pl—i
appearing with negative coefficient. In all other cases, one of the two above expressions
is the sum of the characters corresponding to two disconnected paths in the Brauer trees,
both of odd length. (If £ = ¢ — ¢ modulo 2 it is the first expression and if k # ¢ —i modulo
2 it is the second expression.) A sum of such characters can never be in N Prj(ONf). We
have now reached our desired contradiction and proved part (iii).
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We now outline the proof for when p is odd. (Note that, in this case, we are not yet
claiming that bOGf is indecomposable.) This time, by Lemma 6.1 (ii), (iii), (v), OGb and
ONf are both Morita equivalent to Ay, introduced in § 2.4. We have

Brp(f) = Brp(b) = €,0 = €, + &, € FCg(D)
and
Ne(D, &, )/Ca(D) = Ny (D& ) /Cn(D) = N, (D)/C3,(D) = Ct.

Once again, we use [22, 5.2,5.4] and [20, Proposition 5.1] to prove that there exists 0 <
m < 2¢ such that U ~ Q%Gb@(omf)sop(v)’ for some (OGb, ONf)-bimodule V' inducing a

Morita equivalence between ONf and OGb. Also, Q%Gb@)(om)sop (V) ~ V. As in the even

case, we can choose the labeling of Irr(ONf) and Irr(OGb) to ensure that V' induces the
desired bijection Irr(ONf) — Irr(OGb). We use Lemma 2.5(ii) to prove that m = /.
Therefore,

V> Q%Gb@((’)Nf)SOP(V) = QéGb@(ONf)SOP(U) = Qﬁ’)Gb@((’)Nf)SOP(bOGf)v

as desired. m

6.3. The bisupermodule M. Throughout the remainder of the article we set M to be
the (B2'!, B?"!)-bisupermodule

M = QeBg,l(X)(BQ,l)sop (BQJ) . (68)

It is well known that M is module-indecomposable. For example, one can apply [22,
5.2,5.4] and [20, Propostion 5.1] to show that

QllngJ@(Bz’l)sop (B@,l) ~ B@;l
and use that  commutes with direct sums. We will also need the fact that
-~ g 671
Mg & Qo.r goayer (BZ'), (6.9)

as (B(—‘)Z L Bg ")-bimodules and that Mj is indecomposable, again as a (B(—f)a 1 B
dule. First note that, as a consequence of Corollary 3.13,

,1
M() ~ QfBzJ@(Bg’I)SOp)@ (B(gQ ) y (610)

as (B2! @ (B?1)5°P)5-modules. Next, using the notation of (2.5), we have that

P [Z\p <Ay (5,%5,)

2,1

5 )-bimo-

ép/AJ a
Therefore,
(SpxSp)

Sp/Ap
eSi xA, P

R
is projective, for any projective (B?! ® (B?1)*°P)s-module P. Moreover, for any inde-
composable (B?! @ (B?1)5°P)s-module N, if

(55)s,
p/Ap
Res Ay A, (N)
has any non-zero, projective, indecomposable summand, then N is projective. Now (6.9)
just follows from (6.10). That Mj is indecomposable as an (BgQ o B(—)g 1)-bimodule is now
just proved in the same way the analogous statement for M was proved above.
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Proposition 6.3. The bisupermodule M satisfies the following properties:

(i) M is module-indecomposable with vertex AD and source Qo (O). In particular,
M has endopermutation source.

(ii) The (ONf, ONf)-bisupermodule BP® X M is module-indecomposable with vertex
AD. Moroever, bOGf @pns (BP? X M) has a unique non-projective, module-
indecomposable summand V', and this summand induces a Morita superequivalence
between ONf and OGb. Furthermore, for alli € I, we have V ®@onf §pi = &y

(iii) M and M* induce a stable auto-superequivalence of Morita type of B

(iv) For alli € I, we have

l—1i
M X po.1 fl = M"* K pe.1 éz = 512 Z&J
§=0

Proof. (i) Since B! has vertex AD and trivial source, M also has vertex AD with source
isomorphic to Q5 ,p(0). It now follows from [24, Proposition 7.3.4] that M has endoper-
mutation source.

(ii) We first prove that B*° XM is module-indecomposable with vertex AD. For r = 1,
ONf = B?! and we just apply part (i).

For p even with r > 1, by Theorem 4.3, B* is an module-indecomposable (B*?, B#0)-
bisupermodule and so the claim follows from Remark 3.5 and Lemma 3.42.

For p odd, we look more carefully at the proof of Lemma 6.1 (ii). If we set e € B”? to be
a primitive idempotent, then eoyg (¢) =0 and eONf®ons? induces a Morita equivalence
between ONf and Bg 1, Therefore, to show indecomposability it is enough to show that
e(BP°XM)e is module-indecomposable as a (Béa’l, B?’l)—bimodule. Now, similarly to the
proof of Lemma 6.1 (ii),

M6—>6(B”’O@M>e, mee®m

is an isomorphism of (BG@ A B(]@ 1)-bimodules and Mj is an indecomposable (Bag A Bg -
bimodule, as noted in the comments preceding the Proposition.
We now prove that B”? I M has vertex AD. By Theorem 4.5, Bg’o has trivial defect

and, by part (i), M has vertex AD. Therefore, by Remark 3.5 and Lemma 3.42, Bg’o XM

has vertex AD, as a (Bg’o ® B2, Bg’o ® B?1)-bimodule. The claim follows.

By Lemma 6.2(i), bOGf induces a stable superequivalence of Morita type between
ONf and OGb. Therefore, bOGf ®ons (B?" ¥ M) has a unique non-projective, module-
indecomposable summand V. Furthermore,

bOGf @ons (B#* BM) =bOGf @ont (B B Voo (B71))
~bOGFf ®on Lonss(ONFyo ( BPO K B@,l)
~bOGF ®ons Lo (ongyor (ONF)
~Qorape (Onfysor (BOGF ®@one ONF) & P
~Qoape(Onfyson (BOGF) @ P,

for some projective (OGb, ONf)-bisupermodule P. Here, the second isomorphism follows
from Lemma 3.15 (unless » = 1, in which case it is actually an equality), as BPOg(BP0)sop
(BP9) = {0}, and the fourth isomorphism from the fact that bOGf induces a stable
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superequivalence between ONf and OGb. So, V' ~ QéGt@(ONf)SOP(bOGf) and all the re-
maining results now follow from Lemma 6.2 (ii).

(iii) We now assume p is even with 7 > 1. Due to the comment following Defini-
tion 5.1, this is always possible. By Lemma 6.2 (i), (iii), bOGf and fOGb are both module-
indecomposable and induce a stable superequivalence of Morita type between ONf and
OGb. Therefore,

fOGb @pan bBOGF @ons (BP’O X M)

has a unique non-projective, module-indecomposable summand isomorphic to B”? X M.
However, V from part (ii) is the unique non-projective, module-indecomposable summand
of bOGFf @ons (BPY X M) and so

BPY XM ~ fOGb ®pgp V- (6.11)

(Note that V' induces a Morita equivalence and so the right-hand side of the above iso-
morphism is module-indecomposable.) Now,

BPO R M* ~ (Bﬂvo)* R M* ~ (B”’O < M) ~ V* @pcp bOG,

where the first isomorphism follows from Lemma 3.21, the second from Lemma 3.19 and the
third from Lemmas 3.17 and 3.21. Furthermore, since V' induces a Morita superequivalence
between ONf and OGb, Lemmas 3.20 and 6.2 (i), (iii) give that B° X M and B*? X M*
induce a stable auto-superequivalence of Morita type of ONf.

We now set e to be a primitive idempotent in Bg’o, as in the proof of Lemma 6.1 (i),
where we showed that eONf and fONe induce a Morita superequivalence between ONf
and B?''. We now have that

cONF @ons (BP’O X M) Done FONe =~ ¢ (B’J’O X M) e~M
and
eONf @ons (BP? X M*) @ons fONe ~ e(BP? X M*)e ~ M*

induce a stable auto-superequivalence of Morita type of B?'!, as desired.

(iv) We continue to assume that p is even with 7 > 1. We have already seen in part (iii)
that fOGb ®pgp V ~ B”? X M. Now,

l—1

fOGb ®ogp V @onf &pi = FOGb ®ocs & = €2 Y &,
j=0

for all 7 € I, where the first equality holds by part (ii) and the second due to Lemma 5.4 (ii).
(Note that ¢, = ¢;, see Lemma 6.1 (iii), (iv).) Therefore,

0—i
(B‘a’l X M) Ronf Epi =€ D &
=0

for all 7 € I, and the claim follows from Lemma 3.34.
The claim for M* follows from Lemma 3.33 (ii). O
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7. THE BISUPERMODULES X AND Y

Throughout this section we set d to be an integer with 1 < d < p and p a d-Rouquier
p-core. We adopt all the notation of § 4.6, in particular, r = |p|, n = r + dp,

G :gna LZgR,Pl,...,Pda N :NG (gpl,...,Pd) ) H :gRUP1U...UPd,1,Pd7
b=e,q€0G f=¢eo® eg’)l X ® e((;)l €OLle,, c=¢e,q1® eg)l € OHe,,
and the defect group
D= D1 X oo X Dd
is chosen as in (4.22). We identify OLf with B”°®(B?1)®? and ONf with B*°®(B?11:Ty)
as in (4.21) via Lemma 4.7. We continue with all our assumptions on O from § 4.

7.1. D-small subgroups. Recall that G acts on [n] via 7, see § 4.1. In particular, R is

the set of fixed points of D. For Q < D, we write Q <; D if the set of fixed points of @) on

[n] strictly contains R. In other words, Q <s D if and only @ < Dp x -+ x Dy X -+ x Dy,

for some 1 < k < d. (Here, Bk means that Dy is omitted from the direct product.)
Recall the notation (2.2).

Lemma 7.1. We have:

(i) Let g € G\N. Then DNYD <4 D. In particular, for any (g1,92) € (GxG)\ (NxN),
we have AD N WL92)AD = AQ, for some Q <4 D.

(i) Let (g,h) € (G x N)\ (N x N). Then (D x D) N 9MAD = A,Q, for some Q <, D
and ¢ : Q — D, with ¢(Q) < D.

Proof. (i) Let g € G\ N. Then, by Lemma 4.8(ii), we have g ¢ Ng(D), so 9 'D; ¢ D
for some 1 < k < d. We claim that 9D N D fixes Py pointwise. Say o € 9D N D does
not fix Py pointwise. Then, since a € D, we can write a = hih, for some h; € Dy \ {1}
and h € Dy X -+- x Dy x -+ x Dg. As hih € 9D, we have 9 'h9 'h € D. Therefore,
9"hy €D, as m, (9 hy) and m,(9 ' h) have disjoint cycle decomposition. This contradicts
the containment 9 Dy, € D.

For the second part we set

Q= {x €D ’ (z,z) € ADN <M2>AD} .

Certainly AQ = AD N @:92)AD. To prove that Q <, D, we apply the first part to the
first or second coordinate depending on whether g; ¢ N or g, ¢ N.

(ii) Certainly (D x D) N @MNAD = A,Q, for some Q <D and ¢ : Q — D. We just need
to show that @, ¢(Q) <s D. Since g ¢ N, it follows from part (i) that @ < DN9ID <, D.
Now suppose

(z,y) € (D x D)NWMNAD = A,Q.

Then (97195, hily) € AD. In particular, 9 'z =" "y and so " 'z = y. So, since hg~! ¢ N,
yeDnN ha™'D <, D, by part (i). As this holds for all such y, we have ¢(Q) <s D, as
desired. O

In the remainder of this section we will often encounter the following situation. Let
D <Ki,Ky <G, with z € K1, Ko f Gy, and let U,V be (OK;, OK>3)-bisupermodules.
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If V is isomorphic to an module-indecomposable summand of U with vertex AD and all
other indecomposable summands of U, as an (OK7, OK3)-bimodule, have vertex contained
in some AQ, with @ <; D, then we write

VipU. (7.1)
If instead, all other indecomposable summands of U as an (OK;, OKj)-bimodule, have
vertex contained in some A, Q, with Q, p(Q) <s D for some ¢ : Q — D, then we write

VIPU. (7.2)

Moreover, we refer to such A,Q as D-small.

7.2. The bisupermodules M; and My. Recall the (B?', BZ'!)-bisupermodule M
from (6.8). We have the ((B21)®? (B21)®4)hisupermodule M¥?. For 1 < k < d, we set
(B2 (k) .= Onge(@k,)l and identify each (B%)*) with B! via (4.7), as in § 4.6. We de-
note by M®*) the k*" factor in M™. That is, M) is a ((BZ1)*) (B?1)(%))-bisupermodule
that we identify with M. We denote by M?j the (B9 s Ta, B%! 15 Ta)s,-supermodule
defined in (3.9).

Recalling the identification OLf = BP0 (B21)®?, define the (OLf, OLf)-bisupermodule

M, := BPO R M™,

We have also identified ONf with B”Y @ (B! 5 T;). Recalling (3.10), we define the
(ONf, ONf)-bisupermodule

15T2)®(B? s T)™ P
My := B K (M Ta) = B (I d((B@ s Tj)Bz(lzsﬁ) % ME?) '

Recall the subgroup (N xN)y/. < NxN from (2.5). To simplify the notation, we denote
(N X N)Sd = (N X I\I)N/L-

Note that the T3,’s, introduced just before Lemma 4.7, are group elements. Therefore,
through our identification ONf = B?° ® (B! s Ty), we have

(B*°® (B2 Ta) . B @ (B s Ta) ), = O(N x N)s, (f &),

In particular,

My = Indfy XNN) (M_)s,. (7.3)

where

(My)s, o= BP0 EMEL
We will sometimes consider (My)s, as an O((N N H) x (N N H))nn)/L-module via the
inclusion (NN H) < N. In this case we set

(NAH)x (NAH))g = ((NOH) < (NOH))

Lemma 7.2. We have:

(1) My is an module-indecomposable (OLf, OLf)-bisupermodule with vertex AD
(7i) Mn is an module-indecomposable (ONf, OLf)-bisupermodule with vertex AD. In
particular, My is an module-indecomposable (ONf, ONf)-bisupermodule with ver-
tex AD
(iii) Resy<l My =~ Ind}>- M
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Proof. (i) is proved via induction. For d = 1 this is just Proposition 6.3 (ii). The inductive
step is now proved using Remark 3.5 and Lemma 3.42. Note that this induction is valid
due to Remark 5.2.

(ii), (iii) To show that My is indecomposable (as an (ONf, OLf)-bisupermodule and
therefore as an (ONf, ONf)-bimodule) and that

Res“i,’t‘ My ~ Indfxxll_‘ My,
we just apply Lemmas 2.4 and 4.8(i). (Note that Lemma 2.4 is proved using the Mackey
formula. However, we can use Theorem 3.41 instead to obtain that the above does indeed

holds as bisupermodules.) That My has vertex AD follows from the fact that M does
and that p{ [N : L]. O

Let 1 <k <d. We define (OLgfy, OLkfi)-bisupermodule
M, := B”Y kM
and the (ONgfx, ONgfy)-bisupermodule
My, = B*' X (M5 Tr).
That is, with Remark 5.2 in mind, we do the same constructions as for M| = M_, and
My, = My, but with d replaced by k. Analogously to (7.3), we have

Nz xN
MNk =~ Ind(l\lf:xl\llck)sk (MLk)Sk7

where (Ng x Nk)Sk = (Ng x Nk)Nk/Lk and (ML)Sk .= BP0 &M?If

Lemma 7.3. The following supermodules are module-indecomposable with vertex AD:
(i) the O(H x H)-supermodule OGg_1by_y K M
(ii) the O((N N H) x (NN H))-supermodule ONg_1fy_1 KM@ ;
(iii) the O(L x L)-supermodule OLy_1fq_; I M@,

Proof. We prove (i). Parts (ii) and (iii) are proved similarly. If d = 1, this is contained
in Proposition 6.3 (ii). Let d > 1. By Lemma 4.9 and Remark 5.2, OG4_1bg_1 is inde-
composable with vertex A(Dy x --- x Dg_1). Moreover, by Proposition 6.3 (i), M@ is
indecomposable with vertex AD;. Remark 3.5 and Lemma 3.42 complete the proof. [J

7.3. The bisupermodules X and Y. In this subsection, we will define the bisupermod-
ule X that will ultimately induce a Morita superequivalence between ONf and OGb. We
will also introduce a related bisupermodule Y, that will aid with the inductive arguments
in § 8. Recall the super Green correspondence of Theorem 3.39.

By Lemma 7.2(ii), the O(N x N)-supermodule My is module-indecomposable with
vertex AD, and Lemma 4.8 (ii) gives that Ngxn(AD) < N x N. We now define X to be
the super Green correspondent of My in G x N.

By Lemma 7.3 (i), the O(Hx H)-supermodule OGy_;bg_1 KM@ is module-indecomposa-
ble with vertex AD, and by Lemma 4.8 (iii), we have Ngxn(AD) < H x H. We now define
Y to be the super Green correspondent of the O(H x H)-supermodule OGy4_by_; KM@
in G x H.

We need a technical lemma before continuing.

Lemma 7.4. The (ON,O(N N H))-bisupermodule ON @onnH) (ONg-1fa—1 X M) s
module-indecomposable with vertex AD. In particular, it is the super Green correspondent
of Y in N x (NN H).
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Proof. Note that, for d =1,
ON ®@o(NnH) (ONd—lfd—l X M(d)> ~ OGy_1bg_; B M@
and the statement is immediate. From now on we assume that d > 1. We have
Resysp (ON BONAH) (ONchCH X M(d)))

Nx(NNH Nx(NNH
~ Resyt gy (WO ) (ONgoafag M)

~ ISy Resint ) (ONg-1fat @M@)

~ Ind(NNXrlj‘H)XLIndl(_gC H)xL (OLd_1fd_1 X M(d))

~ IndMxt (oLd,lfd,1 X M<d>) :

where the second isomorphism follows from Theorem 3.41 and the third from Lemma
2.4(ii). It now follows from Lemmas 7.3, 2.4 (i) and 4.8 (i) that

ON ®o(NnH) (ONd—lfd—l X M(d))

is module-indecomposable as an (ON, O(N N H))-bisupermodule with vertex AD. (We
have even shown it is module-indecomposable as an (ON, OL)-bisupermodule.)

Next note that, by Lemma 4.8 (ii), (iii), Nexn(AD) < (NNH) x (NN H) and so, taking
into account Lemma 7.3, it makes sense to consider the super Green correspondents of
OGg_1bg—1 ®M@ and ON @o(nnH) (ONg—1fe—1 EM@D) in (NN H) x (NN H).

By Lemma 4.10 and Remark 5.2, OG,_1bg_1 and ONg4_1f4_1 are Brauer correspondents.
Hence, by Lemma 3.40, they are super Green correspondents. Therefore,

OGg_1bg_1 M@ ‘(OGd—l ®@0oNg_; ONg_1fq-1 ®on,_, OGd—l) X M@

~ OH ®o(NnH) (ONdflfdfl X M(d)) RonnH) OH,

where the isomorphism is two applications of Lemma 3.6.

We have now shown that OG,_1bg_1 ®M@ and ON @onNnH) (ONg_1fa—1 @M(d)) both
have super Green correspondent ONg_1fy 1 KM@ in (NNH) x (NN H). In particular, Y
is isomorphic to the unique module-indecomposable summand of

OG @01 OH @omnn) (ONg-1fi 1 @M@) @01 OH
~ OG ®o(NnH) (Oququ X M(d)) @onnH) OH
~ 0G @on ON @onn) (ONg-1fe1 BM@) @onn) OH
with vertex AD, as desired. O

Lemma 7.5. We have:

(i) X is an (OGb, ONf)-bisupermodule.
(i) Y is an (OGb, OHc)-bisupermodule.

Proof. (i) Since X | OG ®on My, the right action of ONf is clear.

By Lemma 4.10, OGb and ONf are Brauer correspondents. Since b € OGg and f € ONg,
we may apply Lemma 3.40 and we set U = bUf to be the common Green correspondent
of OGb and ONf in G x N. So, OG ®on ONf is a direct sum of U, which has vertex AD,
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and V', a direct sum of indecomposable bimodules each with vertex properly contained in
AD. Now,

X |0G ®on My ~ OG ®@on ONf @ony My ~ (U & V) @on My
~ (U ®on M) @ (V ®@on Mp).

Lemma 2.1 (ii) implies that V ®ons My is a direct sum of bimodules each with vertex of
strictly smaller order than AD. Therefore, X | U ® oy M. The claim follows.

(ii) Since Y | OG ®on (OGg_1bg_1 ® M), the right OHc action is clear.

For the left action we first note that, by Lemma 7.4, Y is actually the unique indecom-
posable summand of

OG @on (ON @omnm) (ONa-1fa 1 BM@D)) @onan) OH
~ OG ®onN (ONf ®O(NNH) (ONd—lfd—l X M(d))) ®onnH) OH
with vertex AD. As is part (i), this implies
Y | U @on ON @onnmy (ONg-1fa1 BMD) @0 i) OH.
The claim follows. 0

Lemma 7.6. We have that X is module-indecomposable as an (OGb, OLf)-bisupermodule.

In particular, Resgif(X) is the super Green correspondent of My in G x L.

Proof. By Lemma 4.8 (iii), we have Ngx (AD) < L x L and so one can consider the super

Green correspondent of M in G x L.

Certainly every summand of Resgiw(X) has vertex conjugate to AD in G x N. Now,

by definition,
GxN GxN GxN ~ GxL NxN ~ GxL NxL ~ GxL
ResZ% X | ResgZ | Indyi yMn ~ Indgf Resyl My ~ Indg 3 Ind ] M ~ Ind7 My,

where the first isomorphism is due to Theorem 3.41 and the second to Lemma 7.2. How-
ever, by Theorem 3.39, Indfxxll_‘ML has a unique indecomposable summand whose vertex
is not strictly contained in AD. The claim follows. O

We will use the restriction Resgith extensively, so to simplify the notation, we set
cX| := ResgXMX.
Recall the notation “|p” from (7.1).

Lemma 7.7. We have:

(i) X |p (OG @on My).
(ZZ) GXL ‘D (OG RoL ML).
(ZZZ) Y |D (OG KOH (OGd—lbd—l X M(d)))

Proof. (i) This follows from the definition of X, Theorem 3.39 and Lemma 7.1 (i).
(ii) Similar to part (i), this follows from Lemma 7.6, Theorem 3.39 and Lemma 7.1 (i).
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(ili) By Lemma 7.4, Y and ON ® onnH) (ONg-1fs—1 X M) are super Green corre-
spondents. In particular, by Theorem 3.39 and Lemma 7.1 (i),

Y |p (C’)G ®ON (C’)N QO(NAH) (ONdflfdfl X M(d))) RO(NNH) OH)
~ 0G ®oNnH) (ONd—lfd—l X M(d)) ®onnH) OH
~ OG ®oH (OH ®O(NAH) (ONd—lfd_1 X M(d)) ®o(NAH) OH) :

However, as noted in the proof of Lemma 7.4, OG4_1bg—1 M@ and ONg_1f;_; X M@
are also super Green correspondents. In particular,

OGy_1bg—1 K M@ ‘OH ®O(NNH) (ONd—lfd—l X M(d)> XONNH) OH.

(7.4)

As we already know that Y | OG®on(OGy_1bg_ KM ), the claim now follows from (7.4).
O

Let 1 <k < d. With Remark 5.2 in mind, we define X}, and ¢, X, in the same way as X
and ¢X| were defined. (Of course, by Lemma 7.5 (i), Xy, is an (OGgbg, ONfi)-bimodule.)

7.4. Dualizing the special bisupermodules. The special bisupermodules defined so
far can be dualized in the sense of § 3.6 to get the bisupermodules M} := (M )*, M, :=
(Mn)*, X*, Y*, 1 Xg = (¢X1)", and similarly M} , My, ,Xg, for 1 <k <d.
Lemma 7.8. We have:
(i) Mj ~ BP0 (M*)® and M} has vertex AD.
(i) My, ~ BPY X (M* s Tz) and My, has vertez AD.
(7i1) X* is the super Green correspondent of My in N x G and | Xg is the super Green
correspondent of M{ in L x G.

Proof. (i) By Lemma 3.21, (B”Y)* ~ B9 and so the first claim just follows from Lem-
ma 3.19. That M and M| have the same vertex follows from Lemma 3.38.

(ii) This is proved in exactly the same way as (i) once we note that M* ;s Ty ~ (M5 73)*
via Lemma 3.25.

(iii) By Lemma 3.18, we have

X* | (OG @on M) ~ M} ®on OG.

That X* has vertex AD is, again, due to Lemma 3.38. With Lemma 7.6 in mind, the
statement for | X¢ is proved in an identical fashion. O

Recall the notation “|P” from (7.2).

Lemma 7.9. We have:
(i) ONf [P (X* @0c X).
(i1) OGb | X ®@on X*.

Proof. We first note that
My ®onf My =~ (BP° ) (M s Tg)) ®one (Bp’o X (IM* 25 7?1))
~ (BP0 @pon BO) B (M s Ta) @ oy, 7, (M2 Ta))
~ B R (M ®po1 M*) s Ta),
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where the second isomorphism follows from Lemma 3.6 and the third from Lemma 3.24 (ii).
By Proposition 6.3 (iii) and Lemma 3.24 (i), this last bisupermodule has a direct summand
isomorphic to ONf.
Dualizing Lemma 7.2, using Lemma 7.8 (i), (ii) and Lemma 2.4 (ii), we obtain
Resy <" Mpy =~ Ind M.
Therefore,
R NxN A NXNN1* Nx L g*
esnxL (M ®@on MY) = My ®@on Resy | My =~ My ®@on Ind' ;- M
~ (Res“i,’f'MN) KoL Mii ~ (Indﬁ?ll_‘ML) QoL Mt
~ ON ®oL M| ®oL MY,

where the fourth isomorphism is Lemma 7.2 (iii). Now, by Lemma 3.6 and Remark 3.5 as
well as Proposition 6.3 (iii) and Lemma 3.42, we have OLf |p (M ®oL M]). Therefore,

ONf [p (Resixl! (My ©oL My)),

as (ON, OL)-bisupermodules. Putting this together with the first paragraph gives that
ONf |p (MN ®onf My). Similarly, we have ONf |p (Mf ®onf Mn).
(i) First note that M{ ®onf My, and consequently ONf, is a direct summand of

My ®on OG ®0o6 OG @on My ~ MY ®on OG @on My. (7.5)

Now, by Lemma 7.7 (i), we have X |p (OG ®on Mn). Applying Lemmas 3.17 and 3.38,
we deduce that X* |p (Mf ®on OG). Therefore,

X* ®o6 X | My ®on OG ®on My

and, by Lemma 2.1 (ii), every direct summand of M{ ®on OG ®on My, as an (ON, ON)-
bimodule, with vertex AD, must also be a summand of X* ®pgp X. In particular, ONf |
X* ®oc X, as an (ON, ON)-bisupermodule.

All that remains to show is that all other summands of X* ® ng X have D-small vertex
in the sense of § 7.1. We can, therefore, forget about superstructure for the time being.
Given (7.5) and the comments at the beginning of the proof, we need only show that

My ®on OG ®on My ~ (My ®on My) @ U, (7.6)

where, as an (ON, ON)-bimodule, U is a direct sum of bimodules each with D-small vertex.
We have already seen that X |p (OG ®on My). Therefore,

ONf @on OG @on My = f (ResgiNX ) f @ V, (7.7)

where V' is a direct sum of (ONf, ONf)-bimodules each with vertex contained in some
@DAQ, with g € G and Q <, D. Furthermore, Theorem 3.39 implies that

ResgXNX ~ My @ W, (7.8)

where W is a direct sum of (ON, ON)-bimodules each with vertex contained in (N x N) N
(9P AD, for some (g,h) € (G x N)\ (N x N).

Now ONf has defect group D and so all the bimodules in (7.7) can be chosen to have
vertex contain in D x D (possibly after conjugating by an element of N x N).

In particular, V' is a direct sum of (ONf, ONf)-bimodules each with vertex contained in
some (D x D) N @MAQ, with (¢g,h) € G x N and Q <, D. By looking at cycle types via
T, certainly DNYQ,DN"Q <, D and so V is a direct sum of (ONf, ONf)-bimodules each
with D-small vertex.
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Similarly, fWf is a direct sum of (ONf, ONf)-bimodules each with vertex contained in
(D x D) N @M AD, for some (g,h) € (Gx N)\ (N x N). By Lemma 7.1 (ii), fiWf is a direct
sum of (ONf, ONf)-bimodules each with D-small vertex.

Together, (7.7) and (7.8) now imply that

My |D (ONf ®oN OG ®oN MN).

By applying M{®on? to both sides and utilizing Lemma 2.1 (ii), we can show that U

in (7.6) is a direct sum of (ON, ON)-bimodules each with vertex of the form A,Q, for

some Q <D and ¢ : Q — D, with p(Q) <; D. (Note we are not yet saying that ) < D.)
In an entirely analogous way we can prove that

N |D (M} ®on OG ®@on ONF) .

Applying ? ® oy My to both sides, we have that U in (7.6) is a direct sum of (ON, ON)-
bimodules each with vertex of the form A Q), for some @ <s D and ¢ : Q) — D.

Since we can conjugate each @ independently from (@), taking the last two paragraphs
together gives that U is a direct sum of (ON, ON)-bimodules each with D-small vertex, as
desired.

(ii) As in part (i) we have that X |p (OG®onMy) and X* |p (Mf; ®on OG). Therefore,

X ®@onf X* | OG ®on My ®@ons My ®on OG (7.9)

and, by Lemma 2.1(ii), all other summands, as an (OG, OG)-bimodule, have vertex of
order strictly smaller than that of AD. Moreover, by the comments at the beginning of
the proof, the right-hand side of (7.9) has a summand isomorphic to OG®ony ONf @on OG.
Since OGb and ONf are super Green correspondents by Lemmas 4.10 and 3.40, we have
OGb | OG ®on ONf ®@on OG. Since OGb has vertex AD, the claim follows. O

7.5. Relating X; and X;_ ;. We now establish a lemma that will be key throughout
inductive arguments in § 8, as it allows us to relate X = X; and X;_1 using Y.

Lemma 7.10. Let d > 1.
(i) As (OGb, O(N N H)f)-bisupermodules and as (OGb, OLf)-bisupermodules,

X |p (Y R0H <Xd1 X (B@vl)(d)))

(it) If Xgq—1 induces a Morita superequivalence between ONg_1f4_1 and OGy_1by_1,
then as (OGb, O(N N H)f)-bisupermodules and as (OGb, OLf)-bisupermodules,

Y ®on (Xd_1 X (B@’l)(d)> ~ X.
Proof. (i) Note by Lemma 3.6, that
OG 2o (OGy-1bg-1 M@ ) o (Xd_l < (B@vl)(d)> ~ 0G @on (Xg1 BM@).
Since by definition, we have Y | OG @on (OG4_1bs_1 X M@), it now follows that
Y ®om (Xd_l X (Bgyl)(d))‘ OG QoH (Xd_1 X M(d>) , (7.10)

as (OG, O(N N H))-bisupermodules.
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Since by definition, we have X4_1 | OG4-1 ®on,_, Mn,_,, it follows that

0G @on (Xa1 IMD) |06 @on ((0Gs1 ©on, , My, ,) BM@)

~ OG ®on OH ®onnh) (MNM1 = M<d>) -
>~ OG @o(NnH) (MNd—l > M(d)) 7

as (OG, O(N N H))-bisupermodules, where the first isomorphism follows from Lemma 3.6.
We also have

Ng—1xNg_
ON ®O(NQH) (MNd*l X M(d)) ~ON ®O(N0H) <Ind Vo N )Sd—1 (MLd71>Sd_1 XM(d))

(Ng—1xNg_1

Nx(NOH

zlnd((,\mH)X

d
NAH))s, , ((MLd_l )s, , MM >)
~ IndNX(N NH

((NNH)x

NxN NxN NxN
:ResNi(NmH)Ind(NXXN)Sd (My)s, ~ ReSNi(NﬁH)MN’

~z =

NAH))s, , (ML)s,

as (ON,O(N N H))-bisupermodules, where the fourth isomorphism follows from Theo-
rem 3.41. Therefore,

Gx(NNH
OG ®@oNnH) (MNLH X M(d)) = IndNiENmH))Resmi(NNmH)MN

~ GxN GxN
~ ResGX(NmH)IndeNMN,

(7.12)

as (OG, O(N N H))-bisupermodules, where the second isomorphism is, once again, an ap-
plication of Theorem 3.41.
Putting (7.10), (7.11) and (7.12) together yields

(d)
Y @oH (Xd_1 X (B@J) > ‘Resgi(NNmH)Indﬁ,immN : (7.13)
By the definition of X and Lemma 7.6, Resgi?'N AH) (X) is an indecomposable summand
of the right-hand side of (7.13). We claim that
GxN GxN GxN
RescnnmX ‘D (ResGi(NmH)IndNiNM@ : (7.14)

We will actually prove the stronger statement
Xt [p (Resg:MIndNMy) . (7.15)
Indeed, as in the proof of Lemma 7.6,

GxN GxN ~ GxL NxN ~ GxL NxL ~ GxL
ResZl | IndyiyMn ~ Indyl Resy s My ~ IndylInd 7y M| ~ Ind’; M|,

where the first isomorphism is due to Theorem 3.41 and the second to Lemma 7.2.
The claim (7.15), and hence (7.14), now follows from the statement of Lemma 7.6 and
Lemma 7.1 (i).

With (7.13) in mind, we now need only show that Y ®on (Xq_1 X (B?1)(@) has some
summand with vertex AD, when treated as an (OG, OL)-bimodule.

By Lemma 7.6 and also Remark 3.5 and Lemma 3.42, X;4_1 K M@ is indecomposable,
as an (OG, OL)-bimodule, with vertex AD. Now, as we have seen in (7.10),

Y ®on <Xd—1 X (B®,1>(d))

OG ®oH (Xd—l X M(d)) ;

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

150 Alexander Kleshchev & Michael Livesey

as (OG, OL)-bimodules. Hence, every summand of Y ®on (Xg_1 X (B?1)()) has vertex
contained in AD, when treated as an (OG, OL)-bimodule. If every summand had vertex
strictly contained in AD, then, by Lemmas 3.38, 3.42 and 2.1 (ii), every summand of

Y ®on (Xdl X (B@,l)(d)> SoL (XZ—l = (Bg,l)(d)>

has vertex of strictly smaller order than AD. However, by Lemma 3.6, Remark 5.2 and
Lemma 7.9(ii), Y is a summand, a contradiction.

(ii) If X4—1 induces a Morita superequivalence between ONy_1f;_1 and OG4_1bg_1 then,
by Lemma 3.9, X4_1 X (B? ’1)(d) induces a Morita superequivalence between ONgy_1fj_1 ®
(BZH(d =2 O(N N H)f and OGy_1bg_; ® (BZ1)@ 2 OHc. In particular, Y ®op (Xq_1
(BZ1)() is indecomposable as an (OG, O(N N H))-bimodule, since

Y ®on <Xd—1 = (Bz,l)(d)> Somn) <Xd—1 & (Bz,l)(d))* .
is certainly indecomposable as an (OG, OH)-module. Now (ii) follows (i). O
Recall the notation (4.14),(4.17),(4.20).
Corollary 7.11. We have ¢X |5 (OGcoqg ®oL ML).

Proof. We already know from Lemma 7.7 (ii) that ¢X| |D (OG ®pL ML). We, therefore,
need only show that ¢X( | OGcpq ®oL M. The proof proceeds via induction on d. As
always, our inductive argument is valid due to Remark 5.2.

When d = 1, ¢g = f and ¢; = b. The result follows via Lemma 7.5(i). Suppose the
result is true for d — 1. Then, by Lemma 7.10 (i),

XL | Y ®on <(0Gd—1c6,d—1 Q0Ly 4 MLd_1> X (Bm)(d)) :

as an (OG, OL)-bisupermodule. This is in turn, by the definition of Y and Lemma 7.5 (ii),
isomorphic to a direct summand of

06 2 (0641512 5M) o (0641601 20, M) 8 (574) )
~ 0Gb ®on (0G4 1¢h 4 1 BoL,, Mi,_,) BM®)

~ OGb ®oH OHC07d_1 KoL (1\/I|_d_1 X M(d))
~ OGbcyg-1 ®oL ML = OGcy g ®oL ML,

where the first and second isomorphisms follow from Lemma 3.6. O

8. MAIN THEOREM

We continue with all our notation from § 7, in particular, p a d-Rouquier p-core. Recall

also the irreducible supercharacters &y, &1, ..., & of B2 from (5.2) and the irreducible
characters §o,£§i), ...féi) of BZ! from (5.3).

Recall the notation (5.1). We also refer to the tuple (u,j1, ..., jx) as even or odd
according to whether (u, (p — j1,71), --+, (p — jk,Jx)) is even or odd, i.e. according to
whether the number of the odd partitions among u, (p — j1,J1), - -, (P — Jjk, jk) is even or
odd.
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8.1. Character calculations. In this subsection we gather together all the preparatory
results about characters needed to ultimately prove Theorem 8.13.

Lemma 8.1. Let p € Py(p,d—1) and i € I. Then in Go(KHc) we have

(OGd—lbd—l X M(d)) QoH ui = (OGd—lbd—l I (M(d)>*) QoH Eui = fz—f Tﬁp,j-
i=0 m

Proof. If r = 1 and d = 1, then OHc = B?! and the equalities follow from Proposi-
tion 6.3 (iv). Otherwise the equalities follow from Proposition 6.3 (iv) and Lemma 3.34. [

Throughout the rest of this subsection we construct several congruences of characters
modulo characters of modules with specific vertices. Given that many of the bimodule
isomorphisms we constructed in § 7.3 were only modulo bimodules with certain vertices
(see Lemmas 7.7, 7.9, 7.10(i) and Corollary 7.11) these congruences of characters are the
best we can hope for at the moment. However, in § 8.2 we will eventually determine the
character of gX| (see Hypothesis 8.9 proved in Theorem 8.13).

An indecomposable OLf-module (resp. ONf-module, OHc-module or OGb-module) with
vertex @ <s D is said to have vertex of non-maximal support. We define Prj_ p(OLf) C
Irr(OLf) (resp. Prj_ p(ONf) C Irr(ONf), Prj__p(OHc) C Irr(OHc) and Prj_ p(OGb) C
Irr(OGb)) to be the set of characters of indecomposable KLf-modules (resp. KNf-modules,
KHc-modules and KGb-modules) with vertex of non-maximal support.

For any @ < D, we denote by ZPrj,(OLf) the set of all Z-linear combinations of
characters of relatively @Q-projective OLf-modules.

It what follows we use the identification of OLf with B?? @ (B21)®? from (4.21)
and (3.23),(5.1) to label Irr(OLf), i.e.

Irr(OLf) = {& 51, .5 | (P31, - -+, Ja) is even} U {5;%]-17.”7”

(p7j17 ) ]d) is Odd} .

Note that for 1 < k < d and 0 < j, < ¢ we have that (p,j1, ..., Jk, ---, ja) and
(pyJ1, -+, Jk + 1, ..., ja) have the same parity if jr # 0 and the opposite parities if
Jx = 0.

Lemma 8.2. Let 1 <k <dand Q =Dy x---x Bk x---xDg <D. Then ZPer(OLf) 18
precisely the Z-linear span of all

(£) (£) : ;
fp’jlw“zjk:'“:jd + gpajlz"'vjk+17 ey Jd thh 0 < Jk < Z’
+ g . . .
€1, rdbrda T Epju, s jut L s i with ji, = 0 and (p, ji, .- ., ja)even,
+ — . . . .
PsJ1y ey Jks ooos Jd +€p,j1,‘..,jk,...,jd +£P7J'1:-~7jk+17--~7jd 'U)Zth Jk = 0 and (pvj].’ cety jd)Odd

In particular, ZPrj__p(OLf) C ker(p), where ¢ is the Z-linear map defined by

d —1\ke,
¢ : ZIrr(OLf) — 7, ¢ o Sollimn ((Z1)e5)

PiJ1s 5Tk -0dd

Epvjlv < Jd
Proof. We first note, by inspecting the Brauer tree of B! from Lemma 6.1 (iii), that
ZPrj(B?1) is the Z-linear span of & + ff and ff + ﬁl, for 0 < j < £, and that every
projective indecomposable B?"!-module is non-self-associate.

For r = 1 and d = 1, the first claim now follows as, in this case, £k = 1, Q = 1,
Prjo(OLf) = NPrj(OLf) and B?! = OLf with corresponding bijection Irr(B?!) —

Irr(OLf), fj(-i) — 5((11))] From now on we assume r > 1 or d > 1.
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Recalling the notation (4.6), we set LAk =1LnN /&[n]\Pk, SO LAk X 4 gpk is an index 2
subgroup of L. We also set
) =eooe 0 ol Vol o ol e oL, .

(Note this really is in OL; since, by Remark 4.4, e, € OAg and ef(a?l € OAp,, for each
l#k.)

Aspft[L:L A, Xz Sp, ], for any indecomposable, relatively Q-projective OLf-module U,
we have that

Ulnd- - U,

LAk XzSpk

for some indecomposable, relatively Q-projective O(L A, Xz gpk)f—module U. Now,

O (La, x=Sp, ) f= 0L, ) @ (B@‘vl)(k) and Q <Ly .

Therefore, UxU k X Uy, for some indecomposable OL; 6(@)1 module U r and projective,
indecomposable (B?1)(*)-module Uy.

Recall that (B? ’1)(k) =~ B9 Therefore, due to comments in the first paragraph, Uy, is
non-self-associate. It follows that Uy is not g[n]\pk—stable and consequently that U r X Ug

is not L-stable. (Here, we are using the fact that » > 1 or d > 1 and so A[n]\pk < g[n]\Pk.)
Therefore, U is actually isomorphic to

IndLA 5 (ﬁk xUk).

We have now shown that Z Prj,(OLf) is precisely the Z-linear span of characters of the
form

(e Bxe) 1}, .5, » where ¢ € Irr (OLA eg“)l) and x, € Prj (0§pke§§)1)
k

In particular, by the first paragraph of this proof, ZPrjy(OLf) is the Z-linear span of
characters of the form

(X ® (f +§ )) TI':Aszng’ where Y € Irr ((’)LAkék) and 0 < j < /.

The first claim now follows from Lemma 3.32ii by considering all four possibilities of X
having an even or odd label and j =0 or 5 > 0.

For the second claim we note that an indecomposable OLf-module has non-maximal
vertex if and only if it is relatively Q)-projective, for some @) of the form considered above.
One can now simply check that, for all k£, the given characters are in the kernel of ¢. [

The next lemma is proved in much the same way as Lemma 8.2 and we leave the proof
to the reader.

Lemma 8.3. Let p € Py(p,d—1). The following are in Z Prj_ p(OHc):

(i) €5 4 e foro<j<t.
(ii) Euo + 5?21, for u even.
(iii) &g+ &0 + & for p odd.
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Remark 8.4. Note that Lemmas 8.2 and 8.3 are consistent with the comments preceding
Lemma 8.2 concerning the labeling of associate pairs. For example, in the case that
pe Po(p,d—1) is even and j > 0, we can deduce that

zj - S;Zjﬂ - Z ( ,sz + f;r,i-lrl) - Z ( :—z + 5;—:1’-&-1) - (_1)j (5#,0 + 5:21)

1<i<j 1<i<j

j—i odd J—t even

(1 (G0t o)+ 2 (Gt &) = 2 (Gt &)
1<i<j 1<i<j
j—i even j—ti odd

which, by Lemma 8.3, is in ZPrj__p(OHc). Therefore, our choice of labeling of associate
pairs for Lemma 8.3 (i) was unimportant.

For the following lemma recall the notation (4.14),(4.17),(4.20).

Lemma 8.5. The maps
M| ®oL €0,d0G®oc? : ZIrr(OGb
LXE;@(’)G? : ZII‘I‘(OGb

(d)
((M’[dl ®0L,_, C{),d—lOGd—1> % (Bz,l) > ®on? : ZIrr(OHc
OLf ®oL ON®eN? : ZITT(ONf

restrict to maps

(OGb) (OLf)

L XE®06? : ZPrj._p(OGb) = Z Prj__p(OLF)
(OHc) (OLf)

(OLf)

(For the third map we are assuming that d > 1.) Furthermore, the induced maps,
M| ®o1 €0,40G®0c? :ZIrr(OGb)/Z Prj<5D((’)Gb) — ZIrr(OLS) /Z Prj<5D((’)Lf)
LXc®o6? :ZIrr(OGb) /Z Prj_ p(OGb) — ZIrr(OLf) /Z Prj_ p(OLf),

coincide.

Proof. We first show that each of our four bimodules is a direct sum of bimodules each with
vertex conatined in AD. By Lemma 7.8(i), M} ®or c0,4OG is a direct sum of (OL, OG)-
bimodules each with vertex contained in AD and, by Lemma 7.8 (iii), | X has vertex AD.
By Remarks 5.2, 3.5 and Lemma 3.42,

(Mtdfl QoLy_, CE),dflOGdfl) X (B(a’l)(d)

is also a direct sum of (OL, OH)-bimodules each with vertex contained in AD. Finally,
OLf is an (OLf, OLf)-bimodule with vertex AD and so OLf ® o ON is a direct sum of
(OLf, ONf)-bimodules each with vertex contained in AD.

Lemma 2.1 (i) now tells us that all four bimodules take a module with vertex @ <; @
to a direct sum of modules each with vertex contained in D N9Q), for some g € G. We
claim that D N9Q <, D, if Q <s D. This will complete the proof of the first part of the
lemma. If g ¢ N, then DN9Q < DNYD <4 D by Lemma 7.1(i). If g € N, then the set of
fixed points of 9Q), and hence D N9Q), on [n] strictly contains R.
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Now, dualizing Corollary 7.11 using Lemma 3.38, we have
LX¢ |p (OGep g ®oL M)* ~ M ®0L ¢0,40G,

where the isomorphism follows from Lemmas 3.21, 7.8(i) and 3.17. The second part of
the Lemma now follows from Lemma 2.1 (i). O

Lemma 8.6. Let A € Py(p,d). The following congruence holds modulo ZPrj__p(OHc):
* ELuAEN]
(OGd—lbd—l X (M(d)) ) ®OH (f,\ iﬁf) =Y > AT g

: - Eui
— =g
JEL pe 2I(N)

Proof. First note that, by Lemma 5.4 (ii), every superconstituent of &) iﬁ’fc’ must be of the
form &, ;, for some p € g@g()\)_ and i, j € I. Moreover, the coefficient is

EXNEL ANEG . . .
{E“ if j<fl—14

i
0 otherwise.

Let j €I and u € 98()\)_. By Lemma 8.1, we now have that, for m € I, {, ,,, appears as
a superconstituent in (OGg_1bg_1 X (M@)*) ®0n (&) iﬁ’g ) with coefficient

in{f—j,0— in{f—j,0—
L EXEpNEG Epi€i€m _ min{l gt 6/\5%)\5125771
> e = do o ke
i=0 Hyt Hym i=0 w,m
gm 1f0<m< . ENELNEM . .
2 e Sm=y (2€—2j+1)€‘;7’m if0<m<j
T R (C/ U Vo F R

k Eu,m
i=0 123

We have now shown that

(06u-1bu18 (M)") o (61 52)

J . EXEUNEM
-5 (Serwenem,

JE€T e pi(x)-\n=0 pam

¢
ENE &g
+3 @0-2m+1) 2 ] (8.1)
m=j+1 €M7m

If 41 is even, we have the following congruence modulo Z Prj__p(OHc):

J J 2
. EXEUNE . _ . €

Yo (20—-2j+ 1)#5,”” = (20—-2j + Dexéum = (20— 25 + 1)§§M,j, (8.2)
m=0 Hym m=0 J

where the congruence follows by subtracting
i1 . 2
Zﬁnzo(% —2j+ 1)% (%gu,m + gu,m-&-l) ,

which, by Lemma 8.3(i), (ii), is in ZPrj__p(OHc). (Note that, since p is even, by
Lemma 5.3 (iii), A must be odd, unless j = 0. Therefore, 5%/5? is an integer.)
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If 41 is odd, we have the following congruence modulo Z Prj__p(OHc):
4 . EXEUNEM J . 2 .
> o(20-25+ 1)57’§u,m = > (20-2j+ Vet bpum= (20— 2j + )&,  (83)

m=0 Ko m=0

where the congruence follows by subtracting

Z <2£ 25+ 1)(§/un +&u, m+1)s

which, by Lemma 8.3 (i), (iii), is in ZPrj__p(OHc).
Next note that, for j < ¢, we have the following congruence modulo Z Prj_ p(OHc):

¢
EAEUNE
3 (20—2m 4 1)
m=j+1 Ep,m
¢
= Z (2 —2m + Dexeprenlpum = (€ — jlexcurepéuj+1, (8.4)
m=j+1

where the equality holds since (p — m,m) is odd for m > 0 and the congruence holds by
subtracting

Zm ]+1(£ - m)E/\EuAgu(fu,m + §u,m+1)7
which, by Lemma 8.3 (i), is in Z Prj__p(OHc).
Denote by @3()\)5 (resp. 95()\)1_) the set of all even (resp. odd) partitions in @g(A)_.

Also, for convenience, we define £, 41 := 0. Putting (8.1), (8.2), (8.3) and (8.4) together,
we now have that

(0G4 1by1 8 (M) ) @on (63 457)

_ . 5§ 2
Sluezi(n; J

+ Z Z ((20 =25 + 1)&u; + 200 — j)&uj+1)
JEL pe 2I(NT

modulo Z Prj_ p(OHc). Finally, we subtract

Z Z (£ - ])53\ ( qu,] + 5u,]+1> + Z Z 206 - j) (flhj + §,u,j+1) )

i€l pe 7Ny Jel pezi(Ny
which, by Lemma 8.3, is in Z Prj__p(OHc), giving
* 2
(064118 (MD) Y zon (2 452)=> > £ TR VD IR
JEl pe 2i(N;5 J€l e 2i(N)

T
modulo Z Prj_ p(OHc). This completes the claim noting that, by Lemma 5.3 (iii), A and
1 must have opposite parity unless 7 = 0. ]

Recall the notation A(Z,d) and (2.11),(2.10) from § 2.5. For k € I, we denote
5, :=(0,...,0,1,0,...,0) € A(I,1)
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with 1 in the k" position. We can add the compositions coordinate-wise. For example for
d=(do, ..., dy) € A(I,d) we have

d+ék = (d(): sy dk*lvdk+17dk+17 sy df) GA(I7d+1>

Similarly we have d — ¢;, € A(I,d — 1) makes sense if d > 0.

For d = (do, ..., dy) € A(I,d). We now introduce the special notation
+ +
$pd = Eﬁ,ogio,,.,ﬁe = f,(),o?...,o,...,e,...,e € Irr(KLf)

gpvd = Ep,OdO, ...,Zde T €p707-"707 '~-7£7 78

where i is repeated d; times for all ¢ € I.
Similarly, for d € A(I,d — 1) and k € I, we can make sense of fl()id)k, §£i)d, E€p.dky ete:

o (E) (B
fp’%k = gp,OdO,dots,Kdé,k € Irr(KLf) and Epdk = Ep,OdO,...,ZdZ,k

Note that £, 4% = €, 4+s, but similar equality is not in general true for the ¢’s.

For d € A(I,d), we denote by fidd the sum of the irreducible character Sfd) with all its

N-conjugates and their associates. Note that this is the sum of exactly (g) 27 4 irreducible
characters of KLf. Similarly, for d € A(I,d — 1), we define 52‘2’,i to be the sum of the

irreducible character 5,()2/% with all its Ng_;i-conjugates and their associates. Note that it
is the sum of exactly (dgl)ez’ d+s, irreducible characters of KLf.

Recall the notation (2.9) and other combinatorial notation from § 2.5.
Lemma 8.7. Let d € A(I,d) and A € Py(p,d). Then

£y 2(XV[=h(X®)) /2 : .
LXE ®oG & = — K(\) &4 (mod ZPrj p(KLF)).
p77

Proof. Throughout this proof all congruences will assumed to be modulo ZPrj__p(KLf).
We note that, with the last part of Lemma 8.5 in mind, it is enough to prove that

e 2(POlROOY 2
p.d’

Mj ®oL1 ¢0,a0G ®og &\ = (8.5)

€pd

We prove (8.5) by induction on d. We first check that the statement holds for d = 1. In
this case |\ = h(A(0), Kl = Ky == Ky» =1and d = §;, for some k € I. By
Lemma 5.3 (iii), ey = €,%. We also have ¢y = c and ¢; = b. We, therefore, need to show
that

* EX
M; ®oL cOGb ®@0¢ &) = -~ kip,k =&k
p7
This now agrees with taking d = 1 in Lemma 8.6, as applying Lemma 5.3 (iii) again gives

EpNEN K _ €kEp
Eptk Eptk

=1.

We now assume d > 1 and that (8.5) holds for all u € Zy(p,d — 1). Note that, by
Remark 5.2, the inductive steps we make below are valid.
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Now,

M; ®oL ¢0,40G
~ (M} ®oL cg,a-10H) ®@on OGey
~ (M{d_l X (M<d))*) RoL (c{)’d_loGd_l b (39’1)(@) ®on OGey
~ ((Mfd_l ®oL,_, C6,d_10Gd—1) X (M(d))*> ®on OGeq

= (( g 1©0Ls C6,d—10Gd—1> X (B@’1>(d)> ®oH <0Gd_1C&_1 X (M(d))*) ®on OGey,

where the second isomorphism follows from Lemmas 7.8(i) and 3.19 and the third and
fourth from Lemma 3.6. Since c¢q =b, c¢q_; = c and ¢;_; = by_1, Lemma 8.6 now gives

M| ®oL 040G ®og €
\ (@)
_ ((M,_dl D01, , €ha-106Ga-1) B (B! )

Son (0515118 (7)) con 6152

= ((M’[dl @0ty s ha-106a—1) B (Bg’l)(d)> Ron | Y Y Mg,

ELE
kel e k(N pek

Implicit in the above calculation is that, by Lemma 8.5,

* (d)
((MLdl Q0oL C6,d71@Gd_1) X (BZJ) )®(’)H?
maps Z Prj__p(KHc) to Z Prj_ p(KLf). Now, by the inductive hypothesis and Lemma 3.34,
M} ®oL ¢0,40G ®oc &

=2 Z SANK Ep A8k S g o (I =h(®)) 250
kel we a}k Euk gué‘p’d,ék,k gp:dfék p,d—0, .k

-y Z EuAENKE W g o (11O =h (1)) 250

p»diékzk'
KET e 7k ()~ Eu€kEp,d

(8.6)

We now split this sum into two summands, one for £k = 0 and one for & 0. For
the k¥ = 0 summand, by Lemma 5.3 (iii), we have 2(NO1=hAD))/2 = oIk |=-h(u))/2
Noting also that in this case (p — 0,0) is even, we get

S0 AN () 2
4&=00,
ue 32(]){: (A~ Eu€o€p,d

EuA

= Y P REam . K200

£ d p7d 5070
‘u(o)ego()\(o)) 1 -pa

EX (0) (0) S
=K ()2 2N (@)) 250 50
p77

(8.7)

where the second equality follows from the comments at the end of § 2.5 and the third
from Lemma 2.6 (ii).
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For the k > 0 summands, we have 20X 1=h(X*)/2 — o(n©@=h(u@))/2 4nq (p—k, k) is
always odd. Also, by Lemma 5.3 (iii), p and A always have opposite parity. Therefore, we
get for the k™ summand:

Z EUNENKE 1k K(,u)2(’“(0) ’_h(#m)))/ggéd_l

p7d_§ 7k
pePEN)" Cuckepd k
€k ()| _p (20 Sa_
— Z gu K’A(mKA(l) ---Kmk) ---Kw)?('A =R (A ))/25;4—1%’@
pezk- Pl
£ )] _ (0) Sa_

3
u(k>€fﬂ(>\(’“))71 ,07@

:%K(A)Q(WO)|_h(/\<0>))/2§§’ddjék,k,
P

where, again, the second equality follows from the comments at the end of § 2.5 and the
third from Lemma 2.6 (i).

Putting (8.6), (8.7) and (8.8) together, we have now shown that

M} ®oL 0,006 ®oc&r = Y 2K 2(‘A(0)|_h(A<O)))/Q§Siﬁ5 k
6 = =k
kel pvd P »
2 S
= ——=K(\&
Ep,d N
as desired. ]

Lemma 8.8. Let u € Py(p,d—1), A € Py(p,d) and d = (dy,...,dp) € A(I,d).

(1) Leti € I. If&y appears as a superconstituent with non-zero coefficient in Y ® o1&,
then A\ € 23 (u)*, for some j € I.
(it) Say &y appears with non-zero coefficient in X ®oL &p 4. If di > 0, for somei € I,
then |A@| > 0.
(iii) Suppose Xg4_1 induces a Morita superequivalence between ONg_1fg_1 and
OGg_1bg—1. If &\ appears with non-zero coefficient in Y @on &u,i, for some i € 1,
then |IA\®| > 0.

Proof. (i) By its definition and Lemma 7.5(ii), Y is a direct summand of
OGb @on (OG4-1bs 1 BM®).

The statement now follows from Lemma 8.1 and Lemma 5.4 (i).

(ii) By Corollary 7.11 and Remark 5.2, ¢, X, is the unique indecomposable summand
of bjOG; ®p, M, with vertex AD; and all other summands are projective. Therefore,
G, XL, is isomorphic to the (OGib;, OL;if;)-bisupermodule V' from Proposition 6.3 (ii).
Now,

OHico1 = b1OGf; ® (Bg’l)@) ® - ® (Bg’l)(d) . (8.9)
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Therefore,
OGcy g ®oL ML >~ OGey g @oL (1\/[L1 NMPX... X M(d))
~ OGcg g ®oH, OH1co1 ®oL (ML1 MO X...xX M(d))
~ 0Gey g @on, (010G ©ou, M) IMP & ... IM@)),

where the final isomorphism follows from (8.9) and Lemma 3.6.
Since each M%) has vertex ADy, it follows from Remark 3.5 and Lemma 3.42 that this
last bimodule has

OGes,q @on, (X1 BMP R @M@) (8.10)

as a direct summand and all other summands have vertex strictly smaller than AD. In
particular, by Corollary 7.11, ¢X is a direct summand of the bimodule in (8.10). We now
move towards proving the claim.

Since X is actually an (OG, ON)-bimodule, we can assume that & appears in the first
position. (If it doesn’t, then apply an appropriate element of N to ensure that it does.) In
other words, {\ appears with non-zero coefficient in X ®oL §p,i¢—s,- Therefore, by the
comments following (8.10), &) appears with non-zero coefficient in

0OGceg g ®oH, (Xl XMPK... X M(d)> KoL fp,i,d—éi'

Proposition 6.3 (ii) and Lemma 3.34 now imply that &) appears with non-zero coefficient
in

OGera ®om, (06 IMP R IMD) @oL &y,

where we take the same notation of p’ from § 6. The claim now follows by repeatedly
applying Lemma 6.3 (ii) and Corollary 3.35 and then repeated applying Lemma 5.4 and
Corollary 3.35.

(iii) As X4—1 induces a Morita superequivalence between ONy_1fg3—1 and OG4_1bg—1,
Lo XG, , ®0G,_, [€,] must be non-zero. So, by Lemma 3.33 (ii), there exist some ji,...,
ji—1 € I such that [{,] appears as a superconstituent with non-zero coefficient in
Gu1 XLy 1 ®0L, 1 pjr,..jur- Now, by Lemmas 7.10 (ii) and 3.34, £, appears with non-zero
coefficient in

2.1\@
6 XL DOL Epit.risri = ¥ B0n (601 Xiuy B (B™)) @0t G, oo i
The claim now follows from part (ii). O

8.2. Main argument. The remainder of this section is concerned with proving that X
induces a Morita equivalence between ONf and OGb. In fact, we will prove the following
pair of statements via induction on m.

Hypothesis 8.9. Let 1 <m <d.

(i) X induces a Morita superequivalence between ON,,fy, and OG,,b,,.
(ii) We have the following character identities:
(a) for alld € A(I,m):

€p.d O | _p( 1O
6n XL, 0L, Epd = D % o (MO=h(X))/2 (V)¢
xeZo(pd) A
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(b) for alld € A(I,m) and all A € Py(p,d):

c i _
LXE ®oG, Ex = EX (O] h(A<o>))/zK()\)£§$'
€pd -
Remark 8.10. The two conditions in Hypothesis 8.9 (ii) are easily seen to be equivalent
using Lemma 3.33 (ii) and the fact that X is actually an (OG, ON)-bimodule.

Our main argument involves proving Hypothesis 8.9 by induction. The next two propo-
sitions do most of the work in the subsequent inductive argument.

Proposition 8.11. Let d > 1. If Hypothesis 8.9 holds for 1 < m < d — 1, then Hypothe-
sis 8.9(ii) holds for m = d.

Proof. We will assume throughout this proof that Hypothesis 8.9 holds for 1 <m < d—1.
In particular, we are assuming that X,,, induces a Morita superequivalence between ON,,f,,
and OG,,by,, for all 1 < m < d. We will implicitly use this fact at several points during
the proof.

For A € Zy(p, m), we set

~ K’ ifi=0
Ky = { A0

Ky,s» iti>0.
The majority of the remaining argument is dedicated to showing that
€p,id 0)|— (0) >
XL ®oL by = > %z(h VhOON2E €, (8.11)
xe Zo(pd)
|A@|=d

for all i € I. Until further notice we fix i € I and some p € Py(p,d—1) with || =d—1
and || =0, for all j € I\ {i}. Let k € I\ {i}. By Lemmas 3.33 (i) and 8.8 (i) (iii),

Y ®on §ur = C4), (8.12)

for some C' € N, where A is the unique partition obtained from p by sliding a bead down
the k" runner. In other words, A®) = u® A*) = (1) and |A\U)| = 0, for all j # i, k.
Using Lemma 3.20 we define y € Irr, (ONg_1f;—1) via

X = Xg_1 ®06,_; u-
Then, recalling the notation from Remark 3.31, by Lemma 3.34, we get
* a,1 (d)
X® & = (Xi1 B (BP')" ) @on &uk € ZIrn(O(N N H)f).

(Note there is no coefficient when we apply Lemma 3.34 since X};_, induces a Morita su-
perequivalence and x and £, have the same parity.) Dualizing using Lemma 3.19 and 3.20

gives
(d)
(Xdl X (B@’l) ) RomnH) (X ® &) = k- (8.13)
Since we are assuming Hypothesis 8.9 (iib) for m = d — 1, the construction of y implies
that

Ng— *
W X g

only has constituents of the form gﬁfg,l. Therefore, the stabiliser of any constituent of
(x®&)™®) JNTH is contained in NNH and, by [11, Theorem 6.11], &) := (y®&) ™ 1N 1
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is irreducible. Moreover, as induction commutes with tensoring with the sign character,
) is self-associate if and only if (y ® &)™) is. Therefore, ¥ = (x ® &) TNHH' So, by
Lemma 7.10(ii), (8.13) and (8.12),

X ®on ¥ =X ®@on ON @onnH) (X ® &) = X @onnH) (X ® &)
(d)
=Y QoH (Xd—l X (Bg’l) > ®oNnH) (X ® &) =Y @on i = C&y.
Now, by Lemmas 7.9 (i) and 2.1 (i),
X" ®oc X ®oN Y = ¢
modulo Z Prj_ p(ONf). Therefore, utilising Lemma 8.5, we have
LX¢& ®oc X ®on ¢ = OLf @oL ON @on ¢ = ¢ | (8.15)
modulo Z Prj_ p(OLf). By Lemma 8.7,

(8.14)

LXG ®0c &) = = Q(Wm‘_hO(O)))/Q%,\(i)fsdz‘dA k (8.16)
gp,id_l,k ’ ’

modulo Z Prj__p(OLf). Applying | Xg®eg? to both sides of (8.14) and substituting us-

ing (8.15) and (8.16) gives

EX 0)|— (0) = S
¢w50;7;ﬂb|hO)WKM§ﬁﬁk (8.17)
P,

modulo Z Prj_ p(OLf).
Since we are assuming Hypothesis 8.9 holds for m =d — 1,

Ng_ € O] — (0) T
X \]/L;,f: Ld—IXEdfl ®0Gd—1 é_u = - .':71 2(’“ ’ h(l/‘ ))/QKu(i)gpﬂ'd*l-

Py

Therefore, using Lemma 3.34,

€pid-1E€uk € ) =h( T
(x ® &) W= etk B o (ju®]-h(u 0))>/2Ku(i>€pid—l ke
gﬂgp,’id_l,k €p7id—1 ’ ’

(Here, when applying Lemma 3.34, we are again using the fact that x and &, have the
same parity.) Simplifying, we get
€,k O | —p (10 =
(x®&) I "M= 5,01':—11?20“ [=(n )>/2Ku<i)€p,id—1,k-
Therefore,
il = @a) Mol = X ¢ ((v@g) ™)
ge€N/NNH

e D ET I
gp,idfl,k P ’

(8.18)

ke

Taking the ¢ from Lemma 8.2, we have that go(fi‘zd,l k) is either strictly positive or strictly
negative. Therefore, we can equate (8.17) and (8.18) to obtain

C&AZ(P‘(O)‘_h(A(O)))/QE)\U) = Su,k2(‘u(0)‘_h(um)))mf{u(i)'
Note that A() = 1(® and so E}\(i) = f(ju@. In every case we also have
2 NO ()72 _ o[ |- (u)) 2
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(Either k = 0, in which case A(©) = (1) and u(?) = @ or k # 0, in which case A\(O) = (0)))
So

Epk
C =" =1,
EX

where the second equality follows from Lemma 5.3 (iii).
From now on p will no longer denote a fixed partition. We have

(d)
XL ®oL &p i1 =Y QoH (Xd—l X (B@’1> > QoL &y a1

= Z EuEpat Lk Epit ! o ([ = (n®)) /27 @ (Y ®on Euk)
y2 )

e Po(pd-1) Spit 1wk Ep
=t (8.19)
g sd— — .
= > %Q(P\(O)|7h(A(0)))/2K)\(i)£)\'
e Zo(p.d) A

|A@|=d—1,[A®)|=1

The first equality follows from Lemma 7.10(ii). The second equality uses Lemma 3.34
and the fact that we are assuming that Hypothesis 8.9 (ii) holds for m = d — 1. Finally,
the third equality is a consequence of (8.12) and, once again, the fact that £, = €,
2(IXO[=r(A)) /2 _ o(|uO|=h(1))/2 and that pd = 20,

We now determine | X ®og [£)], for any A € Py(p,d) with [\D| =d—1 and A\F)| = 1.
By Lemmas 3.33 (ii) and 8.8 (i), (iii),

Y ®océr= Y. > Cusus

Js€{ik} pe 2N -
for some C), s € N. Therefore, Lemmas 7.10 (ii), 3.17, 3.19 and 3.21 imply
LXG ®o6 &) = (Ld—ledl X (B@’l) > ®oH Y™ ®oc &x
« (d)
= D Y Cus (Ld—IXGd_l X (Bg’l) ) ®0H Ep,s-
Js €k} pe 23 (N

Using Lemma 3.34, the fact that we are assuming Hypothesis 8.9(ii) for m = d — 1 and
that X* is actually an (ON, OG)-bimodule yields

X5 @06 & = CotSty + C1e3t ,  + Cotty o,

p,id

for some Cy, Cy,Cs € N. By (8.19) and Lemma 3.33 (ii) we know that
Oy = —2 (PO 2E

5p,id_1,k
and, by Lemma 8.7,
S S S _ & MO —p(AO@)) 277 .S
Cogpid + Clé-pid_lvk + CQSp;d_kaQ = 2(’ | ( ))/ KA(i)é-pjd_lvk

Epﬂ;d—l’k
modulo Z Prj_ p(OLf). Therefore,

Co&ty + o€t s 4o € ZPrj p(OLF).

psid
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Once again, taking the ¢ from Lemma 8.2, we have that w(fjjd) and @(55‘24_2 2

both strictly positive or both strictly negative. Therefore, Cy = C5 = 0 and so

) are either

Ex O_h(A®)) 27> &
LXG ®0c §\ = 2(A@]=r(> ))/QK,\(wﬁiidq
ep,idfl,k > >

. (8.20)

We are finally in a position to prove (8.11). We first have that
(d)
X o1y = Y son (Xaa B (B7) V) so1 €0

= Z Cu (Y ®OH f,u,i) ’
HE Po(p,d—1)

’,u(i)|:d71
for some C,, € N. Here, the first equality follows from Lemma 7.10(ii) and the second
from Lemma 3.34 and the fact that we are assuming Hypothesis 8.9(ii) for m = d — 1.
(Note we could already explicitly write down the expression for the C,’s but this is not
necessary at this stage.) Therefore, by Lemma 8.8 (i),

XL®oLEpu= D, O+, > Cxén,
[A®|=d [AD|=d—1,|AD)|=1

for some Cy € N. However, (8.20) and Lemma 3.33 (ii) give that Cy = 0 unless |A())]| = d.
In other words,

XL®oLEa= Y, Cié (8.21)
A€ @O(pvd)
[AD |=d

We are now in a position to prove (8.11), that is, that each

Cy\ = 5;)7,z‘d2(‘)\<0)’_h()\<0)))/2§>\(i)'

ex
However, this is actually unnecessary and we go ahead and prove the more general state-
ment of Hypothesis 8.9 (ii) for m = d.
Consider d € A(I,d). We set

XL®oLEa= > ks (8.22)
A€ Po(p,d)

for some #) € N. Suppose #y # 0, for some A € Py(p,d). We claim that [A\J)| > d;, for
each j € I. For dj = d, this is just (8.21). If d; < d, then

¢ XL QoL fp,gl = 6XL ®oL gp,jdj d—djé;

(d)
=Y QoH (Xdl X (B&l) ) DoL &, 4 d—d;jd;’

where the first equality follows from the fact that X is actually an (OG, ON)-bimodule and
the second from Lemma 7.10(ii). The claim now holds by the fact that we are assuming
Hypothesis 8.9 (ii) for m = d — 1 and Lemmas 3.34 and 8.8(i).

Since dy + -+ + dy = d, in fact |/\(j)] = dj, for all A with k) # 0 and j € I. Therefore,
dualizing (8.22) using Lemma 3.33 (ii) and noting that X* is an (ON, OG)-bimodule, we
have that for all A € Zy(p, d),

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

164 Alexander Kleshchev & Michael Livesey

LXE ®og & = ax&od, (8.23)
for some ) € N. Also, by Lemma 8.7,
* _ € 0)|— (0) S
XG ®oc & = - 2N O ER O (8.24)
p.d

modulo ZPrj_ p(OLf). Once more, taking ¢ from Lemma 8.2, we have that go({i‘id)
is either strictly positive or strictly negative. Therefore, considering (8.23) and (8.24)
together gives
ay) = S 2(‘/\@)’_"(’\(0)))/2.’(()\),
€pd
for all A € Py(p,d), and the result is proved. O

Proposition 8.12. Let d > 1. If Hypothesis 8.9 holds for all 1 < m < d — 1, then
Hypothesis 8.9(i) holds for m = d.

Proof. By Lemma 7.2, M| has vertex AD. In particular, by the Mackey decomposition
formula, M| is projective as both a left and right OL-module. By Lemma 7.6, ¢X| is a
direct summand of OG ®p. M| and so ¢X| is projective as a left OG-module and as a
right OL-module. Moreover, since p 1 [N : L], X is also projective as a right ON-module.

By Lemma 7.9(ii), OGb is a direct summand of X ®on X* as an (OG, OG)-bimodule.
As seen above, X is projective as a right ON-module and so X* is projective as a left
ON-module. It follows that every indecomposable summand of X ®on X*, as a left OG-
module, appears as a summand of X ~ X ®on ON. In particular, X is a progenerator as
a left OGb-module.

Similar to the above argument, using part (i) of Lemma 7.9 rather than part (ii), we
may prove that X is also a progenerator as a right ONf-module.

Note that X and therefore Endpg X is O-torsion-free. Therefore, by the structure
theorem for finitely generated modules over a PID, Endpg X is free as an O-module.

Consider the natural algebra homomorphism

(ONF)°P — Endog X (8.25)

given by right multiplication. As X is a progenerator as a right ONf-module, this is actu-
ally a monomorphism. We claim that this homomorphism is an O-split monomorphism.
Indeed, by Lemma 7.9(i), X* ®pc X ~ ONf @ U, for some (ONf, ONf)-bisupermodule U.
Therefore, we have the sequence of O-module homomorphisms
Endog X & Endon(X* @06 X)
= Endon(ONf @ U)

Y Endon(ONF)

~ (ONf),
where ¢ is induced by X*®ng? and ¢ is induced by the projection of ONf & U onto ONf.
It is now a trivial task to prove that the resulting composition Endpg X — (ONf)*°P splits
the homomorphism in (8.25), as an O-module homomorphism.

Once we have shown that ONf and Endog X have the same O-rank, we will have that
the monomorphism in (8.25) is actually an isomorphism and consequently that X induces
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a Morita equivalence between ONf and OGb. The majority of the remainder of this proof
is dedicated to proving this equality of ranks.

As Endpg X is free as an O-module, we can prove the equality of O-ranks by showing
that

dimg (Endgg KX) = d! dimg (KLf) = dimg (KNf). (8.26)
The second equality is immediate since
dimg (KNf) = dimg (KN ®g| KLf) = [N : L] dimg (KLf) = d! dimg (KLf).

We now calculate the degrees of the characters in Irr(OLf). [33, Proposition 4.2 (a)]
immediately gives that

ey = Sl S e ) )y

Epuits ]
23 o (8.27)
e 2
= g M) ),
Pod1s s Jd
for any ji, ..., jq € I, where 0 appears dy times amongst the j’s.

Since we are assuming that Hypothesis 8.9 holds for 1 < m < d — 1, we can apply
Proposition 8.11, to obtain that the character of KX = KX Qx| s KLf, as a left KG-module,
is

> x(H)(X oL x)
X € Irr(OLf)
d

€ d=dg S
_ Y Sty gy <X®§de)
deA(1,d) Erd

= > X (d) 2P g Wn. g ) 2N 2K (g,
)

dend) re Fopd) \L EX

where the first equality follows from (8.27) and the second is due to Proposition 8.11.
Therefore,

dimg (Endgg KX) = Z Yoo

A(I,d) A€ Po(p,d)

Z <> c2gd—do i>(1)5gi>(1)do...g§i>(1)d4}2dold1!...de!
eAN(I

(1)l (1)% D (1) 2<IA<°>lh<“°>>>/2K<A>] 2

d _ 2
=y ( d) e220=0 [elB (1)l ()% g (1)"]
deA(I,d) \™
=d! Y x(1)® = d!dimg (KLf),
X € Irr(KLf)

where the first equality follows from the above expression for the character of KX. (Note
that the £3 comes from the fact that [€,] is actually the sum of €3 irreducibles.) The second
equality follows from Lemma 2.7 and the fourth from (8.27). (Note that the e, . j,
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from (8.27) disappears as §, ;. ..., j, is actually the sum of 5%,3’1, ...j, irreducibles.) We have

now proved the first equality in (8.26) and the proof of Proposition 8.12 is complete.
That X induces a Morita superequivalence (and not just a Morita equivalence) is now
an immediate consequence of Lemma 3.20. 0

Theorem 8.13. Hypothesis 8.9 holds for all 1 < m < d. In particular, X®ons? induces
a Morita superequivalence between ONf and OGb.

Proof. The proof will proceed via induction. The statement for m = 1 is just Proposi-
tion 6.3 (ii). Note that, in this case, the coefficients in Hypothesis 8.9 (ii) really are all 1,
as in Proposition 6.3 (ii).

Let 1 < k < d. We assume the statement is true for all 1 < m < k. We first apply
Proposition 8.11 with d replaced by k. (This is valid due to Remark 5.2.) We immediately
get that Hypothesis 8.9 (ii) holds for m = k.

Next, we apply Proposition 8.12 with d replaced by k. (Again, this is valid via Re-
mark 5.2.) This time we get that Hypothesis 8.9 (i) holds for m = k. This completes the
proof. O

The following corollary is now just a consequence of Theorem 8.13 and Lemma 3.10.
Corollary 8.14. X5®onf? induces a Morita equivalence between ONgf and OGgb.

Of course, OGgb is a spin block of a double cover of an alternating group. Furthermore,
by Lemma 4.10, ONjf is the Brauer correspondent of OGgb in Nj. We can, therefore,
interpret Corollary 8.14 as a result concerning RoCK blocks for double covers of alternating
groups.

Remark 8.15. Note that, for the Gg in Corollary 8.14, |Gg| = n!. In order to be consistent
with the convention from the introduction, we would like to know that the Corollary holds
under the condition that K (and hence O) contains a primitive (n!)* root of unity and
not necessarily a primitive (2n!)* root of unity. We claim that even Theorem 8.13 holds
under these weaker assumptions on K.

We have n > 4 and so we still automatically have that —1 and 2 have square roots in K.
Next note we are able to define f and b since they live in OGg and ONj respectively. The
M from Proposition 6.3 is defined entirely using ng. Since 2p!|n!, this does not cause
any issues. Similarly, 2r!|n! and so B??, and hence My, can be constructed.

We can now construct X as the super Green correspondence of My and we have an
algebra homomorphism (ONf)°? — Endpg X given by the right action of ONf on X.
That this is an isomorphism follows from the fact that the corresponding homomorphism
obtained by extending O is an isomorphism.

9. VERTICES AND SOURCE OF BIMODULES
We continue to adopt the notation from § 7, in particular, p a d-Rouquier p-core.

9.1. Splendid derived equivalences. In this section we show that the Morita equiv-
alences between ONf and OGb from Theorem 8.13 and between ONgf and OGgb from
Corollary 8.14 give rise to a splendid derived equivalences.

Throughout this section all isomorphisms and direct summands will assumed to be as
bimodules (and not bisupermodules).

Let K be a finite group and ex a block idempotent of OK with corresponding defect
group @ < K. Recall that a source idempotent of OKey is a primitive idempotent ¢ €

Ann. Repr. Th. 2 (2025), 1, p.85-171 https://doi.org/10.5802/art.22


https://doi.org/10.5802/art.22

RoCK blocks for double covers of symmetric groups over a DVR 167

(OKek)@ such that Brg(i) # 0. Let J be another finite group and e; a block idempotent
of OJ with corresponding defect group isomorphic to @ (that we identify with @) and
j € (0Jey)? asource idempotent of OJey. A splendid derived equivalence between OK ey
and OJey is a derived equivalence induced by a complex ) of (OKeg,OJes)-bimodules
such that in each degree we have a finite direct sum of summands of the (OKeg,OJey)-
bimodules OKi®or jOJ, where R runs over the subgroups of @, cf. [24, Definition 9.7.5].

For our purposes it will be useful to think of source idempotents in the following way
outlined in [2]. An idempotent i € (OKe)? is a source idempotent of OKe if and
only if OKi is an indecomposable O(K x @)-module with vertex AQ (see [2, Remark 3]).
Equally, an idempotent i € (OKeg)? is a source idempotent of OKey if and only if iOK
is an indecomposable O(Q x K)-module with vertex AQ.

We set U to be the OAD-module

U := Qpap, (0) K- K Qpap, (O).
Lemma 9.1. As (ON, ON)-bimodules,
My | ON ®@0p (1ndR5PU) ®op ON.

Proof. We first note that, by the definition of M, Proposition 6.3 (i), Remark 3.5 and
Lemma 3.42,

M, [Indiy U = OL ®op (Ind}5°U) @op OL.
Therefore, by Lemma 7.2,
Resp "My = Ind - M |ON @op (IndR5PU) @op OL.
Since p [N : L], the claim follows. O
Lemma 9.2. As (OG, ON)-bimodules,
X | 0Gi @op (IndREPU) @op JON,
for some source idempotents i € (OGb)P and j € (ONf)P.
Proof. By the definition of X and Lemmas 9.1 and 7.5(i),
X | 0Gb ®op (IndR5PU) ®op ONF.
Since X is indecomposable, it is isomorphic to a direct summand of
V @op (dR5P0) ©op W, (9.1)

for some indecomposable summand V' of OGb as an O(G x D)-module and some indecom-
posable summand W of ONf as an O(D x N)-module.

By Mackey’s decomposition formula, V is relatively AQ-projective, where AQ = (99 AD
N(G x D), for some g € G. In particular, Q < D. Similarly, W is relatively AR-projective,
where AR = ®MAD N (D x G), for some h € N. Again, R < D. If g ¢ Ng(D) (resp.
h ¢ Nu(D)), then Q < D (resp. R < D). Therefore, by Lemma 2.1 (ii), the bimodule
in (9.1) is a direct sum of bimodules each with vertex of order strictly smaller than that of
AD. Since X has vertex AD, this is a contradiction. From now on we assume g € Ng(D)
and h € Ny(D).

We now have that Q = R = AD. In fact, V and W must actually both have vertex AD.
Indeed, if either vertex is strictly contained in AD, then Lemma 2.1 (ii) once again gives
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that the bimodule in (9.1) is a direct sum of bimodules each with vertex of order strictly
smaller than that of AD.

By the [2] description of source idempotents, we have now shown that V' = OGi, for some
source idempotent i € (OGb)? and W = jON, for some source idempotent j € (ONf)P,
as desired. O

For a finite group K and an OK-module Z, an endosplit p-permutation resolution of Z
is a bounded complex Y of finitely generated p-permutation OK-modules with homology
concentrated in degree 0 isomorphic to Z such that the complex )V ®p V* is a split complex
of OK-modules, where K acts diagonally on the tensor product.

For the following lemma, we treat U as an OD-module via the obvious group isomor-
phism D = AD.

Lemma 9.3. U has an Ng(D)-stable endosplit p-permutation resolution.

Proof. Until further notice we fix some k, with 1 < k < d, and let g be a generator of Dg.
We first claim that QéDk(O) = 0. Indeed, once we have made the identification

QODk(O) = { Z T Z oy = 0} C ODy,

IEDk $€Dk

the kernel of the ODg-module epimorphism given by
ODy — Qop, (0), z+— (1 —g)x

is (3 zep, T)o = O, as claimed.
We have now shown that
O if £ is even,
QéDk(O) = {

QODk (O) if ¢ is odd.

Therefore, if £ is even, U = O and we can just take the complex with O concentrated in
degree 0. From now on we assume ¢ is odd and consequently that QéDk(O) = Qop, (0).
Certainly

V= —>0—>0Dr—>0—-0—...,

where the ODy is in degree 0 and the non-zero boundary map is given by x — 1, for all
x € Dy, has homology concentrated in degree 0 isomorphic to Qop, (O). Moreover, by [24,
Proposition 7.11.8], this is an endosplit p-permutation resolution of Qpp, (O). It is also
clear that this resolution is Nng (Dy)-stable.

We now drop our assumption that k is fixed. By [30, Lemma 7.4], YV := )1 ® --- @ Yy
is an endosplit p-permutation resolution of U.

All that remains to show is that ) is Ng(D)-stable. For this we refer to Lemma 4.8 (ii).
We note that, since D < G, all the conjugation actions by elements of Ng(D) are partic-
ularly easy to write down. For example, ngk(Dk) commutes with every D;, with [ # k,

and, through our identification of all the ODy’s via (4.7),
Tw(ar ® -+ @ ag) Ty = ay-11) @ -+ @ Ay-1(a), (9.2)

for all w € Sq and oy, € ODg. B
Firstly, Sg commutes with D, so ) is Sg-stable. That ) is ngk(Dk)—stable, for all

1 < k < d, just follows from our construction. Therefore, the only non-trivial thing to
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show is that ) is stable under the action of each T,,. However, this is an immediate
consequence of (9.2) and [25, Lemma 4.1 (b)] O

Theorem 9.4. ONf is splendidly derived equivalent to OGb.

Proof. With Lemmas 9.2, 9.3 and Theorem 8.13 in mind, this can just be concluded
from [24, Proposition 9.11.5(i)], originally stated in [21, Theorem 1.3]. O

We also have the analogous theorem for the RoCK blocks of double covers of alternating
groups from Corollary 8.14.

Theorem 9.5. ONgf is splendidly derived equivalent to OGgb.

Proof. Once we have replaced Theorem 8.13 with Corollary 8.14, the proof of this result is
identical to that of Theorem 9.4 except that the analogue of Lemma 9.2 requires us to be
slightly more careful than in the original lemma. More precisely, it is not clear that X has
vertex AD and source U. However, since p{ [G x N : Gg x Nj] and Resg;X'\'NﬁX = X5 @ X7,
we must at least have one of X5 or Xy having vertex AD and source U.

The proof will be complete once we have proved that X; induces a Morita equivalence
between ONjf and OGgb. Now, X7 = gXj5, for any g € Gj. Therefore, as functors,
Xi@(’)Nﬁf? is isomorphic to X6®ON6f? composed with the Morita auto-equivalence of OGgb
given by conjugation by g. This completes the claim. O

We can now construct splendid derived equivalences from our RoCK blocks to their
true Brauer correspondents. That is, their Brauer correspondent in the normalizer of the
defect group.

Corollary 9.6. OGb is splendidly derived equivalent to its Brauer correspondent in Ng(D)
and OGgb is splendidly derived equivalent to its Brauer correspondent in NG(—)(D)-

Proof. In [16, Proposition 5.2.33] a splendid derived equivalence between FNf (resp. FNgf)
and the Brauer correspondent of FGb (resp. FGgb) in Ng(D) (resp. Ng;(D)) was con-
structed. By [30, Theorem 5.2], all these splendid derived equivalences lift to splendid
derived equivalences for the appropriate blocks defined over . The result now follows
from Theorems 9.4, 9.5 and [31, Lemma 10.2.6]. O

9.2. Source algebra equivalences. A source algebra equivalence between two blocks is
a Morita equivalence induced by a bimodule with trivial source. As noted in the proof of
Lemma 9.3, U = O, when /£ is even, that is, when p = 1 mod 4. We, therefore, have the
following theorem:

Theorem 9.7. If p = 1 mod 4, ONf is source algebra equivalent to OGb and ONgf is
source algebra equivalent to OGgb.

If p = 3 mod 4, our bimodule X no longer has trivial source. However, it is still unclear
whether or not an appropriate trivial source bimodule can be found:

Question 9.8. If p = 3 mod 4, is ONf source algebra equivalent to OGb and is ONgf
source algebra equivalent to OGgb?

We compare Theorem 9.7 and Question 9.8 with the analogous situation for RoCK
blocks of symmetric groups in [6, Theorem 2]. In that article, the analogue of the bimodule
X from this paper was taken to be the Green correspondent of the local block itself, rather
than something more complicated like our bimodule My. It, therefore, automatically had
trivial source.
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