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A Deleting Derivations Algorithm for Quantum
Nilpotent Algebras at Roots of Unity

Stéphane Launois, Samuel A. Lopes and Alexandra Rogers

ABSTRACT. This paper extends an algorithm and canonical embedding in [6] to a large class of quan-
tum algebras. It applies to iterated Ore extensions over a field satisfying some suitable assumptions
which cover those of Cauchon’s original setting but also allows for roots of unity. The extended
algorithm constructs a quantum affine space A’ from the original quantum algebra A via a series of
change of variables within the division ring of fractions Frac(A4). The canonical embedding takes a
completely prime ideal P <1 A to a completely prime ideal Q <t A’ such that when A is a PI alge-
bra, PI-deg(A/P) = Pl-deg(A’/Q). When the quantum parameter is a root of unity, combining our
construction with results from [2] allows us to state an explicit formula for the PI degree of com-
pletely prime quotient algebras. This paper ends with a method to construct a maximum dimensional
irreducible representation of A/P given a suitable irreducible representation of A’/Q when A is PI.

In [6], Cauchon developed an algorithm for a large class of quantum algebras origi-
nally named CGL extensions after Cauchon, Goodearl and Letzter who first proved a
set of unifying results on the algebras in this class, and later renamed quantum nilpo-
tent algebras [20]. These are algebras which can be written in the form of an iterated
Ore extension over a field with certain conditions placed on the defining automorphisms
and skew-derivations. In essence, the algorithm takes a completely prime quotient of a
suitable CGL extension and, via a series of changes of indeterminates within its division
ring of fractions, obtains a completely prime quotient of a quantum affine space which
shares the same division ring of fractions as the original algebra. Properties from the
resulting quotiented quantum affine space can then be pulled back to the original quotient
algebra. When the prime ideal is invariant under a rational action of a torus, the algo-
rithm combined with Goodearl and Letzter’s H-stratification theory was used to prove
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the quantum Gel’fand Kirillov Conjecture on prime quotients of a large class of generic
quantum algebras, such as quantum euclidean spaces, quantum symplectic spaces, quan-
tum matrices, and quantum Weyl algebras [6, Théoréme 6.1.1]. Cauchon’s algorithm has
also been applied by many authors to gain a better understanding of the structure of
quantum algebras in the generic setting. Such works include the aforementioned [7, 13] as
well as [5, 11, 12, 15, 19].

Cauchon’s algorithm cannot be applied to such algebras at roots of unity, however, as
the homomorphism defining the algorithm is not compatible with roots of unity. Several
authors have recreated the main results of [6] for quantum algebras at roots of unity
satisfying slightly different conditions [16, 21]. However, the explicit change of variables
in the original algorithm, that was essential in the applications named above, was not
recreated in either paper. This paper addresses this by extending Cauchon’s deleting
derivations algorithm, including the canonical embedding to track completely prime ideals,
to include the root of unity case by utilising an adapted version, provided in [16, Section 3],
of the homomorphism which lies at the heart of the procedure.

The main motivation for this paper is the fact that many quantum algebras become
polynomial identity (PI) algebras when taken at roots of unity and in this case the PI
degree is a useful invariant for deducing various properties of the algebra (see, for example,
[4, 9, 8]). The PI degree also plays a role in the representation theory of prime affine
PI algebras, giving an upper bound on the dimension of irreducible representations [3,
Theorem 1.13.5.].

The extended algorithm defined in Section 2 of this paper takes a suitable iterated
Ore extension A and constructs a quantum affine space A’ and a canonical embedding
¥ : C.Spec(A) — C.Spec(A’) such that Frac(A/P) = Frac(A’ /v (P)) for any completely
prime ideal P € C.Spec(A) (this can be seen as a quantum version of the Gelfand-Kirillov
Conjecture, see [3, Conjecture I1.10.4] and discussion thereafter]). Furthermore, if A is
PI, then so too is A" and thus PI-deg(A/P) = Pl-deg(A’/¢(P)). When A’/¢(P) is itself
a quantum affine space then the PI degree is determined by the rank and values of the
invariant factors of its commutation matrix (see for instance [2, Lemma 2.4]). With this
in mind, we focus on those ideals P, which give rise to quantum affine spaces A’ /1(Py).
For such ideals, the PI degree of A/P,, is then computed in Theorem 4.4. We end with a
method to pass certain maximum-dimensional irreducible representations of any A’/y(P)
back through the deleting derivations algorithm to obtain maximum irreducible represen-
tations of A/P (Section 5) and illustrate our result by constructing an explicit irreducible
representation of maximal dimension for a completely prime quotient of U;“ (s05) at roots
of unity.

1. QUANTUM NILPOTENT ALGEBRAS AT ROOTS OF UNITY

Take K to be an arbitrary field and R a K-algebra. One can form an Ore extension
Rz, 0,0] in one indeterminate x by defining a K-automorphism ¢ and a (left) o-derivation
0 (also called a skew-derivation) such that for any a,b € R we have §(ab) = o(a)d(b)+4d(a)b.
These maps define the commutation rules for x with elements of R: given r € R we have
xzr = o(r)z 4+ §(r). Ore extensions satisfy a universal mapping property ([14, Proposi-
tion 2.4]) and thus are unique up to isomorphism ([14, Corollary 2.5]). Iterating this pro-
cess with N indeterminates gives an iterated Ore extension R[Xi,01,01]...[XN,oNn,0nN].
Note that this is a noetherian domain by the Skew Hilbert Basis Theorem [3, Theo-
rem 1.1.13], provided that so is R. The exact form of R and the properties of the pairs
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(04,0;) are what will define quantum nilpotent algebras at roots of unity and distinguish
them from CGL extensions.

If all the skew-derivations in the iterated Ore extension above are the 0 map, all the
automorphisms act by scalar multiplication on each indeterminate, i.e. 0;(X;) = A ; X
forall 1 < j <i < N and some \;; € K*, and R = K is a field, then the 1terated Ore
extension would describe a quantum affine space, which we can write as follows:

K[Xl,al] ‘e [XN,O'N] == KA[XI,. . .,XN] = OA (KN>

where A := (X ;)i; € Mn(K*) with A; Z—A and \j; =1, forall1 <j <i<N.
The following terms are needed to deﬁne our class of algebras of interest.

Definition 1.1. Let R be a K-algebra and R[x, o, ] be an Ore extension.

(1) We call the pair (o,¢), and indeed the Ore extension, g-skew if the automorphism
and skew-derivation satisfy the relation § o 0 = go o §, for some 1 # g € K*.

(2) The skew-derivation 0 is locally nilpotent if, for every 0 # a € R, there exists an
integer n, > 0 such that "¢ (a) = 0 and §™(a) # 0 for any m < n,. We define
such an n, as the §-nilpotence index of a.

(3) [16] We say that the o-derivation ¢ extends to a higher q-skew o-derivation (h.q-
s.o-d.) on R if there is a sequence {d,}5°, (denoted simply by {d,} when it is
obvious which subscript set indexes the sequence) of K-linear operators on R such
that:

(a) dp is the identity;

(b) di = 6; _

(c) dn(rs) =i g0 'di(r)dn—i(s) for all r, s € R and all n;

(d) dyoo=gq ood for all n.

A (h.g-s.o-d.) is locally nilpotent if, for all 0 # r € R, there exists an integer
n, > 0 such that d,(r) = 0 for all n > n,, and d,,,(r) # 0 for any m < n,.
In this case we call n, the d-nilpotence index of r. A h.g-s.o-d is called iterative

if dpd,, = (";m)qdn+m for all n,m. Here (n;m)q is the g-Gaussian binomial

coefficient: a polynomial in ¢ over Z with properties similar to those of regular
binomial coefficients. More precisely, for all n > ¢ > 0, we have

"= 7(72)!(] where (2), = ¢ -1
<i>q - (1)lg(n — 1)}y’ here (1)g q—1

and (i)lg = (1)g- - (¢ — 1)4(¢)q with the convention that (0)!, = 1.

The higher skew-derivations are what allowed Haynal to adapt Cauchon’s effacement
des dérivations homomorphism to a broader homomorphism which allows for roots of
unity. For practical use, [16, Theorem 2.8] gives a sufficient condition on a g-skew Ore
extension R|x;0,d] for the o-derivation ¢ to extend to a h.g-s.o-d. for any 1 # ¢ € K*.
This is used to check that the specific examples we are interested in do, indeed, satisfy
this condition.

The algebras that we study in this article satisfy the following:

Hypothesis 1.2. Let A = K[X1][X2;02,02]...[Xn;0N,IN], where the o; are K-algebra
automorphisms, and the §; are o;-derivations on the relevant subalgebras of A. Denote
these subalgebms by Ai,1 = K[Xl][XQ;UZ,(SQ] PN [Xi,l;oi,l,éi,l] so that AO = K and
Ay = A. We place the following conditions on A:

(H1.2.1) 0;(X;) = Xy X for alll <i and 2 < i < N, where \;; € K*.
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(H1.2.2) A := (Nij) € Mn(K*) is a multiplicatively antisymmetric matriz. That is, X;j =
A forall1<i,l<N.

(H1.2.3) For 2 < i < N there exists some 1 # q; € K* such that §; o 0; = g;o; 0 §;, i.e.
(04,07) is q;-skew.

(H1.2.4) For all 2 < i < N each §; extends to a locally nilpotent, iterative h.q;-s.0;-
d., {din}lg, on Ai_1, and oy 0d;y = Alidin © o1 on A; 1 for alln > 0 and
1+1<I<N.

Algebras satisfying Hypothesis 1.2 are called quantum nilpotent algebras and include
quantum Schubert cell algebras, quantised Weyl algebras, quantised coordinate rings of
affine, symplectic, and euclidean spaces, and quantum matrices.

2. DELETING DERIVATIONS ALGORITHM

The main algorithm in this section will remove each skew-derivation from an algebra
A satisfying Hypothesis 1.2 via an iterative change of indeterminates within the division
ring of fractions of A, until we obtain a quantum affine space. This is developed in
much the same way as in [6, Section 3.2] but applies the homomorphism defined in [16,
Proposition 3.4]. For this application we need the ability to reorder the extensions of A.
This is achieved in the following lemma.

Lemma 2.1. Let
A= Aj 1 [Xj505,05] [Xjers 055 - [Xn; on],
A= A1 [Xj;04,0] {Xﬁ_ll; Jj+1] . [X?\:[I; O'N} )
where the automorphisms and skew-derivations satisfy properties (H1.2.1)-(H1.2.3) and

d; #0.

(1) Then
A=A, {Xj+1;a;f+1} XN on] {Xj;aé»,cﬂ ,
n +1 . =« +1, _* .
A=A, [ijl,ajﬂ} [XNl,aN} [Xj,a;,aﬂ :

where
(i) 0fla;, = 0ila,_, forall j+1<i < N and 0} (X;) = 04(X;) = Ny X; for all
jH1I<Il<i;

(ZZ) J§-|A]._1 =0j and (5}’,4]._1 = 5j ;
(iii) of(X1) = Ay X1 = N} Xi and §3(X;) =0 for all j+1 <1< N.
(11) (0%,063) is q;-skew.
(I111) Suppose that property (H1.2.4) is also satisfied. Then 6;- extends to a locally nilpo-

tent, iterative h.qj-s.oj-d., {d;, }2%,, on Aj,l(Xj-Srll,Xﬁrlw e X]?}, where the

d/',n coincide with the d;, on A;j_1 and, for all 5 +1 <1 < N and n > 1,
d;(Xi) = 0. Moreover, {d},}2, restricts to a h.qj-s.oj-d. on the algebra

Aj (X1, Xjt2, ..., Xn) which is also locally nilpotent and iterative.

Proof. This is an inductive corollary to [16, Lemma 4.1] and the details are left to the
reader. O

In the results that follow, we abuse notation slightly and use the same notation for maps
defined on isomorphic algebras. We do this in the case where the action of the map on
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the generators of the algebra does not change, even though the algebras do. For example,
suppose we have two isomorphic iterated Ore extensions

K[X1][X2; 02, 82) & K1) [19; 52, 83]

where 02(X1) = AX; and &9(z1) = Azp for the same A € K*. In this case, we simply
denote a2 by o9 (similarly for 52) and write K[x1][x2; 02, d2]. We may also abuse notation
in a similar way for restrictions of maps to isomorphic subalgebras.

We now describe the deleting derivations algorithm for algebras satisfying Hypothe-
sis 1.2.

2.1. The Algorithm. For each j € [2, N + 1] we define a sequence (ij), e X](\;)) of
elements of F := Frac(A) and we set AU) := K(ij), cey X](\?)> to be the subalgebra of F'

generated by these elements. For j = N+1 we set (X{NH), e X](VNH)) (X1, ..., XN)
so that AN+1) = A, For some fixed j € [2, N] we assume that the algebra AU+ satisfies
the following hypothesis, first setting (x1, ..., zy) = (ijﬂ), R X](\{H)) for ease of
notation.

Hypothesis 2.2.
(H2.2.1) ?UH) = K)[(X;J [l)l(j, a][[, 5]]\%])(]“7 ](ﬂ . XN oY) by an dsomorphism sen-
ing x; to X; for alli € |1
(H2.2.2) For eachi € [j+1,N], the map O'i(j+1) is an automorphism such that a(jJr )(Xl) =

i1 X for alll € [1,i—1]. Furthermore, we have O'Z( AR )odl n = Adin oa for
all 1 € [2,j] and n > 0.
This allows us to write
AU — Kz, ..., zn) (2.1)
= K[z [w5:05,0)) [2j01:0530] . [ o] (2.2)

where, for i € [2, j], 0; and §; satisfy Hypothesis 1.2 and d; extends to a locally nilpotent,
iterative h.g;-s.o4-d., {d;n}reg, on A;_1.

We define a new sequence of elements in F', (y1, ..., yn) := (ij)7 e X](\;));
T E
yl - oo n("2+1> —n —n —n . (2'3)

Note that the sum stated above is finite, since the sequence {d;,}7> is locally nilpotent.
With this we define AW := K(yy,...,yn).

Theorem 2.3. Let A be as in Hypothesis 1.2, with AUtV defined as above and satisfying
Hypothesis 2.2. Then we have the following:
(1) AU) = K[X1][X2; 09,0 - [Xj_1;0/-1,0;— 1”X],O'J( )] [XN,O'](V)] by an isomor-
phism which sends y; to X; for alll € [1, N].
(1I) For all z €[4, NJ, the 0( D are automorphisms satisfying
(i) 0 (Xl) = Xi X for all lel,i—1];
(u)al(j odin = A dlnoa foralln >0 and alll € 2,7 —1].
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(1) Let S; = {z} | n > 0} = {y} | n > 0}. This is a multiplicatively closed set of
reqular elements satisfying the two sided Ore-condition in AUTY) and AU and,
furthermore, A(j)Sj_l = A(j“)Sj_l.

Proof. By Hypothesis 2.2, and the discussion thereafter, we can write AUT1 as

AU+ — Klz1] ... [xj;04,05] [xg_u, j(fi )} {mN;O—j(\?—’—l)} .

Define )
AT = K] [225 02, 8] - . [2j-15 01, 8j1]
If §; = 0 then AU = AUGHD and the result is trivial. So, assuming that §; # 0 and
applying Lemma 2.1 to AUD = AV Y1z 05 6))[wj40; 075 V] . [eni o] ] gives
; +1 Jj+1)x +1

AU+ — Agj | ) |:xj+1;a§+1 ) } [:CN 0'§\], ) } {xj,O'J,(Sﬂ (2.4)

where
() oy = o] g for alli € [ +1,N], and o (@) = 0" (@) =

)\N:Ul for all lelj+1,i—1];
(b) 0§'|A(_j+11> =0, and 5}|A<_j+11> = 0;;
J— J—
(c) oi(z) = Ajum = )\ljjla:l and &;(z;) = 0 for all I € [j + 1, N].

In particular, §7 extends to a h.gj-s.o’-d., {d}, }7%,, on A(JH)( jﬂ:l, e xﬁ1> where
djnl yo0 = djn - (V' 0 > 0), (2.5)
b
d,(x)=0 (V1€[j+1,N]andn>1). (2.6)
Define

AGHD) = AOH) {SU]H,U]OH - } [$N J(\Jf—H) }

so that Equation (2.4) becomes
AGHD) — 4G [x]’ o, 5;}
Applying [16, Theorem 3.7] to AUH1) yields the isomorphism,
f: AU+D) [a:;-ﬂ;aﬂ — AGHD [l’yd 5’} Sy !

329
— > n(ntD) o I _
AUTD 35 q s f(a) = qu > (g —1)7"d;, 0 (03) ”(a)xj"
n=0
Tj —— Ij.

Note that f(z;) = ; for all I € [j + 1, N] since, by (2.6), d},(z;) = 0 for all n. > 1. If
l € [1,j — 1], then z; and (o)™ "(2;) € A(]H). Thus, by (2.5) and (b) above, we can
replace o} and d},, in f(x;) with o; and d],n to obtain

e n(n+1) _ o n
fa) =2 a; ¥ (g = 1) "djnoa; " (x)a;™ =y,
n=0

as defined in (2.3). Therefore, for any [ € [1, N] we see that

x 1 >7;
flz) = ‘
() y L <j.
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Hence the isomorphism f takes x; to y; for all [ € [1, NJ.

Using [16, Theorem 3.7] we see that restricting f to A(j+1)[$j;09] gives the deleting
derivation homomorphism as defined in [16, Proposition 3.4]. Therefore

Im(f) = AGHD [xjv ]} (2.7)

where Im(f) = f(A AGHD [xj;ag]) is the subalgebra of A(J'+1)[ ;tl,aj,ég] generated by z;
and f(AU+D). Since f(A(j“)) is generated by K and {y; | [ # j}, and since z; = y;, this
simply tells us that

Im(f) = K(y,...,yn) = AY.

Using (2.7) we see that

AW = Im(f) = Kzi1]...[zj-1;0j-1,0j-1] {%4—1, ](j_:gl) ] [xN U](\],Jrl) } [xj;a;-] ,
and therefore,
A(J) = K[yl] . [yj,l;oj,l,éj,l] [yj+l’ J(Jle )% } .. [yN O-J(\JTJFI) } [yj;aﬂ . (28)

Finally we apply [16, Proposition 3.6] to conclude that S; is a multiplicatively closed set
of regular elements in both AUt and AW, satisfying the two-sided Ore condition, and
that

m(f)S; ! = AU+ [2):.05.85] 577,
A(j)Sj_l — A(JH)Sj L
Thus assertion (III) is proved.

The property y;y; = A jy;yi, along with the fact that \;; = )\j_ll, allows us to rear-
range (2.8) to obtain

AD) = Ky]. .. [yj—1505-1,0;-1] {yj;ffj(-j)] [yj+1;0j('j+)1] [yN;U%)} : (2.9)
Defining
AV =K. .. [yj-1505-1,8j-1]

0) o Aj_1 and there is an isomorphism

we see that A]

AD =Kl [yio105-1, 051 [ 08| [ 0P lywi o]
| . (2.10)
= K[X1] . [X105-1,04] [Xps 08| [Xpuaioi ] [Xwvi 0¥

sending y; to X for all [ € [1, N], where the maps (as defined on suitable subalgebras of
AW are as follows:

(a) 0¥ = o/ 4, = 75
) o0 = a?*”*\Am = o]y, forall i € [+ 1, N];
() o j)(yl) = Ay forall i € [j+1,N] and [ € [1,7 —1].
Using the isomorphism in (2.10) along with the observations (a’)—(c’) above we can prove

assertion (II) for all ¢ € [j, N]|: Observation (a’) proves both parts of assertion (II) when
i = j, since o satisfies assertion (II) by definition (see (H1.2.1) and (H1.2.4)). When i €

(4)
(
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[7 + 1, N], observation (b") proves (II(ii)), since oI satisfies (H2.2.2), and observation

i

(c') proves (I1(i)). O
Remark 2.4. If A is an algebra satisfying Hypothesis 1.2 then Hypothesis 2.2 is satisfied
for j = N + 1. Theorem 2.3 then implies that Hypothesis 2.2 is also satisfied for all
je[2,N+1].

Corollary 2.5. The algebra A’ := A® s a quantum affine space. More precisely, by
setting T; := XZ@) for all i € [1,N] and A := (\;j) € Mn(K) to be the multiplicatively
antisymmetric matriz, we obtain:

A =KA[Ty, ..., Tl

Remark 2.6. For all j € [1, N], we say that AU+D) ig the algebra obtained from A after
N — j steps of the deleting derivations algorithm.

2.2. Ring of fractions. In order to be able to track the completely prime ideals along
the deleting derivations algorithm we need the following two results regarding the division
ring of fractions of the algebras A at each step of the algorithm. These results were
proved in [6, Subsection 3.3] in the generic setting and can be applied directly to our
setting thanks to the above results.

Let X be the multiplicatively closed set in A’ generated by the elements T, ...,Ty. For
J € [2, N], define sets ¥;:

dig =13,
i =AUTY Ny for j e [2, N].
Proposition 2.7. For all j € [2, N + 1] the following are true:
(1) ¥; is a multiplicatively closed set of regular elements in AU and >, contains

X9 xY |
(ii) ; satisfies the two-sided Ore condition in AY);

(iii) The algebras A(j)Ej_l C Frac(A) are all equal.
Proof. We proceed by induction on j. When j = 2, statements (i) and (ii) are trivially
true from the definition of ¥ and the fact that the generators (and monomials in these
generators) of a quantum affine space are regular and normal. Let j € [2, N] and suppose
statements (i) and (ii) hold for j. We will show they also hold for j+1 and that A(j)Z;1 =
i+1)y—1
AUHDEL | |
Recall the notation from the previous section: {z;}; = {XZ-(]H)}i and {y;}; = {X,L.(J)}i
where x; = y; for all ¢ > j. By the induction hypothesis, ¥; is a multiplicatively closed
set of regular elements in AU) containing Yj—1, -, yn. Therefore ¥, 1 = AU N Yjisa
multiplicatively closed set of regular elements of AU+ containing Yj =Tj, ..., YN = TN,
thus proving statement (i).
Recall the set S; = {2 | n € N} = {y} [n € N} C ¥;N%;41 and use Theorem 2.3 (I1I)
to obtain the inclusions

AU+ ~ A(jJrl)Sj—l — A(J)Sj—l C A(J’)Zj_l' (2.11)

Since ¥j41 C ¥; then ;11 must be invertible in A(j)Zj_l. We use this to show that an
element a € A(j)Ej_l can be rewritten as an element in A(jH)Ej__&l. Write a = yu™!, with
ye AU and u e ¥;. Since
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¥ C AU A(J‘)Sj—l - A(j+1)Sj_1,
we can write u = vsfl and y = :Usgl, with v,z € AUTD) and s, s9 € S;. Then a becomes

1 -1

a=xsy (ws7 )T = wsy vt = wsysy o = wsy(vsg) L

Observe that vsy = (1)81_1)8182 = usisp € Xj; since u € ¥; and s1,s2 € §; C ;.
Also, v € AUTD and sy € S; € AUTD | therefore vsy € AUTD) NY; = ;4. Similarly,
rs1 € AU so we can write

-1 ¢ AU+ ¥+l

a = bc 41

where b = zs1 € AU+ and ¢ = vsy € Mj41. From the inductive hypothesis we know
that A(j)Ej_l = Zj_lA(j), so if a € A(j)Ej_l then it must also be true that a € Zj_lA(j).
We also know from Theorem 2.3 (ITI) that S; is an Ore set in AU) and AUTD | thus
A(J')Sj_1 = Sj_lA(j) and A(j“)Sj_l = Sj_lA(j“). Using these results we can follow a
similar method to before to rewrite a € A(j)Zj_l = Ej_lA(j) as

_ o1y —1 4(j+1
a=-c bGEjHA(J ),

with ¢ € Ej+1 and b’ € AU+,

If we can prove that ¥, is a two-sided Ore set in AUHD then the working above
implies that A(j)Ej_l - A(jH)E;&l. Furthermore, AU+ ¢ A(j)Ej_l and ;41 C Xj so
we also have A<j+1>zj—+11 - A(j)Zj_l. Hence statement (iii) is true if we can prove that
statement (ii) holds.

From the inclusion A(jH)Zj_J:I C A(j)Zj_l we can write any a = bl € A(j“)Zj_il
as a € A(j)Z‘;l and, applying the above working, we see that there exist ¢ € X,
and b € AU+Y such that a = ¢~V ¢ EjjilA(Hl). This verifies the two-sided Ore
condition on ¥ C AUHD necessary for proving statement (ii) and, by the comment
earlier, statement (iii). O

From the above proposition it is clear that:

Theorem 2.8.

(i) There exists a multiplicatively closed set of reqular elements S C A such that
AST =AY = Ry[TFEY . TR,
(ii) Frac(AY)) = Frac(A) for all j € [2, N+ 1] and, in particular, Frac(A) = Frac(A’).
(711) A is a PI algebra if and only if the A\, j are roots of unity for alli,j € [1, N] and,
in this case, PI-deg(A) = PI-deg(A").

Proof. Let S = Xy41. Proposition 2.7 (iii) shows that AS™! = A’S~! and that all the
algebras AY) have a common localisation, thus proving (i) and (ii). [10, Proposition 7.1]
states that A’ is PI if and only if the \; ; are roots of unity for all 1 < ¢,j < N and [16,
Corollary 4.7] states the same result for A. Therefore they have the same PI degree since
they have equal total rings of fractions. This proves (iii). O
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3. DELETING DERIVATIONS ALGORITHM ON COMPLETELY PRIME QUOTIENTS

In this section we set up a canonical embedding 1 : C.Spec(A) — C.Spec(A’), from the
completely prime spectrum of A into the completely prime spectrum of A’, and use this to
extend the algorithm of the previous section to quotient algebras. We also define criteria
for some ideal @ € C.Spec(A’) to lie in the image of 9.

Many of the results of this section are analogues to those found in the generic setting [6,
Sections 4 and 5] and their proofs follow in almost the same way, thanks to the results of the
previous section. The proofs concerning membership criteria for the canonical embedding
in Subsection 3.2 closely mirror those in the Poisson setting, which can be found in [18,
Sections 2.3 and 2.4].

3.1. Canonical Embedding and partition of completely prime spectra.

3.1.1. Embedding. Let A satisfy Hypothesis 1.2 and define the following sets, which we
endow with the induced Zariski topology:

P]Q (A(j)) = {P € C.Spec (A(j)) ‘yj ¢ P} )

79]1 (A(j)) = {P € C.Spec (A(j)) ’yj € P},

P (AGHD) := {P € C.Spec (40| 2; ¢ P}

P} (40D .= {P € CSpec (4U)) |2, € P}

In the following results, by the term increasing we mean that the homeomorphism is
order-preserving with respect to inclusion of ideals. By bi-increasing we mean that both
the homeomorphism and its inverse are increasing homeomorphisms.

Lemma 3.1. There is an increasing homeomorphism @ZJ? : P;)(A(j+1)) — P?(A(j)) given
by w;)(P) = PS;1 N AU, Its inverse is defined by (1/}?)_1(@) = QS]l N AUHD and is
also increasing. Hence ¢? is bi-increasing.

Proof. Extension and contraction maps provide bi-increasing inverse homeomorphisms
between C.Spec(A(J)Sj_l) and P?(A(J)). Similarly, we obtain a bi-increasing homeomor-

phism between P](O)(A(jﬂ)) and C.Spec(A(jH)Sj_l). Since A(j)Sj_1 = A(j+1)5j_1 then
their completely prime spectra, as topological spaces, are equal. Therefore the two bi-
increasing homeomorphisms defined here give rise to the bi-increasing homeomorphism in
the statement of this lemma. O

Next we turn our attention to the sets P} (AY)) and le(A(j“)).

Lemma 3.2. There is a surjective algebra homomorphism g; : AV) — AU+ /(2. which
takes y; — x; + (acj>, for all 1 < i < N, where x; + (x]) is the canonical image of x; in
AGH ()
Proof. By Theorem 2.3 we have
A - i+1 i+1
AU = R(zy, ..., on) 2 KX - (X505, 6] [Xj+1§aj('j—:i )} [XNSO%JF )} :
VR

AV =Ky, ..., yn) 2 K[X1] - [Xjo1; 051,051 {X"a(-j)} e {XN;U%)] .

Restricting these algebras to R := K(z1, ..., zj_1) and S := K(y1,...,y;—1) we see that
there is an isomorphism S — R sending y; — x; for all ¢ € [[1,7 — 1]. Since R C AU+
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we can compose this isomorphism with the natural surjection AU+1) — AU+ /(2.) to
obtain the algebra homomorphism f : S — AUTD /(z;), sending y; — x; + (x;) for all
i € [1,7—1]. Using the commutation rules for AU+1) and the fact that 2+ (z;) = 0, we see
that (x4 (z;))(zi+(x)) = Aji(zi+(x;))(xj+(z;)) = 0 for all ¢ € [1,j—1]. The relations
on x;+(x;) € AU+ /(x;) therefore agree with those on y; € S[y;; a](j)] - lyns a%)] = AU),
for all « € 1, N]. Applying the universal property of Ore extensions allows us to conclude
the construction of the surjective homomorphism g;. O

Lemma 3.3. There is an increasing injective map wjl- : le(A(j“)) — P;(A(j)) tak-

ing P — ¢j(P) := gj_l(P/(xj>), where P/(xj) denotes the canonical image of P in
AU /(x;), which induces a bi-increasing homeomorphism between P;(A(j+1)) and the
image ;] (P;(A(j“))).

Proof. Using the First Isomorphism Theorem for algebras, we restrict the map g; from
Lemma 3.2 to yield an isomorphism gj : AV /ker(g;) = AUHY /(z;). This induces the
following bi-increasing homeomorphisms between sets endowed with the Zariski topology:

fu: P} (AUFD) — C.Spec (49D (z))),
f2 : C.Spec (A(j+1)/<xj>> — C.Spec (A(j)/ker(gj)) ,
f3 : C.Spec (A(j)/ker(gj)> — {Q € C.Spec (A(j)) ’ker(gj) - Q} .
The composition of these maps gives a bi-increasing homeomorphism
fyofao fr:P) (A<j+1>) — {Q € C.Spec (A(j)) (ker(gj) C Q}
P g7 (P/(xy)).
Note that g;(y;) = x; + (z;) = 0 so (y;) C ker(g;), which leads to the inclusion
{Q € C.Spec (A(j)) ‘ker(gj) - Q} - 73]1 (A(j)> .
Therefore, from f3 o fo o f1, we can define an increasing injective map
Y} P (A(j+1)) — P! (A(j))
P g7 {(P/({z))),
which induces a bi-increasing homeomorphism on its image,
{Q € CSpec(AD) [ker(g)) € @}
O

Using the two previous results we define the map 1); : C.Spec(AUHD)) — C.Spec(AV))
where, for P € C.Spec(AUt)), we set

b;(P) Qﬂ?(P) = PSj_1 NAW ifpe 73][-) AGHDY
T Vi (P) = 9;1 (P/(x;)) it PeP}(AUTD
The next result follows immediately.

Proposition 3.4. For j € [2,N] the map ; : C.Spec(AUtD) — C.Spec(AV)) is
injective. For € € {0,1}, v; induces (by restriction) a bi-increasing homeomorphism
PS(AUTD) — 4y (PS(AUTD)) which is a closed subset of PS(AW)).
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Using these maps, we define the canonical embedding:

Definition 3.5. Set ¢ := 19 0 --- 0 ¢y to be the injective map 1 : C.Spec(4) —
C.Spec(A’). We call ¥ the canonical embedding of C.Spec(A) into C.Spec(A’).

3.1.2. Partition of C.Spec(A). Let W := P([1, N]) denote the power set of [1, N] and,
for all w € W, set

C.Spec,, (A") :={Q € C.Spec(A") |QN{T,... Tn} ={T; | i € w}},
where {T;} | are the generators of the quantum affine space A’. From [13, Section 2.1]
we get:

Lemma 3.6. The sets {C.Spec,,(A")}wew provide a partition of C.Spec(A’).

We use 9 to pull this partition back to one on C.Spec(A). For each w € W we define
C.Spec,, (A) := 1~ 1(C.Spec,,(A"))

and let W C W denote the set of all w € W such that C.Spec,(A) # 0. (Note that W'
depends on the expression of the algebra A as an iterated Ore extension.) We immediately
obtain a partition of C.Spec(A).

Theorem 3.7. The set C.Spec(A) has a partition indezxed by the family W' so that,

C.Spec(A) = | | C.Spec,(A), where |W'|<|W|= 2N,
wew’

Definition 3.8. We refer to the partition {C.Spec,,(A4)}wewr as the canonical partition
of C.Spec(A), and we call each w € W' a Cauchon diagram of A.

3.2. Properties of the Canonical Embedding. In order to use the deleting derivations
algorithm for the purpose of calculating the PI degree of quotient algebras, we need to
be able to test whether a completely prime ideal of A’ lies in the image of the canonical
embedding.

Lemma 3.9. Fiz some j € [2, N] and let Q € C.Spec(AY)). Then,
Q € Im(¢y;) <= [Either x; =y; ¢ Q or ker(g;) C Q.
Proof. Apply Lemmas 3.1 and 3.3 to the cases y; ¢ @ and y; € Q) respectively. g
We define injective maps f; : C.Spec(AU+1)) — C.Spec(A’), for all j € [1, N], with
f1 1= id¢ gpec(ar), the identity on C.Spec(A’) and, for all j € [2, N], fj := 12 0---01;, s0
that fN = w
Proposition 3.10. Let Q € C.Spec(A’). The following are equivalent:
(i) Q € Im(¥). , ‘
(it) For all j € [2,N] we have Q € Im(fj_1) and either X](-J) = X](-]H) ¢ f]ill(Q) or
ker(g;) C fjil1(Q)
Proof. Let @ € C.Spec(A4’). Suppose @ € Im(¢)). Then Q = 9(P) for some P €
C.Spec(A). Since ¢ = fj_101jo---1n then Q = f;_1(P;) for all j € [2,N], where
P; = jo---09¢n(P). Hence @ € Im(fj—1) for all j € [2, N]. From this we see that

fj__ll(Q) € Im(¢;), for all j € [2,N], and we apply Lemma 3.9 to fj__ll(Q) to conclude

that either X](j) = X](jﬂ) ¢ fj__ll(Q) or ker(g;) € fj_—ll(Q)'
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Now suppose the second statement holds. By Lemma 3.9, fjill(Q) € Im(v;) for all
j € [2,N]. Let P’ := fy',(Q) so that P’ € Im(vy). Then P’ = ¢n(P) for some
P € C.Spec(A) and

Q= fn-1(P") = fn—1(¥n(P)) = ¥ (P) € Im(v). O

We finish this subsection by giving a sufficient condition for a completely prime ideal
in A’ to be in the image of the canonical embedding. These next two results are not used
in this paper, however they are stated here for the interested reader (proofs can be found
in [23, Section 4]).

Theorem 3.11. [23, Theorem 4.17] Let w € W'. Then ¢(C.Spec,,(A)) is a (non-empty)
closed subset of C.Spec,,(A") and the map 1) induces (by restriction) a bi-increasing home-
omorphism from C.Spec,,(A) to 1(C.Spec,,(A)).

Proposition 3.12 ([23, Proposition 4.18]). Let w € W', P € C.Spec,(A), and Q €
C.Spec,,(A"). If Y(P) C Q then Q € Im(v).

3.3. Completely Prime Quotients. In this subsection we extend the algorithm in Sec-
tion 2 to apply to completely prime quotient algebras of quantum nilpotent algebras. The
results of the previous sections allow us to construct proofs in a similar way to those found

in [6, Section 5.3]. This extended algorithm will allow us to pull certain irreducible repre-
sentations on A’/Q (clarified in Section 5) back to irreducible representations on A/P.

3.3.1. AW /4p;(P) and AUTD/P. We start by extending one step of the algorithm to
completely prime quotients. For some j € [2,N], let P € C.Spec(AU*Y) and Q =
¥;(P) € C.Spec(AU)) be its image under the canonical embedding. Set

BUTD .— AU+tD/p BU .= 40)/Q.

We denote by z1, ..., TN € BU+1) and Y1, ..., yn € BU) the canonical images of the
generators 1, ..., zy € AUTY in BUTD and yy, ..., yv € AW in BU), respectively.

Lemma 3.13. Suppose T; = 0. Then there exists an algebra isomorphism BU) — BU+1)
sending y; — x; for all i € [1, NJ.

Proof. Since z; € P then Q = @Z)jl»(P) = g{l(P/<:Uj>). Concatenating g; with the natural
surjection 7 : AUTD /(z;) — AUTD /P gives the following surjective algebra homomor-

phism:
Al 91y AGHY /gy s AGHD /P
v — ozt (z;) —> Z;.
The desired isomorphism may then be constructed upon noting that we have
ker(m o g;) = g5 ' (P/{x;)) = Q. O

Lemma 3.14. Suppose Z; # 0 and let Z; := {Z} | n € N}. Then the following hold:

(1) Z; is a multiplicative set of reqular elements of BUTY which satisfies the two-sided
Ore condition. . ‘
i) There exists an injective algebra homomorphism ~ : BY) — BUTYD 2= defined on
J
the generators of BY) in the following way:
_ T ifi>J;
2(Gs) = o) -

Yooty © (g = DTN ()Tt ifi <,
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where d;,(x;) denotes the canonical image of d;(x;) in BUTY.

(iii) If we identify BY) with its image v(BY)) C B(J'H)Zj_1 then Z; is a multiplicative
set of regular elements in BY) satisfying the two-sided Ore condition. Furthermore,
B(J‘)Z]fl - B(j“)Z;l.

Proof. Since z; ¢ P then Q = ¢9(P) = PS;' N AY), where S; = {27 | n € N} is the
multiplicatively closed set of regular elements in AU+ and A satisfying the two-sided

Ore condition (Theorem 2.3 (III)). Denote the subalgebra A(jJrl)AS”jf1 = A(j)S’;1 C F by

Q) and the completely prime ideal PS’;1 = QS;l by © < Q. Note that © N AUtD = P

and © N AU = Q.

We define an injective algebra homomorphism v’ : BUTD — Q/0; a+P +— al~ 140
and identify BU*Y) with its image. Since Z; = {z7 |ne N}y ={a]+P|neN}=5;+P,
its image under v’ becomes

VN(Z) =21 ' +0=(S;+P)17'+0=51"'+0c BUtD cq/e.

Identifying Z; with its image v’(Z;), we observe that all elements of the set Z; are invert-
ible in BUTYD. We can therefore write any element b € Q/0O as

b=a1s; +© =s;3"as + O, (3.1)
where a1, as € AUTY and sq,s9 € S;. Let by, by € BUHD and 21, 29 € Z; such that
b=l P40, bh=al ' 4+0, 21 =511 40, zp=s1"14+06.
Using (3.1), we see that, for all b € /0,
b="biz; ' = 2y b

This shows that the set Z; C BUTD gatisfies the two-sided Ore condition, thus proving
property (i) of the lemma. We have also proved the equality B(j“)Zj_1 = Q/0, ie.

(AUTD /Py z7t = AUD ST/ pSt,
For part (ii) we use the fact that © N AU) = @ and B(J'H)Zj_1 = /0O to define an
injective homomorphism

v:BY — /0
a+Q — al”t+ 0.
Recall that the generators y; € AY) are defined as:
T; iti > j;
Yi = R (23] n Cn e
ne0dj (g — 1)_”)\]-71« djm(xi)xj if i < 3.
It is straightforward to check that (i) = y;1~% + © gives the desired results for i < j
and 7 > j.
Part (iii) is proved in the same way as (i) by identifying BU) with its image v(B@). O
Lemmas 3.13 and 3.14 imply:

Lemma 3.15. Frac(BU+Y)) = Frac(BUY)).
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3.3.2. A/P and A'/¢(P). We continue to extend the algorithm to apply to completely
prime quotients A/P. Let P € C.Spec(A) and Q@ = ¢(P) € C.Spec(A’) and set the
following notation:
(i) B:= A/P and set X1, ..., Xy € B to be the canonical images of X1, ..., Xy €
A.
(ii) B’ :== A’/Q and set t1, ..., ty € B’ to be the canonical images of Ty, ..., Ty € A’.
(iii) For j € [2, N + 1], denote by P; :=1); 0 --- 0 ¢hn(P) € C.Spec(AV)) the image of
P after N — j + 1 steps of the deleting derivations algorithm.
(iv) For each j € [2,N + 1], define the algebra BY) := AU /P; and denote by

ij), X](\?) the canonical images of Xf ), e X( D in BY). Note: BN+ = B
with (X{N“), L XUy = (X, L, Xy, and B@) = B'with (X?, ..., X))

= (th SRR tN)
Proposition 3.16. For each j € [2, N +1], BY) is a subalgebra of Frac(B) generated by
X’y), e X](\?) and there is an algebra homomorphism,

fi: AY) — Frac(B)
X9y X0
7 7
with image BY) and kernel P;.
Proof. Since BU) is (trivially) a subalgebra of Frac(BY)) generated by )_(fj ), cel X'](\;),
Lemma 3.15 implies that BU) is a subalgebra of Frac(B) generated by these same elements.
The homomorphism f; is the concatenation of the natural embedding B @) Frac(B) with

the canonical surjection, ; : AW — AG)/ P; = BU). The stated image and kernel are
easily verified. O

Proposition 3.17. Let j € [2, N +1].
(i) IfX](-jJrl) =0 then Xi(j) = Xi(jﬂ) for alli € [1, NJ.

(ii) Suppose )_(J(-jH) # 0 and set (r1,...,oN) := (X£j+1), el X](\;H)). Then the gen-
erators of BY) are can be obtained as follows:
o X7 ifi > j;
X = JERICEE e CGHFON™
ne0d; 0 (5= 1) A i o djn (i) (Xj ) ifi <,

where fjy1 is the map defined in Proposition 3.16.
(ii7) SupposeX]Jr) # 0 and let Z; = {(X ]+1)” | n e N} = {( J)” | n € N}
be a multiplicatively closed set of reqular elements in BY and BUtY. Then

Zj satisfies the two-sided Ore condition in both BY and BUTY) and we have
B(j)Z]fl - B(j+1)Z;1.

Proof. Lemmas 3.13 and 3.15 prove part (i). Part (ii) follows from Lemma 3.14 once one
notes that fji1 0 djn(z;) = djn(xi) - 171 € Frac(B). Part (iii) also follows directly from
Lemma 3.14. O

Let w € W with P € C.Spec,,(A) and Q = ¢(P). By the definition of C.Spec,,(4’),
we have that T; € @ if and only if ¢ € w or, equivalently, t; = 0 if and only if i € w. Let
i€w:={1,..., N}\w so that t; # 0. Then, since T; is normal in A" and @ is completely
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prime, t; is normal and regular in B’ hence it is invertible in Frac(B’) = Frac(B). We
denote by ¥ the multiplicatively closed set of regular elements in B’ generated by all ¢;
such that ¢ € w. From this set we define, recursively, the sets ¥; C BY) for j e [2, N +1]
in the following way:

S =%, ¥ :=BUtns

The next result extends Proposition 2.7 to quotient algebras.

Proposition 3.18. For each j € [2, N + 1] the following statements hold:
(1) ¥ is a multiplicatively closed set of reqular elements in BY) which contains, as a
subset, {X'i(j) |ie€[j—1,N] and Xi(j) #0};
(ii) ¥; satisfies the two-sided Ore condition in BU);
(iii) The algebras B(j)Ej_l, when considered as subalgebras of Frac(B), are all equal.

Proof. We proceed by induction on j. When j = 2, statements (i) and (ii) are immediately
satisfied by the discussion preceding this proposition. Fix j € [2, N] and assume state-
ments (i) and (ii) are true. We show that these properties are also true when replacing

j with 7 + 1 and that B(j)Ej_l = B(jH)E;jl. We consider two cases: X](-Hl) = 0 and
v (G+1)
X A0 o

When XJ(»]H) = 0 we apply Proposition 3.17(i) to obtain XZ-(]) = Xl-(]H) for all ¢ €

[1,N]. Therefore BY) = BU+Y and statements (i) and (ii) follow immediately by the
inductive hypothesis and the fact that ;1,1 C ;.

Now suppose X}jﬂ) # 0. Applying Proposition 3.17(ii) gives X'Z.(j) = X'Z.(jﬂ) for all

¢ > j and, by the induction hypothesis, we know that
{xP|ieli-1,N], XP #£0} C %5
Therefore,
Njs1 = BOVny; o BO a{xPie[j - 1,8, X7 0}
SG+1) | . . > (+1

= (x| e [j,N], XU £ 0}
The set X; is multiplicatively closed, by the induction hypothesis, which means ;1 is
multiplicatively closed and it contains regular elements because ;1 is a completely prime
ideal. Hence BUtD) is a domain in which all nonzero elements are regular. This proves

part (i).
Note that Z; C ¥;41 and Z; C X;. Applying Proposition 3.17 (iii), we see that

BUFD B(j+1)ZJf1 — B(J’)zjfl C B(j)z‘;l‘

These inclusions mirror those found in (2.11), and we may apply the rest of the method
used in the proof of Proposition 2.7 to conclude parts (ii) and (iii) of this proposition. [

An immediate consequence of this proposition is that we can now show equivalence of
the total rings of fractions of A/P and A’/¢(P) for P € C.Spec(A).

Theorem 3.19. Let w € W', P € C.Spec,,(4), and Q = (P) € C.Spec,(A’). Let X
be the multiplicatively closed set of elements in A'/Q which is generated by all the t; such
that i € w = {1,..., N}\w, where t; is the canonical image of T; in A'/Q. Then,

(i) X is a multiplicatively closed set of reqular, normal elements in A'/Q.
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(ii) There exists a multiplicatively closed set of reqular elements, T', in A/ P which satis-
fies the two-sided Ore condition in A/P and is such that (A/P)I~1 = (A'/Q)%1L.

(iit) Frac(A/P) = Frac(A'/Q). Furthermore, A/P and A’/Q are PI algebras if all \;
with i,j € w are roots of unity and, in this case, PI-deg(A/P) = Pl-deg(A’/Q).

The first part of (iii) in the above theorem can be seen as a quantum version of the
Gelfand—Kirillov Conjecture, see [3, Conjecture 11.10.4] and discussion thereafter.

The following ideals are defined for later use as they ensure that at the end of the
deleting derivations algorithm on A/P we obtain a quantum affine space A’/¢(P).

Definition 3.20. Let w € W'. We call P, € C.Spec,,(4) a Cauchon ideal if ¥ (P,) =
Jy = (T; € A" | i € w) € C.Spec,,(A4").

Remark 3.21. It can be shown that a rational torus action on A induces a rational
torus action on A" and that 1) sends torus-invariant completely prime ideals in A to torus-
invariant completely prime ideals in A’. This matches analogous results in the generic
setting [6] and the Poisson setting [18]. Unlike in those settings, this observation does
not immediately yield results allowing us to determine explicitly what W’ is for specific
algebras A. For this reason, we omit these results from this paper.

4. PI DEGREE OF COMPLETELY PRIME QUOTIENTS OF QUANTUM MATRICES AT ROOTS
OF UNITY

In this section, we consider iterated Ore extensions
A =K[X][X2;02,02] ... [Xn; 0N, ON]

satisfying Hypothesis 1.2 at roots of unity. That is, we assume that all the parameters
Ai,j from Hypothesis 1.2 are roots of unity.

In that case, it follows from [16, Theorem 1.2] that the algebra A is PI and that, with
the notation of the previous section:

Pl-deg(A) = Pl-deg(A4").

Our aim in this section is to provide techniques to compute the PI degree of completely
prime quotients of A. In particular, we will focus on the case where A is a single parameter
quantum matrix algebra (at roots of unity).

4.1. PI degree of completely prime quotients of A. Under our assumptions, A is
a PI algebra and this implies that every completely prime quotient of A is a PI algebra
too. Our next aim is to compute the PI degree and construct irreducible representations
of maximal dimension of quotients by Cauchon ideals.

4.2. PI degree of quotients by a Cauchon ideal. In the case where P, is the Cauchon
ideal associated to a Cauchon diagram w € W', we get that ¢(P,) = (T; | i € w) and so
A'/Q is a quantum affine space. Namely, A’/Q = O, (KN~1*), where A, is the matrix
deduced from A = ();;) by removing rows and columns indexed by elements of w.

In view of Theorem 3.19(iii) and the above discussion, we obtain the following result.

Theorem 4.1. Let P, be the Cauchon ideal associated to a Cauchon diagram w € W'.
Then Pl-deg(A/P,) = PI-deg(Op,, (KN~Iwl)),

De Concini and Procesi developed techniques to compute the PI degree of a quantum
affine space. More precisely, they prove the following result.
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Theorem 4.2 ([10, Proposition 7.1]). Let S = (s;5) be a multiplicatively skew-symmetric
n X n matriz with coefficients in K. Then:

(1) If all s;5 are roots of unity, then there exists a primitive root of unity ¢ € K* and
integers a;; such that s;; = q*7 for all i, j.

(2) Assume s;j = q* for all i,j, where q is a primitive oth oot of unity and a;; € Z
for all i,j, so that M := (a;;) € M,(Z) is a skew-symmetric matriz. Then the
PI degree of the corresponding quantum affine space O u (K") := Og(K") is Vh,
where h is the cardinality of the image of the homomorphism

zn M gn T, (7)07)",

where w denotes the canonical epimorphism.

The above result together with Theorem 4.1 allows us to compute the PI degree of
quotients by Cauchon ideals.

In the following section, we illustrate this in the case when A is a single parameter
quantum matrix algebra.

4.3. PI degree of quotients of single parameter quantum matrix algebras by
Cauchon ideals. In this section, we assume that \;; = ¢™¥ for all 4,7, where ¢ is
a primitive ¢'" root of unity and m;; € Z for all i,j. In this case, we say that A is
uniparameter. We set M := (m;;) € Mn(K) and it can be assumed that M is skew-
symmetric. It is a well-known result that every skew-symmetric integral matrix S is
congruent (in the sense of [22, Chapter IV]) to its skew-normal form, that is, to a block
diagonal matrix of the form

0 hy

—h1 O
0 ho
—hs 0O

0

where 0 is a square matrix of zeros of dimension dim(ker(.S)) so that 2s = N —dim(ker(S5)),
and hy, hi, ha, he, ..., hs, hy € Z\{0} are called the invariant factors of M. As they
always come in pairs, from now on we will avoid repetition and list the invariant factors
simply as hi, ha, ..., hs. These have the property that h;|h; ;1 for all i € [1,s — 1].

The following results assume the existence of a Cauchon ideal for w € W. While we
have not discussed this non-trivial question in this article, we note that in the case of
quantum matrices, it was proved in [23, Theorem 4.37] that Cauchon ideals exist for all
wew.

Theorem 4.3. Assume A is a uniparameter iterated Ore extension satisfying Hypothe-
sis 1.2 with parameter q being a primitive (™ root of unity. Letw € W' and Py, := P (Jy)
be the corresponding Cauchon ideal. Then

N —|w|—dim(ker(M(w)))
2

¢
Pl-deg(A/P,) = 11 —,
b ged(hy, )

where the h; are the invariant factors of the matriz M(w) deduced from M by removing
rows and columns indexed by w.
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We finish this section by studying the case of single parameter quantum matrices. That
is, we assume that A = O,(M, ,(K)) with ¢ being a primitive £'! root of unity. Recall
that the quantised coordinate ring of m x n matrices over K denoted by O4(Mpy, »(K))
is the K-algebra generated by m x n indeterminates {X”}Zn]il subject to the following
relations: for (1,1) < (4,7) < (s,t) < (m,n) (in lexicographic ordering), we have

X57tXZ‘7j 1<8, 5>t
Xi,sz,t - qu,tXi,j (Z =s5,7< t) or (Z <s,j= t) ;
XeiXij+(@—q DX Xsj i<s,j<t.

Under our assumption that ¢ is a primitive 2t voot of unity, the quantum matrix
algebra A = Oy(M,, »n(K)) is a uniparameter iterated Ore extension (with the generators
added in the lexicographic order) satisfying Hypothesis 1.2, see [16, Section 5.3] for details.

Let w be a Cauchon diagram and P, the corresponding Cauchon ideal in A. It follows
from the above result that to compute the PI degree of A/P,, we need to compute the
dimension of ker(M (w)) and the invariant factors of M (w)). This was done in [1] and [2]
respectively. Before stating our main result, we recall necessary results from these two
articles.

To any w € W, we associate an m x n diagram D(w), where D(w) is the m x n grid
whose square in position (7, j) is coloured black if (i,j) € w and white if (¢,7) ¢ w. We
may compute its toric permutation T = T, as defined in [1, Section 4.1], by laying pipes
over the squares such that we place a “cross” on each black square and a “hyperbola” on
each white square. We label the sides of the diagram with the numbers 1, ..., m +n such
that each pair of opposite sides share the same labels in the same order. The permutation,
Tw, may then be read off this diagram by defining 7,,(¢) to be the label (on the left or top
side of D(w)) reached by following the pipe starting at label ¢ (on the right or bottom side
of D(w)). See Figure 4.1 for an example of a diagram with 7 = (17)(26384).

4 5 6 7 8

FIGURE 4.1. Labelled 3 x 5 diagram (left) with pipe dream construction
(right) associated to the diagram {(1,2), (1,4), (2,2), (3,1),(3,2),(3,3)} in
Oq(Ms35(K))-

It was proved in [1] that dim(ker(M (w)) is given by the number r(w) of odd cycles
in the disjoint cycle decomposition of its associated toric permutation 7,,. Moreover, [2,
Theorem 2.6] shows that all invariant factors of M (w) are powers of 2.

Putting all these together, we obtain the following result.
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Theorem 4.4. Assume q is a primitive £™ root of unity with ¢ odd.Let w be a Cauchon

diagram for Oq(My, »(K)) and P, be the corresponding Cauchon ideal. Then
PL-deg (O, (M n () Pu) = v/ mn=r(e),

where r(w) is the number of odd cycles in the disjoint cycle decomposition of the toric
permutation associated to w.

Note that we did not need an explicit description of the set W of Cauchon diagrams
to obtain the above result. For completeness, we note that W' coincides with the set of
m x n Cauchon-Le diagrams (see [23, Theorem 4.37] for details).

5. IRREDUCIBLE REPRESENTATIONS OF MAXIMUM DIMENSION

We take 1 # ¢ € K* to be arbitrary, unless stated otherwise. Let A be an algebra
satisfying Hypothesis 1.2 such that \; ; = ¢/ for some skew-symmetric matrix M =
(mij)i; € Mn(Z). Fix P € C.Spec,(A), for some Cauchon diagram w € W’. We make
use of the deleting derivations algorithm to construct an irreducible representation of A/P
given a “suitable” irreducible representation of A’/1(P). When A is a PI algebra (which
holds if ¢ is a root of unity), P is a Cauchon ideal and K is algebraically closed, it turns
out that any irreducible representation of A’/¢(P) is “suitable”.

Recall the notation set in Section 3.3: B := A/P with generators X; := X; + P and
B' := A'/y(P) with generators t; := T;. Set, again, X := Xy C B’ to be the (two-sided)
Ore set generated by the ¢;, for ¢ € [1, N]\w and then define, recursively for all j € [2, N],
Y1 = BT NY;, with T := Xy being a (two-sided) Ore set in B.

Proposition 5.1. Let A be a K-algebra satisfying Hypothesis 1.2, P € C.Spec,,(A) for
some w € W' and suppose that (¢', V') is an irreducible representation of B’ where, for
each e € X, there exists some £ = &, € K* and £ = (., € Nuy such that ¢'(e)’ = £1dy.
Then, for any b € B, there exists some b/ € B’ and e € ¥ such that
b=YeleBy!
and ¢’ induces an irreducible representation of B on the same vector space V , defined by
the algebra homomorphism

¢: B — Endg(V)
b )¢ ()
Proof. Let (¢',V) be an irreducible representation of B’ satisfying the conditions of the

proposition. The condition on ¢’ implies that ¢'(e)™' = £ 1¢'(e)%~! and induces a rep-
resentation of B’S 1,

~

¢: B'S™! — Endg(V)
v o— )
671 — é‘efl(ﬁ/(e)fefl7
from which we observe that ¢(e) ! = ¢ 1 (e)le!, for all e € X. The inclusion B’ C B'S
ensures that (¢, V) is irreducible.
From Proposition 3.18 and Theorem 3.19 we see that B’Y~! = BI'~!  hence each
element in BI'™! can be written in terms of elements in B’Y~!, and vice versa. This

allows us to view ¢ as an algebra homomorphism ¢ : BI! - Endg(V'), hence (@, V)
defines an irreducible representation of BT 1.
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Every element b € B may be written as an element b- 17! € BI'"!, which we write
simply as b € BI'~!. By the equality of localisations, b may also be written as an element
in B'S7!, that is, b = ble~! € B'S™L. Restricting ¢ to B gives the following algebra
homomorphism:

¢: B — Endg(V)
b—s & (b’e—l) = L (1) ()1
This defines a (not necessarily irreducible) representation of B on V. To show that this

representation is irreducible we note that I' C ¥. Therefore, for all g € T', there exists
some & € K* and ¢ € N+ such that ¢(g)" = & Idy, hence

0(9)" = 0(g)" = €'l
Using the identity BI'~! = B’ ! we may write any element v’ € B’ as b’ = bg~! € BI'~1.
Thus
o' (t) = o) = & (bg™") = € 1(0)o(g)" T =0 (¢ "0g" ),
which shows that ¢'(B’) C ¢(B). Therefore, since (¢’, V) is irreducible, so too is (¢, V).
O

Remark 5.2. If we take P = {0} in Proposition 5.1 then we get B’ = A’ and B = A and
the statement can be stated analogously given the results and notation of Proposition 2.7
and Theorem 2.8. This means that we can construct an irreducible representation of
A provided we have an irreducible representation (¢’,V) of A’ satisfying the condition
#'(e)t = & Idy, for some £, € N and &, € K*, for all elements e of the Ore set in A’
generated by {T;}¥;.

Restricting the algebra A to the root of unity case and taking K to be algebraically closed
(needed for Schur’s lemma, used in the proof), we see that any irreducible representation
on B’ will satisfy the conditions of Proposition 5.1, except that in general it cannot be
guaranteed that all of the scalars £ € K are nonzero. However, this caveat can be
circumvented for Cauchon ideals.

Theorem 5.3. Take K to be an algebraically closed field. Let A be a K-algebra satisfying
Hypothesis 1.2 and suppose that the X\; j in (H1.2.1) are of the form \; j = ¢ for some
skew-symmetric matrizc M = (m; j)i; € Mn(Z), where ¢ € K* is a primitive "™ root of
unity with £ € Ny .
Let P € C.Spec,,(A), for some w € W'. Then:
(1) For any irreducible representation (¢',V') of B’ and for each e € X, there exists
¢ € K such that ¢/ ()’ = &, Idy .
(2) Any irreducible representation (¢', V) of B’ induces an irreducible representation
(¢, V) of B on the same underlying vector space V, provided that no generator t;,
with i € [1, N]\w, annihilates (¢',V).
In particular, if P = P, is a Cauchon ideal, then we can construct an irreducible rep-
resentation (¢', V) of B’ of maximal dimension which induces, by the same method, an
irreducible representation (¢,V') of B, consequently also of mazimal dimension.

Proof. The algebra, B’ = A’/1)(P) is generated by the ¢; with i € [1, N]\w, where ¢; :=
T; + ¢(P), hence t;t; = ¢™itjt;, for all 4,5 € [1, N]\w. It follows from Theorem 2.8 (iii)
that B’ is a prime affine PI algebra. In particular, any irreducible representation (¢', V')
of B’ is finite dimensional.
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Since ¢ is an ¢ root of unity, we deduce that t¢ € Z(B'), for all i € [1, N[\w. Thus,
by Schur’s lemma, ¢'(t;)¢ = & Idy, for some & € K. Recall that ¥ is the multiplicatively
closed set generated by {t; | i € [1, N]\w}, thus it follows that, for each e € ¥, there
exists £ € K such that ¢'(e)’ = & Idy. Moreover, if & # 0 for all i € [1, N]\w, then
also & # 0. In this case, by Proposition 5.1, (¢/, V') induces an irreducible representation
(¢, V) of B.

Suppose that & = 0 for some i € [1, N[\w. Since t; is normal in B" and V is irreducible,
t;V is either 0 or V and since th =&V =0, it follows that ¢;V = 0, so t; annihilates
(¢, V).

Finally, suppose that P = P, is a Cauchon ideal. Then B’ = A’/J, is a quantum
affine space O ar(w) (KN-Iwl), Using [2, Proposition 3.4] we can construct an irreducible
representation (¢', V) of B’ of maximal dimension such that no ¢; annihilates V', for any
i € [1, NJ\w. The conclusion then follows from the above results. (See Subsection 5.1.4
for a detailed construction.) U

Remark 5.4. When P is a Cauchon ideal (P = P, for some w € W) then, by definition,
B’ becomes a quantum affine space. Thus, if A is a quantum nilpotent algebra at a
primitive ¢*! root of unity ¢ as in Theorem 5.3, then

N—\w|—dim2(kcr(M(w)))

Pl-deg(B') = 11
=1

_t
ged(hg, £)’

where the h; are the invariant factors of the matrix M (w) deduced from M by removing
rows and columns indexed by w (see Theorem 4.3). We can construct an irreducible
representation of B’ of maximal dimension using [2, Proposition 3.4], in such a way that
the conditions in Theorem 5.3 are satisfied. As explained in the statement and proof of
that result, this will then induce an irreducible representation of B via the method of
Proposition 5.1. These results therefore give a method to construct an explicit maximal
dimensional irreducible representation of B.

Proposition 5.1 and Theorem 5.3 have been stated for the two extreme algebras in the
DDA. In practice, we would often deal with one step of the DDA at a time, that is we would
deduce an irreducible representation of AU+Y /Pj41 from an irreducible representation of
AU/ P;.

5.1. Example: A maximal irreducible representation of U (s05)/(z'). To illustrate
Remark 5.4 we will construct an irreducible representation of a quotient of A := Uj (s05)
by the ideal (2’) (defined later in this section). This example will require applications of
the deleting derivations algorithm on both A (Theorem 2.3) and A/(z") (Theorem 3.19),
computing the image of (z’) by the canonical embedding (Section 3.2), and the calcula-
tion of the PI degree of A/(z') (Theorem 4.3). The full details of these computations
are omitted as they are straightforward but lengthy, however they can be found in [23,
Sections 5.3.1 and 7.3.2].

For this example, we take ¢ to be a primitive /" root of unity with £ ¢ {2,4}.
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5.1.1. Defining the algebra. Uq+(505) is the C-algebra generated by two indeterminates
FEq, E5 subject to the following relations:

BB — (¢ +1+472) BIB By + (@ + 1+ ¢72) BABRE} — BB} = 0

E3E: — (¢ + %) B2Ey By + By B3 = 0.

There is a PBW basis of UqJr (s05) formed by monomials EflEff“E;f?’ E;”, where k1, ks, k3, k4
are nonnegative integers and Fs3, E are certain root vectors. This result can be found, for
example, in [17, Section 2.4]. The same paper also expresses this algebra as an iterated Ore
extension over C generated by these four indeterminates in the order Fy, F4, F3, E5. For
an easier application of the deleting derivations algorithm, we relabel the indeterminates:

Xi1:=F, Xo:=FE4, X3:=EF35 X4:=F,.

The relations between X, X5, X3, X4 in [17] then become
Xo X1 = ¢ 2 X1 Xo,
X3X1 = X1 X3 — (q + q_l) Xa,  X3Xo=q 2XoX3,

2
_ ]_ _
XiXy = Xo X, — (;]JFTX; XuXs = 2 X3 X,

XaX1 = ¢* X1 X4 — ¢° X3,
This allows us to present A := U (s05) as the following iterated Ore extension:
U, (s05) = C[X1][X2; 02][ X33 03, 03] [ X 45 04, 04]

where, using the notation A; := C(Xy,...,X;) C A, the automorphisms o; and skew-
derivations d; are defined on the generators as:

o9 Al — Al; X1 — q_2X1,
Ug:Ag—)AQ; X, — X1 (53:A2—>A2; Xl'—>—<q—|—q*1)X2
Xy — q 2 X, Xy — 0,
o4 : A3 — A3; X1 — q2X1 54 : A3 — Ag; Xl — —q2X3 (51)
X5 — X Xy —3 (e
2 2 2 Gtq 1
X3 +— q_2X3, X3+—0

5.1.2. Verifying that U;(505) satisfies Hypothesis 1.2. Routine computations on these
maps using [16, Theorem 2.8 and Lemma 5.3] show that A satisfies all properties of
Hypothesis 1.2. In particular:

(H1.2.1) The X;;’s are as in (5.1).
(H1.2.2) X\;; = ¢™7, with the m; ; defining the skew-symmetric matrix

020 2
M := <_0 %% (2]>€M4(Z)-
2 0 -2 0

(H1.2.3) (03,63) is ¢>-skew and (04, 6,) is g*-skew. So we set g3 = ¢* and ¢4 = ¢*.
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(H1.2.4) The higher gj-skew oj-derivations are defined to be:

Xl n = 0;
dj,n(Xl) = 5j(Xl) n = 1; (5.2)
0 n>1,

for j € {3,4} and [ € 1,5 — 1].

Since there are two nonzero derivations we apply Theorem 2.3 twice to obtain A’ =
(CqM [Tl, TQ, Tg, T4], where

q 2y —1
T4 = X4,T3 = Xg,TQ = X2 — 7)( X 5 (53)
(@2 + 1) 27
2 -1
+ _
To=x, - L9479 ) (q2 L )X2X3 L (5.4)

5.1.3. Finding the PI degree of U/ (s05)/(2'). Consider the ideal (2') < A, generated by
the central element (see [17, Section 2.4])

7= (q2 - q_2) (q + q‘l) Xo Xy + ¢ (q2 - 1) X3.

Using localisation theory, Proposition 2.7 (iii), and repeated application of Proposition 3.4
and Lemma 3.1, one can show that ¢~ 1((T2)) = (2’). In particular this proves that
() € C.Specqgy(A) and therefore {2} € W'. In fact, since A'/(Th) = C ar[t1,13,t4],
where t; := T; + (T3) for all ¢ € {1, 3,4}, then (z’) is a Cauchon ideal.

By Theorem 3.19,

Pl-deg (U (s05)/(2'}) = Pl-deg (A'/(T3)) = Pl-deg (Cyur[t1, t3, t4])

00 —2
M =00 2
22 0

is obtained from M by deleting the second row and second column. It is easily verified
that the skew normal form of M’ is
020
s=(788),

hence M’ has a kernel of dimension 1 and one pair of invariant factors: hy = 2. Applying
Theorem 4.3 with Ppyy = (2') gives:

where

4

[un

—1

e

PLdeg(4/()) =

¢ ¢ {e ¢ s odd;

ged(hg, £) - ged(2,4) /2 €>4is even.

i=1
5.1.4. Constructing an irreducible representation of U (s05)/(z") of maximum dimension.
Recall that B' := C v [t1, 13, ta], B = U (s05)/(2') and let ¥ C B’ be the multiplicatively
closed set generated by {t1,t3,t4}. The quantum affine space associated to S is D :=
Cyslr1,y1,21]. Let £/ = m = PI-deg(B). By [2, Proposition 3.4 (ii)] there is an ¢'-
dimensional C-vector space V, A\, ¢ € C* and an algebra homomorphism ¢ : D — End¢(V)
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whose image on the generators of D, upon fixing a basis v1,...,vp € V, may be presented
as matrices in the following way:

A
A2 00 .. 01
Y 69 08
p(x1) = _ coely) =0 T ela) =€ldy.
. Ag-1)2 0. ... 10

The pair (¢, V') defines an irreducible representation of D.
To define an irreducible representation of C s [t1,t3,t4] we apply [2, Proposition 3.4 (iii)]

using
10
El=(-10 0
0 —-10

where E € M3(Z) is the invertible matrix satisfying EM'ET = S. The resulting algebra
homomorphism ¢’ : (CqM/ [t1,t3,t4] — Endc(V), is defined on t1, t3, t4 as

o't) = (aifzl) = plaez) = o),
¢(ts) = (r7' ) = )™ =2 (af ), (5.5)
o' t) = ¢ (2 '2)) = et = (),

and it defines an irreducible representation of C M [t1,t3,t4] on V. Using the definition of
p, we see that

¢'(t1)" = & p(x1)" = (N 1dy,
QS/(tS)ZI _ )\—6/290(1,1)5/2—Z/ _ )\—5/2)\5/2—€/ Idv _ )\—Z/ Idv7

/

12 pr
¢ (ts)" = ()" " =1dy,

hence the conditions of Proposition 5.1 are satisfied. Applying this proposition allows us
to define an irreducible representation of B once we know how to write the generators

X1, ..., X4 € B in terms of the generators t1,13,t, € B'. Using (5.3) we see that
ty =Xy, t3=X3, to=Xo— ¢ x2y-1
’ ’ (@+ D) (g+qg P
and 1 = X, — W@fgl

Rearranging these identities, and noting that to = 0, allows us to write

4 4
v o o q 2,—1 -1
Xyo=1t4, Xg=t3, Xo= (q2 n 1) (q n q—l)t3t4 R X1 =1 —|— 1t3t4 .
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Applying Proposition 5.1 and using (5.5), we deduce that there is an algebra homomor-
phism ¢ : B — Endc(V') defined on generators as

O(Xa) = ¢/(ts) = o(y1) ™", 6(X3) = ¢/(ts) = (1),
$(Xz) = ¢f ( - t%tf) 6(X1) =o' <t1 + qul’%tzl)

(@ +1)(g+qh)
q' ¢
= o(x1) ey, = Ep(ar) + 7=

@+ D(g+q Y (1) o),

1

which defines an irreducible representation (¢, V') of B. Substituting in the matrices for
o(z1) and ¢(y1) and taking, for example, £ = 5 gives the following explicit form of this
irreducible representation:

01000 A0 0 0
00100 0 X1 0
$(X4)=[0 0 0 1 0Of, p(X3)=| 0 0 Xlg 0o |,
00001 0 0 A lgt 0
1 0000 0 0 0 X1¢?
1
CeE=yEbe: 0 0 0 0
_ 2
¢(X2) - 0 (q2—g1)2>\2 0 0 0 s
3
0 0 @m0 0
4
0 0 0 w0
4
EN 0 0 0 =
2
sX)=| 0 gy &0 0
3
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